Shape modeling and matching in identifying protein structure from
low-resolution images
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Figurel1: Identifying a-helicesin alow-resolutionproteinimage,usingthe Humanlinsulin Receptor- TyrosineKinaseDomain (1IRK) as
an example. The inputs are the amino-acidsequencef the protein (a), where a-helicesare highlightedin green,and a densityvolume
reconstructedrom electroncryomicroscop (b), wherepossiblelocationsof a-heliceshave beendetectedascylindersshown in (c). Our
methodcomputeshe correspondencbketweerthe helicesin the sequencandin the densityvolume (e). This is achieved by extractinga
skeletonfrom the densityvolumeshawn in (d) andmatchingit with thesequencén (a). Notethatthe matchingis errortolerantthereforethe

resultingcorrespondenceéoesnot have to beabijection.

Abstract

In this paper we describea novel, shape-modelingpproacho re-
covering 3D proteinstructuredrom volumetricimages.Theinput
to our methodis a sequencef a-helicesthat make up a protein,
anda low-resolutionvolumetricimageof the proteinwherepossi-
ble locationsof a-heliceshave beendetected.Our taskis to iden-
tify the correspondenceetweerthetwo setsof heliceswhich will
shedlight on how the proteinfolds in space.The centralthemeof
our approachs to castthe correspondengeroblemasthatof shape
matchingbetweerthe 3D volumeandthe 1D sequenceWe model
boththeshapessattributedrelationalgraphsandformulatea con-
strainedinexact graphmatchingproblem. To computethe match-
ing, we developedan optimal algorithm basedon the A*-search
with several choicesof heuristicfunctions. As demonstrateéh a
suiteof realproteindatatheshape-modelingpproactis capableof
correctlyidentifying helix correspondencen noise-abindantvol-
umeswith minimal or no userintervention.
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1 Intro duction

Proteinsarethefundamentabuilding blocksof all life forms. Con-
sisting of a linear sequencef amino acids, eachprotein “folds”

up in spacento a speci ¢ 3D shapen orderto interactwith other
molecules. As a result, determiningthe 3D protein structurehas
critical importancein biomedicalresearcHSali 1998]. In an on-
going projectinvolving the co-authorsyolumetricimagesof pro-
teins obtainedusing advancedimaging techniquesare utilized to

decipherthe proteinstructure.While the long-termaspirationis to
determinelocationsof every amino-acidof the proteinin suchan
image,we have formulatedan intermediatesteptowardsthis goal
asashapeamodelingandmatchingtask. Suchformulationallows a
comple featurecorrespondengaroblemin a noise-abindantervi-

ronmentto be solved effectively usinggraphmatching.

1.1 Background

Proteinsare large organic compoundsmade of amino acids ar
rangedn alinearsequencandjoinedtogethemith peptidebonds.
In thesequenceneighboringaminoacidsmayform groupsof con-
tinuoussegmentsstabilizedby hydrogenbonds,which areknown
assecondanstructue elements Commonsecondarystructureel-
ementsinclude a-helicesand b-sheetqreferredto ashelicesand
sheetdereafter) Both structuresanbereliably determinedn the
sequenceisinga numberof methodsas sureyed in [Baldi et al.
1999]. As anexample,Figurel (a) shavs theaminoacidsequence
of the Tyrosine Kinase Domain of the Human Insulin Receptor
(1IRK), whereeachaminoacidis identi ed by a singleletterand
helicesarecoloredgreen.



