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Abstract Constructing3Dsurfacesthatinterpolates2Dcurves
de�ned onparallelplanesis a fundamentalproblemin com-
puter graphicswith wide applicationsincluding modeling
anatomicalstructures.Typically theproblemis simpli�ed so
that the 2D curves partition eachplaneinto only two ma-
terials (e.g., air versustissue).Here we considerthe gen-
eralproblemwhereeachplaneis partitionedby acurvenet-
work into multiple materials(e.g.,air, cortex, cerebellum,
etc.). We presenta novel methodthat automaticallycon-
structsa surfacenetwork from curve networks with arbi-
trary topologyandpartitioningan arbitrarynumberof ma-
terials.The surfacenetwork exactly interpolatesthe curve
network on eachplaneandis guaranteedto be freeof gaps
or self-intersections.In addition,ourmethodprovidesa�e x-
ible framework for userinteractionsothatthesurfacetopol-
ogycanbemodi�ed convenientlywhennecessary. As anap-
plication,we appliedthe methodto build a high-resolution
3D modelof the mousebrain from 2D anatomicalbound-
ariesde�ned on 350 tissuesections.The surfacenetwork
accuratelymodelsthepartitioningof thebraininto 17 abut-
ting anatomicalregionswith complex topology.
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1 Intr oduction

A typical way of building a 3D surfacemodel is by inter-
polatingcurvesde�ned on parallel2D planes.For example,
in computer-aideddesign,a commonway of creatinga 3D
object is by interpolatingits cross-sectionalcurves. In ge-
ology, thesurfaceof the terrainis oftencreatedby interpo-
lating planarcontoursof the terrainat differentheights.In
theseapplications,each2D planecontainsa setof simple
closedcurvesthatpartitionstheplaneinto twomaterials: air
andsolid (or outsideandinside).Theresultingsurfacecon-
nectsthecurveson successive planesto form theboundary
betweenvolumesassociatedwith the two materials.There
have beentremendousamountof work in developingtech-
niquesfor building suchsurfacesfrom simpleplanarcurves,
many of which have beensuccessfullyemployed in CAD
andgeologyapplications(seeextendedreview in Section2).

In somebio-medicalapplications,however, we arecon-
frontedwith amoredemandingtask.To build a3D modelof
ananatomicalstructure,weoftenstartfromastackof 2D tis-
suesections.For complex structuressuchasthebrain,each
sectionis annotatedwith variousanatomicalregions (e.g.,
cortex, cerebellum,etc.)partitionedby anetwork of anatom-
ical boundaries.Figures1 (a,b)show two annotatedsections
of a mousebrain wherethe anatomicalregions are repre-
sentedby colors.Thegoalis to connecttheboundarycurves
oneachsectionto form anetwork of surfacesin 3D, suchas
the oneshown in Figure1 (c), which modelsthe partition-
ing of thestructureinto anatomicalregionsin space.Surface
networksof this typecanserve as3D atlasesof anatomical
structuresthatoftenplay key rolesin understandingbiolog-
ical functionsandinterpretingbio-chemicaldata.For exam-
ple, in a previous work [18] the authorshave utilized a 2D
atlasrepresentedas curve networks for studyinggeneex-
pressionpatternsover themousebrain.
Problem statement Motivated by the biological applica-
tion, weareinterestedin thefollowing problem:Givenaset
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Fig. 1 Constructinga surfacenetwork from curve networks:two paralleltissuesectionsof themousebrainpartitionedinto anatomicalregions
by curvenetworks(a,b);asurfacenetwork thatinterpolatesthecurvenetworkson thetwo sections(c).

of non-intersectingcurve networkspartitioning a seriesof
parallelplanesinto multiple materials(e.g.,anatomicalre-
gions),generatea surfacenetwork with thefollowing prop-
erties:

Inter polation Thesurfacenetwork shouldexactly interpo-
latethecurvenetworksoneachplane.

GeometriccorrectnessThe surfacenetwork shouldparti-
tionspaceintodisjointvolumes,eachboundedbyaclosed
meshwithout self-intersectionsor gaps.

TopologicalcorrectnessThe topologyof surfacenetwork
should agreewith the topology of the original object
from which thecurvenetworksarecreated.