Traditional proteinimaging methods suchas X-Ray crystallogra-
phy andNMR spectroscop arelimited to determining3D struc-
turesmostly betweersingledomainsandsmall proteincomplexes.
Techniquessuchas Homology modelingand Ab-initio modeling
have beenintroducedin the pastwhich attemptto overcomethese
dif culties using computationabpproaches Homolay modeling
is basedon the assumptiorthat proteinswhich have a reasonably
similar sequencewill in turn have a similar structure. Sequence
alignmentis performedto determinethe relationshipbetweenthe
templatesequence¢of which the structureis alreadyknown) and
the tamget protein sequence. Thereafter the structureof the tar
getis derived by combiningthe structuresof the templateqSippl
1993; Shenand Sali 2006]. This approachis limited dueto the
inherentproblemsthatoccurwhile performingthe sequencalign-
mentstep[Sali and Overington1994; Zhangand Skolnick 2005],
andis severely limited by the choiceof the templateqVenclo/as
and Margelevicius 2005]. Ab-Initio modelingon the other hand
attemptsto build up the 3D structureby consideringthe physical
interactionsbetweenthe atomsthat form the protein[Sippl 1999;
Moult 2005;Rohletal. 2005]. Thistechniquerequiresanimmense
amountof computationatesourcessit is a searchfor the global
free enegy minimum statein a signi cantly large searchspace.
Thereforethis methodis restrictedo relatively smallproteins(less
than150aminoacidresidues)andis notregardedto beasaccurate
ashomologymodeling.

Recently electroncryomicroscop (cryoEM) emegedasa promis-
ing alternatve for imagingproteinswithin large complexessuchas
viruses[Chiu etal. 2005]. A typical CryoEM experimentproduces
a large collectionof micrographsshawing the projectionof a sin-
gle virus particlein mary randomdirections. Theseare then put
togetherinto a single 3D densityvolume using a processknown
assingleparticle reconstructiorjPenczeket al. 1994]. Within this
volume, higherdensityregionsindicatea higherprobability of the
presencef atoms andthe shapeof the proteincanbe cornveniently
visualizedby extractingiso-surficesat appropriatedensitylevels.
Figurel (b) shaws the iso-surficeof a simulatedcryoEM density
volumeof 1IRK. For easeof discussionwe will referto cryoEM
densityvolumeassimply volumeor densitwolumehereafterOnly
recentwork hasbegun to meige cryoEM densitywith traditional
structurepredictionmethods. For example,in an ongoingproject
involving the co-authorstechniquesare beinginvestigatedwhere
cryo-EM density mapscan provide a folding spaceusedfor the
evaluationof potentialmodelsandimproved model predictionin
Ab-initio modeling.

1.2 Problem statement

Theultimatebiologicalgoal of our projectis to nd, in thedensity
volume, the locationsof atomsfor eachof the amino acidsthat
malke up the protein. Unfortunately unlike X-ray crystallograpk
andNMR spectroscop theresolutionof cryoEMreconstructions
oftenfarfrom sufcient to directly obtainanaccurateatomicmodel
of the imagedprotein. Instead,we rst consideran intermediate
steptowardsthis goal;whichis thelocatingof secondargtructures,
helicesin particularin thedensityvolume.Progressiasbeenmade
in the biology communityfor detectingpositions,orientationsand
lengthsof possiblehelicesin a densityvolume[Jianget al. 2001;
Baker et al. 2007] basedon their cylindrical densitydistributions
(anexampleis shawvn in Figurel (c)). Whatis missinghowever, is
the knowledgeof which helix detectedn the volumecorresponds
to agivenhelix in the sequenceSuchknowledgewould establish
acoarse3D proteinmodelconsistingof a chainof helices(suchas
thatin Figurel (e)) thatsheddight on how theproteinfoldsin 3D.

As aresult,the computationaproblemthatwe will addressereis
the correspondenceetweerthe helicesin the sequencandin the

helicesthedensityvolume.A desirablecorrespondendenpliesnot
only minimal differencegqe.g.,in lengths)betweencorresponding
helices,but also maximal agreemenbetweenthe densityvolume
andthe connectiity of helices. In otherwords, the 3D path be-
tweensuccessie helicesin theproteinsequencshouldfollow high
densityregionsin thevolume.In thepast,thehelix correspondence
problemhasonly beenstudiedin thework of [Wu etal. 2005],yet
theirmethodfailsto take thedensityinformationinto consideration.