ChallengesDevelopingan ef�cient androbust methodfor
building surfacenetworks is a non-trivial task, especially
given curve networks with complex shapesand topology
(suchasanatomicalboundaries).In particular, directappli-
cationof existingmethodsfor building surfacesfrom simple
planarcurves- by constructingonesurfacefor eachmate-
rial partitionedby thecurvenetwork [13] - oftenleadsto in-
valid geometry. For example,eachof thetwo sectionsshown
in Figures2 (a,b) containsthreematerialsrepresentingair
andtwo anatomicalregions.Building surfacesseparatelyfor
the greenregion and the purple region will result in self-
intersectinggeometryasshown in Figure2 (c).

Moreover, givencurve networkson two parallelplanes,
thereusuallyexist multiple geometricallycorrect,yet topo-
logically distinct surfacenetworks.For example,Figures2
(d,e,f) show threetopologicallydifferent surfacenetworks
connectingthe curve networks in Figures2 (a,b). Sinceit
is impossibleto infer the topology of the original surface
solely from the curve networks de�ned on the two planes,
manualadjustmentis oftentheonly way to producea valid
reconstruction.Unfortunately, mostexisting algorithmsdo
not provide mechanismsfor user interaction(seeSection
2), while the few exceptionsarerestrictedto handlesimple
closedcurves, insteadof curve networks, on eachparallel
plane.
Contrib utions In this paper, we presenta novel methodfor
buildingasurfacenetwork fromarbitrarycurvenetworksde-
�ned on parallelplanes.Insteadof directly connectingthe
curvesto form surfaces,which mayresultin invalid geom-
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Fig. 2 Curve networks on two neighboringsections(a,b),an invalid
surfacenetwork with self-intersectinggeometry(c), andthreegeomet-
rically correctsurfacenetworkswith varioustopology(d,e,f).

etry, thekey is to considerhow 2D regionsof thesamema-
terial on successive planesare connectedto form 3D vol-
umes.Werepresentthesevolumesin spaceusinganabstract
graphstructure,calledthevolumegraph, whichprovidesdi-
rectandconvenientcontrolover the topologyof the result-
ing surfacenetwork. By adaptinga multi-materialcontour-
ing method[17], we areableto createa geometricallycor-
rectsurfacenetwork giventhetopologyof thevolumegraph.
Usingthismethodwecan

– Automaticallyconstructa geometricallycorrectsurface
network thatinterpolatesarbitrarycurvenetworksonpar-
allel planes.

– Allow convenientuserinteractionto modify the topol-
ogy of theautomaticallyreconstructedsurfacenetwork.
Usingthevolumegraph,theusercancreatea varietyof
surfacetopologywithout losinggeometriccorrectness.

Someresultsof ourmethodareshown in Figure1 (c) and
Figures2 (d,e,f).As an application,we usethis methodto
constructa high-resolutionmodelof theadultmousebrain.
Themodelis createdautomaticallyfrom 350brainsections
followed by user-guidedtopology adjustment,and the re-
sulting surfacenetwork accuratelymodelsthe partitioning
of thebraininto 17anatomicalregionswith complex shapes
andtopology.
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2 Previouswork

Building surfacesfrom curveson parallelplaneshasbeen
studiedextensively in thepastthreedecades,andnumerous
methodshave beenproposed.In many �elds theproblemis
alsoknown ascontourinterpolationor contourtiling, where
thecurvesoneachplanearereferredto ascontourlines[19].
Herewe attemptonly to provide a brief review of someof
thesemethods,andwe refer interestedreadersto excellent
surveysby Hagen[14] andby SloanandPainter[24].

With few exceptions[26], previousmethodsaredesigned
to build a surfacefrom simple contourlines that partition
eachplaneinto only two materials(e.g.,air andsolid).Early
approachesattemptto �nd a triangulartiling that connects
the contourlines on the neighboringplaneswhile optimiz-
ing a quality measure,suchas the minimum surfacearea
criteria in the work of Fuchset al. [12]. While Fuchs'and
laterapproaches[9,21] producefairly goodlookingsurfaces
connectingsimplecontourlines,thetechniquesmaygener-
ate surfaceswith either self-intersectionsor gapsbetween
planescontainingmultipleandnestedcontours.

Recentwork on surfacereconstructionfrom simplepla-
nar curvesfocuseson robust handlingof curveswith arbi-
trary topologyandgeometry. Boissonnatpresentsa method
basedon Delaunaytriangulations[6], which is re�ned by
Geiger[13]. Chenget al. [8] improve Boissonnat's method
further to generatesurfaceswithout having to compute3D
Delaunaytriangulations.Several researchershave usedim-
plicit functionsto interpolatebetweenplanarcurves,suchas
themethodof Hermanet al. [15] andCsebfalvi et al. [10].
The variationalapproachof Turk et al. [25] combinesthe
two stepsof building and interpolatingimplicit functions.
Generatingsmoothsurfacesby solving Partial Differential
Equations(PDE)hasalsobeenconsideredby Bloor etal.[5]
andlaterby Chaietal. [7], who furtherstudiedsmoothcon-
nectionsof neighboringsurfacessharinga commoncurve.
Finally, a group of researchers( [2–4,20,23]) have devel-
opedmethodsbasedon computingorthogonalprojections
of two neighboringplanesin orderto constructsurfaceswith
correctgeometryandreasonabletopology. In particular, the
methodsof Oliva et al. [23] and Barequetet al. [3] com-
putetheareasof differenceson theprojectedplaneandtri-
angulatetheseareasusingVoronoidiagrams[23] or Straight
Skeletons[3].

To thebestof our knowledge,theonly methodfor han-
dling curve networks that partition eachunderlyingplane
into multiplematerialsis therecentwork by Weinstein[26].
Usinga volumetricapproach,Weinstein�rst voxelizeseach
planeonto a uniform grid, whereeachgrid point is associ-
atedwith a materialtype. Next, the surfacesbetweenvol-
umesof differentmaterialsaregeneratedusingcontouring
on the voxel grid. Weinstein's approachproducesgeomet-
rically correctsurfacenetwork for curve networks of arbi-
trary topology. However, due to the useof regular voxels,
thesurfacenetwork producedby Weinstein's approachonly
approximatesratherthaninterpolatesthecurve network on
eachplane.

Most existing algorithms(including the work by Wein-
stein[26]) aredesignedto completelyautomatesurfacere-
construction,leaving little room for the userto adjust the
topologyof the resultingsurfacenetwork. The few excep-
tionsincludethemethodof ChristiansenandSederberg [9],
whereuserinteractionis requiredto guidethetriangulation
in casesof excessive ambiguity. Softwarepackages,suchas
SURFdriver [22], allow a limited degreeof userinteraction
duringsurfacereconstruction,suchascappingandconnect-
ing regions.However, thesemechanismsfor userinteraction
arerestrictedto simpleclosedcurvesoneachplane,andcan
be hard to extend to curve networks due to the increased
complexity of surfacetopology.

3 Algorithm overview

Like mostothermethodsfor building surfacesfrom curves
on parallelplanes,our methodcomputesa layer of surface
network betweeneverytwo neighboringplanesandconcate-
natessuccessive layers to form a completemodel. Given
curve networksde�ned on two neighboringplanes(Figures
3 (a,b)),ourmethodproceedsin threesteps:

1. Projection: Projectthecurve networksfrom eachplane
orthogonallyontoa commonplane.A wedge is de�ned
asa cylindrical spacebetweenthetwo planesprojecting
ontoapartitionedregiononthecommonplane(Figure3
(c)).

2. Topologycreation:Createavolumegraphthatdescribes
how eachwedgeis decomposedorthogonallyinto layers
of materials,and how layersof the samematerialbe-
tweenneighboringwedgesare connectedto form vol-
umes(Figure3 (d)).

3. Polygonalization:Constructthesurfacenetworkbypolyg-
onalizingtheinterfacesbetweenneighboringvolumesin
thevolumegraph(Figure3 (f)).

Thekey stepin ourmethodis creatingthevolumegraph,
which describeshow the spacebetweenthe two planesis
partitionedinto volumesof variousmaterials.Representing
eachlayerasa node,thevolumegraphexpressestheparti-
tioning in anintuitive manner:connectednodesof thesame
materialin thegraphrepresenta continuousvolume,while
connectednodesof differentmaterialsrepresentaninterface
betweenneighboringvolumes(Figure3 (d)).As aresult,the
surfacenetwork correspondsto only edgeson thegraphex-
hibiting amaterialchange.

Givena setof planarcurve networks,thethreestepsare
performedautomaticallyby creatingandusinganinitial vol-
umegraph(suchasFigure3 (d)). However, onecaniterate
step2 and3 by modifying thevolumegraph(manually)and
regeneratingthe surfacegeometry(automatically).For ex-
ample,Figure 3 (e) shows a modi�ed volume graphfrom
the default graphin (d), andthe resultingsurfaceis shown
in (g). Notethatthepolygonalizationstepguaranteesto cre-
atea geometricallycorrectsurfacegiven any valid volume
graph.
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Fig. 3 Surfacegeneration:curve networkson two neighboringplanes
(a,b),orthogonalprojectionsof thecurvesonacommonplanewith the
partitionedwedges(c), theinitial volumegraph(d) andthepolygonal-
izedsurfacenetwork (f), amodi�ed volumegraph(e)andtheresulting
surfacenetwork (g). Thesurfacescorrespondto thedottededgesin the
volumegraph.