Notethatthehelix correspondencgroblemis furthercompounded
by the factthatsucha correspondencenay not be a bijection. Due
to noisein a typical densityvolume, a helix detectionalgorithm
mayfail to nd thelocationsof all theheliceswithin thatvolume. It
may alsoidentify falsehelices.For example the numberof helices
detectedn the volumein Figure 1 (c) is onelessthanthatin the
sequencén Figurel (a).

1.3 Shape modeling and matching

The centralthemeof our approachis to castthe helix correspon-
denceproblemasthatof shapematding betweerthe 1D sequence
andthe 3D volume. The key that makessucha matchingpossible
is themodelingof boththe 1D and3D shapessgraphshatencode
thelengthsof helicesaswell astheirconnectvity. In particular the
graphrepresentindghe densityvolumeis obtainedby computinga
skeletonthatencodeshetopologyof thehigh-densityregions(Fig-
ure1 (d)). Usingthe shaperepresentationd)elix correspondence
reducedo a constrainecerrorcorrectinggraph-matchingproblem,
whichseekghebest-matchingimplepathsamongtwo graphs.Us-
ing a heuristicsearchalgorithm,the optimalmatchcanbefoundin
anefcient manner

When appliedto an extensie suite of testdata,our methodwas
shavn to becapableof identifyingthecorrecthelix correspondence
with no or minimal userintervention for small and mediumsize
proteins.For example Figurel (e) shavsthecorrespondenceom-
putedby our method. Obsere thatthe availability of the skeleton
allows us to plot a path on the skeletonthat connectssuccessie
helices suggestin@ possible3D traceof theaminoacidsequence.

Contributions:  We seeourwork makingthefollowing contritu-
tionsto shapemodeling,matchingandcomputationabiology:

We presenta commonshaperepresentatioffior both protein
sequenceanddensityvolumesasattributedrelationalgraphs,
which aresuitablefor structuralmatching.

We formulatea constrainecerrorcorrectingmatchingprob-
lem betweenattributedgraphswhich differsfrom known ex-
actandinexactmatchingproblems.

We develop anoptimalalgorithmbasedon the A*-searchfor
solving constrainednatching,and we explore several novel
heuristicfunctionsfor pruningthe searctspace.

2 Previous work

Shape representation for matching Shapeaepresentationgr
descriptos, have beenwidely emplosedin graphicsandcomputer
vision for matchingpurposes.Generally suchrepresentationsan
be classi ed into two classes.Global shaperepresentationgften
usedin shaperetrieval from a large repositoryof models,aim at
computinga compactsetof featurevectorsof an entire objectfor
fastcomparisorbetweenobjects[Chenet al. 2003; Shilaneet al.
2004;Zhanget al. 2005]. We would referinterestedeadergo the
suney [Shilaneet al. 2004] for descriptionsand comparisonof
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Figure2: Proteinsequencgraph:theaminoacidsequencef a portionof the Rice Dwarf Virus (1UF2) (a), andthe correspondingttributed

relationalgraph(b).

thesedescriptors. Note that theseglobal descriptorsseldompro-
vide local featureinformationandarethusgenerallyunsuitablefor
partial matching;thatis, nding a portion of aninput objectthat
matchesa modelobject.

In contrast)ocal shapeepresentationdescribegeometrideatures
of anobject(possiblyatmultiple scalesandaredesignedor partial
matchingand objectalignment. Someexamplesof local descrip-
torsinclude SIFT featuregLowe 2004], local sphericaharmonics
[Funkhouserand Shilane2006], salientsurfacefeaturegGal and
Cohen-0r2006], curvaturemaps[Gatzke et al. 2005], and skele-
tons [Sundaret al. 2003]. In this paper we utilize the skeleton
descriptotto translatehe shapeof aniso-surficein thedensityvol-
umeinto a graphstructurethatcanbe usedto identify connectvity
amonghelices. Sucha skeletoncanbe ef ciently generatedrom
a discretevolume by iterative thinning [Bertrand1995; Borgefors
etal. 1999;Palagyi andKuba1999; Svenssoret al. 2002; Juetal.
2006].