Next weshalldiscussthethreestepsof ourmethodin de-
tail, followedby anapplicationof themethodto build asur-
facenetwork representingthe mousebrain for bio-medical
studies.

4 Projection

Given two neighboringplanes,we computea decomposi-
tion of the spacebetweenthe planesinto wedgesusingthe
orthogonalprojectionof the curve networks. To do so, we
�rst computeintersectionsof theprojectedcurvesfrom two
planesontoacommonplane.Theprojectionsof theseinter-
sectionpoints are addedback into the curve networks on
eachplane.To maintain topologicalconnectivity between
surfacenetworksgeneratedbetweensuccessive planes,it is
importantthatthecurveson eachplaneareaugmentedwith
projectionsof the intersectionpoints with curves from its
two neighboringplanes.In thisway, thepolygonsgenerated
on thetwo sidesof theplanewill sharecommonvertices.

Second,the partitionedregions(suchasthe labeledre-
gionsin Figure3 (c)) areidenti�ed onthecommonplaneby
tracingclosedboundarycycles in the projectedcurve net-
work (a region may be boundedby multiple boundarycy-
cles,which can be detectedusing a scan-linebasedalgo-
rithm [11]). Eachpartitionedregion thencorrespondsto a
wedgeof spaceboundedbetweenthetwoplanesthatprojects
ontotheregion.

5 Topologycreation

Thekey ideabehindourmethodis to considerhow thespace
betweentwo planesis partitionedinto volumesof various
materials.Sincethis spaceis alreadydivided into wedges,
wefurtherdecomposeeachwedgeinto layersstackedin the
orthogonaldirectionfrom thebottomplaneto thetopplane.
Eachlayer is an atomicelementof the space�lled with a
singlematerial,andacontinuousvolumeis formedby layers
of a samematerialbetweenneighboringwedges.We create
agraph(calledthevolumegraph) to describethis formation
of volumes:

– A nodein thegraphrepresentsa layerof awedgeandis
associatedwith thelayer'smaterial.

– An edgein thegraphconnectsneighboringlayerswithin
awedgeor betweenneighboringwedges.

The volumegraphin Figure3 (d) is automaticallycre-
atedfrom the two planesin (a,b), wherethe top (bottom)
nodesof eachwedgeare associatedwith the correspond-
ing materialson the top (bottom)planeandareconnected
by edgesbetweenneighboringwedges.Note that thewhite
nodesarecreatedto representthe“outside”material.To aid
visualization,thenodesrepresentinglayersof asamewedge
areorganizedalongaverticalline.Observethatthestructure
of thegraphde�nes the topologyof thevolumesaswell as
thatof theresultingsurfacenetwork:

– Eachconnectedcomponentof nodesof thesamemate-
rial (connectedby solid lines in Figure3 (d)) represents
acontinuousvolume.

– Eachedgebetweennodesof different materials(shown
as dotted lines in Figure 3 (d)) representsa boundary
surfacebetweentwo neighboringvolumes.

For example,thevolumegraphin Figure3 (d) contains
threeconnectedcomponentsof nodesassociatedwith ma-
terialswhite, purpleandgreen,correspondingto the three
volumespartitionedby theresultingsurfacenetwork in Fig-
ure 3 (f). On the other hand,the edgeconnectingthe two
nodesof wedgeC in Figure3 (d) correspondsto thebound-
ary betweenthegreenandpurplevolumesin themiddleof
Figure3 (f).

5.1 Graphvariation

The initial volume graphcreatedautomaticallycan be al-
teredto yield varioussurfacetopologyin severalways:
Adding nodesand edgesInsertingnew nodesbetweenthe
top andbottomnodesof eachwedgewill effectively build
intermediatelayersof structures.Since the corresponding
volumeson theresultingsurfacenetwork areinherentlydis-
joint, intersectingedgesareprohibitedin thevolumegraph.
Thatis, let thenodesof eachwedgebeindexedfrom bottom
to top with increasingindices,if two edgesconnectthe i th
andj th nodeof onewedgeto thekth andl th nodeof aneigh-
boringwedge,we require(i � j ) � (k � l ) � 0. In addition,
to avoid introducingdanglingstructures,we further require
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Fig. 4 Topology modi�cation through wedgesplitting: two planes
containingnon-overlappingregionsof thesamematerial(a,b),theiror-
thogonalprojectionsbefore(c) andafter(d) wedgesplitting,theinitial
volumegraph(e)andafterwedgesplitting(f) andfurthermodi�cation
(g), theresultingsurfacenetwork before(h) andafter(i) modi�cation.

that eachnewly insertednodemustbe connectedby edges
to existingnodesof thatmaterialonneighboringwedges.

For example,we caninserta white nodeto wedgeC in
the graphof Figure3 (d) andconnectthe new nodeto the
two white nodesin neighboringwedgesB andD, asshown
in Figure3 (e).While thepurpleandgreenvolumessharea
commonboundaryin the original graph(d), they aresepa-
ratedby a continuousvolumeof white materialin themod-
i�ed graph(e), asre�ected in theresultingsurfacenetwork
in (g).
Splitting wedgesWhenaddingnodesandedgesis not suf-
�cient to createsurfacenetwork with adesiredtopology, we
may split an existing wedgeinto smallerwedges.Accord-
ingly, the volumegraphis populatedto includenodesand
edgesrepresentingthesplit wedges.This is oftenuseful,for
example,in creatingtubular structuresthat connectdistant
featureson thetwo planes.

As anexample,thecurvesshown in Figures4 (a,b)result
in two piecesof surfaces,shown in (h), sincetheprojections
of the two curves,shown in (c), do not overlap.To createa
single tubethat connectsthe two curves,we divide wedge
A in (c) into two smallerwedges,D andE, shown in (d),
and createa populatedgraph(f) by duplicatingthe nodes
andedgesof wedgeA in theoriginal graph(e) for the two
new wedges.Then,we canmodify the populatedgraphby
addingnodesandedges,asshown in (g), to form a continu-
ousvolumewith a tubular surface,asshown in (i).

6 Polygonalization

Oncethe topologyof thesurfacenetwork is de�ned by the
volumegraph,our �nal taskis to createtheactualgeometry.
Basedon our observation in the previous section,we shall
constructpolygonsthatcorrespondto edgeson thevolume
graphconnectingnodesof differentmaterials.However, the
abstractstructureof thevolumegraphdoesnotpermitdirect
creationof polygonalsurfaces.Our strategy is to turn the
volume graphinto a concretevolumetric grid from which
polygons(e.g.,trianglesandquads)canbe extractedusing
contouringmethods.

6.1 Planartriangulation

Weconsidertheorthogonalprojectionsof thewedgesonthe
commonplanein Figure3 (c). By applying2D triangulation
for eachregion on the plane,asshown in Figure5 (a), we
effectively split each3D wedgeinto triangularprisms.Us-
ing thewedgesplitting techniquediscussedin theprevious
section,the initial and the modi�ed volume graphin Fig-
ures3 (d,e) arepopulatedto form volumegrids, a portion
of which is shown in Figures5 (b,d) correspondingto the
shadedprismsin Figure5 (a).Notethatthenodesandedges
of eachprismareinheritedfrom theoriginal wedgesin the
volumegraphto which theprismsbelong.

In ourimplementation,weusedtheStraightSkeletontri-
angulationmethodproposedby AichholzerandAurenham-
mer[1] andadoptedby Barequetetal. [3] for contourinter-
polation.Notethatwedonotneedto triangulatewedgeA in
Figure5 (a) sinceit doesnot containanedgeon thevolume
graphandhencewill not contributeto thesurfacenetwork.

6.2 Multi-materialcontouring

To extract polygonscorrespondingto edgeson the volume
grid exhibiting a material change,we considerthe multi-
materialDual Contouring(DC) methodof Juet al. [17] for
voxelgrids.Givenavoxelgridconsistingof cubiccellswhere
everygrid pointis associatedwith amaterial,theDC method
constructsasurfacenetwork in two steps:

1. Createonevertex for eachgrid cell.
2. Createonepolygonfor eachgrid edgeexhibiting amate-

rial changeby connectingtheverticesof thecellssharing
thatedge.

TheDC methodguaranteesto partitionthegrid into disjoint
volumesof differentmaterialsin thepresenceof anarbitrary
numberof materialson thegrid, andcanbeeasilyextended
to anadaptivevoxel grid, suchasanoctree.

To adapttheDC methodto our volumegrid thathasno
voxelizedstructure,weneedto �rst de�ne threemoretopol-
ogy elementson thevolumegrid: columns,facesandcells.
First,eachportionof gridsshown in Figures5 (b,d)is called
a column, which consistsof nodesfor all prismssharinga
commonedge.Eachcolumnis centeredat a vertex on the
commonplanesharedby the triangularprojectionsof the
prisms.A columnis surroundedby grid faces, eachbeinga
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Fig. 5 Surfacepolygonalization:A triangulationof the projectedregionson the commonplane(a), portionsof the volumegrids (b,d) corre-
spondingto thesharedtrianglesin (a) createdfrom theinitial andmodi�ed volumegraphfrom Figure3, andthesurfacegeneratedon thegrids
(c,e).

closedcycleof grid edgesbetweentwo neighboringprisms.
For example,thecolumnsin Figures5 (b,d)aresurrounded
by 7 and11 facesrespectively. A columnis alsopartitioned
vertically into cells by rings of edgesconnectingnodesof
the samematerial.For example,the columnsin Figures5
(b,d)containoneandtwo cellsrespectively. In addition,the
cells in a samecolumnareindexed vertically from bottom
to top. To ensureuniqueindexing, we requirethe i th cell
andthe (i + 1)st cell sharea ring of edgesthat completely
surroundsthecolumn,suchasthering of edgesconnecting
whitenodesbetweenthetwo cellsin thecolumnof Figure5
(d).

Given the de�nitions of the topologyelements,we are
now in placeto describethe surfacegenerationalgorithm.
Assumingthetopandbottomplanesonwhichthecurvenet-
workslie areatz = 0 andz = 1 andthecommonplaneonto
which thecurve networksprojectedis at z = 0:5, thealgo-
rithm proceedsin two simplesteps,

1. Create one vertex for each cell on the volume grid.
The i th cell (i = 1; : : : ; n) on thegrid columncentered
at the vertex f x; y; 0:5g on the commonplanehave co-
ordinatesf x; y; (2i � 1)=2ng. In addition,we createa
pairof pseudoverticesat f x; y; 0g andf x; y; 1g for each
column.

2. Createonepolygon for eachedgeon the volume grid
that exhibits a material change.Thepolygonconnects
the verticesof the grid cells sharingthat edge.For an
edgeat the top (bottom)of a grid column,a quadrilat-
eralis formedby connectingtheverticesof thetwo cells
sharingtheedgeandthetop (bottom)pseudoverticesof
thetwo columnssharingtheedge.

Figures5 (c,e)show the surfacesgeneratedon the grid
columnsin (b,d) usingthis method.Observe thatsincever-
ticeswithin a samegrid columndiffer only in their Z coor-
dinates,thepolygonson the3D surfaceprojectexactlyonto
the trianglesin the 2D triangulationshown in Figure5 (a).
In this sense,the3D surfaceis createdby lifting the2D tri-
anglesin space(a similar mechanismwas originally used
by Barequet[3] yet restrictedto only simpleclosedcurves
on eachplane).Next we discussthe two importantproper-

tiesof thesurfacenetwork thatwedesireto haveasoutlined
Section1:
Inter polating curvenetworks To show thatthesurfacenet-
work createdby ourmethodinterpolatesthecurvenetworks
on the top andbottomplane,we �rst notethat the vertices
of thecurvenetworks(includingtheintersectionpointsaug-
mentedduringprojection)is asubsetof thepseudovertices.
Our surfacenetwork is connectedto thetop (bottom)plane
only at edgesof quadrilateralsconnectingpseudovertices
lying on the boundaryof differentmaterials,which arethe
segmentsof thecurvenetworkson thatplane.
Geometric correctnessObserve from Figures5 (c,e) that
eachgrid edgeexhibiting a materialchangecorrespondsto
a polygonon thesurface,while eachgrid faceexhibiting a
materialchangecorrespondsto anedgeon thesurface.The
duality resultsin a gap-freesurfacenetwork that partitions
thespaceinto disjoint volumescorrespondingto connected
componentsof grid pointsof asamematerial.

To show that the polygonalsurfaceis alsofree of self-
intersections,we �rst observe that the only possibleself-
intersectionis betweentwo triangleson thesurfaceproject-
ing onto the sametriangleon the commonplane.Yet this
will not take place:supposesuchtwo trianglesaredual to
the i th andj th edge(indexedfrom bottomto top) of a same
prismon thevolumegrid with i < j . In every columnthat
containsthetwo edges,thegrid cellscontainingedgei will
alwayshave a lower or sameindex asthe cells containing
edgej . As a result,a vertex in thetriangledualto edgei al-
wayshasaloweror sameZ coordinatewith thevertex (with
thesameX ; Y coordinates)in thetriangledualto edgej .

6.3 Surfacesmoothing

Thealgorithmin theprevioussectionproducesverticeswith
uniform spacingin the Z direction,which may result in a
jaggedappearancewherepolygonsmeetat right anglesas
seenin Figures5 (c,e).To achieve a smoother-looking sur-
facewhile maintaininggeometriccorrectness,we apply a
simpleLaplaciansmoothingoperatoralongtheZ direction
for everynon-pseudovertex v:

v�
z =

vz

2
+

P
w2 N (v) wz

2kN (v)k
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(a) (b) (c) (d)

Fig. 6 First 20 cross-sectionsof themousebrain(only showing a few) (a), thereconstructedsurfacenetwork (b), thesurfaceboundingCortex
(c) andOlfactorybulb (d) (thedistancesbetweensuccessivecross-sectionshavebeenexaggeratedfor bettervisualization).

wherevz denotestheZ coordinateof vertex v andN (v) de-
notesthesetof edge-adjacentneighborsv. Notethatsmooth-
ing theZ -coordinatesof verticeswill notcauseself-intersections
on thesmoothedsurfacesolong asthemonotonicityof cell
orderingis maintained:theZ coordinateof thevertex of the
i th cell in eachgrid columnis strictly largerthanthatof the
(i � 1)st cell in thesamecolumn.

We can further increasethe surfacesmoothnessby re-
ducing the numberof quadrilateralsthat connectthe sur-
facenetwork to thecurvenetworksatpseudovertices.These
quadrilateralsalways lie perpendicularto the input planes
andtheirorientationsarenotaffectedby theLaplaciansmooth-
ing in the Z direction.An effective strategy that we found
is to move the �rst (last) vertex in eachgrid columnto lie
on the bottom (top) plane whenever possible,so that the
majority of the quadrilateralswill degenerateto a line and
will notcontributeto thesurfacegeometry. The�nal surface
networkscorrespondingto thedefault andmodi�ed volume
graphin Figures3 (d,e)afterquadremoving andLaplacian
smoothingareshown in Figures3 (f,g).

7 Results

Herewe presenttheresultof applyingtheproposedmethod
to our motivatingapplicationfor building a high-resolution
3D modelof themousebrain.A stackof 350tissuesections
of themousebrainwascollectedin Dr. Eichele's labatBay-
lor Collegeof Medicine,eachannotatedwith a subsetof 17
majoranatomicalregions1. Figures1 (a,b)show two neigh-
boringsectionsin thisstack.

The input curve networks contain 200404verticeson
350 sections,andthesecurve networks de�ne 18 materials
(17 anatomicalregionsplus oneemptyspace)in total. The
outputsurfacecontains1132731polygonsand590902ver-
tices.The algorithm is implementedin Mathematica(ver-
sion 4.0), a numericaland symbolic computationenviron-
ment[27], for robusthandlingof numericalcalculationsus-
ingarbitraryprecisionnumbers.Thetotalreconstructiontook

1 The annotatedregions are: Cortex, Cerebellum,Striatum,Basal
Forebrain,Amygdala,Hippocampus,Hypothalamus,Thalamus,Ol-
factoryBulb, Midbrain, Pons,Medulla,VentralStriatum,GlobusPal-
lidus,Septum,Fibers,andVentricles.

344minutesand45 seconds,averaging59 secondsbetween
two neighboringsections(seeSection8 for morediscussion
onperformance).

Figure6 showstheresultof automaticallyreconstructing
the �rst 20 sectionsof themousebrain.Observe in (a) that
the interactionbetweenCortex (coloredred) andOlfactory
Bulb (coloredgreen)changesdramaticallyfrom the top to
bottom.Thereconstructedsurfacenetwork shown in (b,c,d)
accuratelymodelsthesecomplex anatomicalregionsaswell
astheir adjacency relations.

Figures7 (a,b) show the sideandbottomviews of the
surfacenetwork automaticallyconstructedusingourmethod
for theentirestack.Thesurfacenetworkpartitionsspaceinto
anatomicalregionswhosecross-sectionscoincidewith the
annotationon eachof the 2D sections.To betterillustrate
this partitioning,we isolatea complex anatomicalregion,
FiberTracks,in Figure7 (c). As anadvantageof thesurface
network representation,wecancolorthesurfaceof theFiber
Tracksusing its abutting anatomicalregions.The coloring
revealsthe3D adjacency relationbetweenFiber tracksand
itsneighboringanatomy. Webelievethatthishigh-resolution
model representedas surfacenetworks will be helpful for
anatomistsandbrainresearchers.

Dueto thesmalldistancebetweenadjacent2D sections
in themousebrain(i.e.25� m),theautomaticallyconstructed
surfacenetworkpossessesthecorrecttopologyin mostplaces.
However, thereconstructedsurfacefails to producedesired
topology occasionallywhen there is a large migration of
anatomicalfeaturesbetweensuccessive sections.For exam-
ple, Figure8 (a) shows a tubular portion of Ventriclesthat
is brokeninto separatepiecesafterautomaticreconstruction
dueto a largedisplacementof correspondinganatomicalre-
gionson successive sections(again, the surfaceis colored
by its abutting anatomicalstructures).Thesurfacewascor-
rectedusingthewedgesplitting techniquediscussedin Sec-
tion 5.1,andtheregeneratedsurface,shown in Figure8 (b),
modelsa continuoustubular structure.In anotherexample,
Figure9 (a)showsasheet-likeportionof Ventriclescontain-
ing a “hole” (like onein a torus)afterautomaticreconstruc-
tion. A continuoussheetis recoveredin Figure 9 (b) as a
resultof additionof nodesandedgeson the volumegraph
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(a) (b) (c)

Fig. 7 Surfacereconstructionof the entiremousebrain viewed from side(a) andbottom(b), andthe reconstructedFiber Tracks(c) colored
usingits neighboringanatomicalregions.

(a) (b)

Fig. 8 Broken piecesof Ventricleresultingfrom automaticconstruc-
tion (a)andaftermanualadjustment(b).

(a) (b)

Fig. 9 Disruptedsheetof Ventricleresultingfrom automaticconstruc-
tion (a)andaftermanualadjustment(b).

asdiscussedin Section5.1. We made11 suchtopological
changeson the mousebrain model,andthe amountof hu-
maninterventiontime is lessthanonehourin total.

8 Discussion

In this paperwe presenta novel techniquefor building sur-
facenetworks from planarcurve networks that often arise
in bio-medicalmodelingapplications.While previousmeth-
odsoftenresultin invalid surfacegeometryor fail to provide
interactionmechanisms,thepresentedmethodis capableof
creatinga geometricallycorrectsurfacenetwork automati-
cally from arbitrarycurve networks on parallelplanes,and
providing easy, �e xible meansfor user-guidedmodi�cations
to producedesirablesurfacetopology. As an example,we
show how the methodis appliedto build a high resolution
modelof themousebrainfrom annotated2D tissuesections.

One drawback of the methodis that the usershave to
manuallycheckandcorrectinvalid topologiesof therecon-

structedsurface.A major direction for future researchis
thereforeto automatethisprocessby enforcingcertainrules
on the structureof the volume graph.A simple example
wouldbetoalwaysconnectaparticularmaterial(e.g.ablood
vessel)on successive planes.More complicatedexamples
includestrackingfeaturepoints(e.g.pointswherethreeor
morematerialsmeet)onsuccessivecurvenetworks.

While the methodis implementedin Mathematicafor
numericalrobustness,weplanto port theprogramto C/C++
for a signi�cant improvementin ef�ciency andfor easeof
distribution.To solve thepotentialproblemof numericalin-
stability, we planto adopta techniquesimilar to thatin [16]
by discretizingthe verticesin the input curve networks on
a �ne integer grid andto useSeparatingAxis theoremfor
intersectiontests.

Finally, whilemostcurrentmeshingprocessingtechniques
aredesignedexclusively for simpleclosedsurfaces,weplan
to investigatetheextensionof thesemethodsontoa surface
network.For example,asshown in Figure7, thesurfacenet-
work exhibitsripplesdueto thedistortionsin theinputtissue
sectionsinducedby thephysical sectioningprocess.More-
over, thesizeof themeshis too largefor many applications.
We shall consideras the next stepadaptingexisting mesh
fairing andsimpli�cation methodsfrom simplesurfacesto
surfacenetworks. In addition,tetrahedralizationof the sur-
facenetwork is alsoapotentialtopicof research.
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