Graph matching In patternrecognition and machinevision,
graphshave long beenusedto represenbbjectmodels,suchthat
objectrecognitionreducedo graphmatching. Herewe only give
abrief review of graphmatchingproblemsandmethodologiesand
referthereaderto theexcellentsurneys [Bunke andMessmer1997;
Conteetal. 2004]for therich volumeof matchingtechniques.

In general,graph matching problemscan be divided into exact
matchingandinexactmatching.Exactmatchingaimsatidentifying
a correspondencbetweena modelgraphand (a part of) aninput
graph,which canbesolvedusingsub-graphisomorphisnUlimann
1976; Cordellaet al. 1999] or graphmonomorphisniWong et al.
1990]. However, sincereal-world datais seldomperfectandnoise-
free,inexactor errorcorrectingmatchingis desiredn alargenum-
ber of applications. As in [Bunke 1999], errorcorrectingmatch-
ing can be formulatedas nding the bijection betweentwo sub-
graphsfrom the modelandinput graphthat minimizessomeerror
function. This errortypically consistsof the costof deformingthe
original graphsto their subgraphsand the error of matchingthe
attributesof correspondingelementsn the two subgraphs.Note
that, in mostapplicationsthe topology of the optimally matching
subgraphge.g.,whetherit is connectedatree,apath,etc.)is gen-
erally unknovn. Suchmatchingis saidto be un-constained since
theminimizationof the errorfunctionis theonly goal.

The most popularalgorithmsfor errorcorrectinggraphmatching
arebasedon the A*-search[Nilsson 1980]. Thesealgorithmsare
optimalin the sensehatthey areguaranteedo nd the globalop-
timal match. However, sincethe graphmatchingproblemitself is
NP-completethe actualcomputationatostcanbe prohibitive for
large graphs.To this end,varioustypesof heuristicfunctionshave
beendevelopedto prunethe A* searchspace[Tsai andFu 1979;
Shapiroand Haralick 1981; Bunke and Allermann 1983; Sanfeliu
and Fu 1983; Wong et al. 1990]. Other methodssuchas simu-
latedannealingHerault et al. 1990], neuralnetworks [Fenget al.

1994],probablisticrelaxation[Christmasetal. 1995],geneticalgo-
rithms[Wangetal. 1997],andgraphdecompositiofMessmerand
Bunke 1998] can also be usedto reducethe computationalcost.
Obsenre that all of theseoptimizationmethodsare developedfor
un-constrainednatchingwherethe matchedsubgraphganassume

ary topology
3 Shape representation

To solve thehelix correspondencgroblemasstatedn Sectionl.2,
we rst seekacommonshapeepresentationf boththe 1D protein
sequencandthe 3D densityvolumethatis suitablefor matching.
In particular suchrepresentatioshouldencodethelengthsof each
helix aswell astheir connectity. Herewe introducesucharepre-
sentatiorusingattributedrelationalgraphs(ARG).

In general,an ARG G consistsof a 4-tuple< Vg;Eg; ac; bs >,
whereVg is a non-emptyset of nodes(jVgj denotesthe number
of nodes)Eg = Vo Vg is asetof edgeshbetweerpairsof nodes,
andag; bg areattributefunctionsrespectrely on nodesandedges.
Below we describethe connotationsof thesegraph components
whendescribinga proteinsequencer a densityvolume. Notethat
our graphis speci cally designedo toleratethelow-resolutionand
noisein adensityvolume.

3.1 Protein sequence graph

To represenhelicesin the sequencethe proteinsequencgraphS
consistsof a collectionof node-pairsgachdenotingthe two ends
of a helix. Thesenodesareaugmentedy two additionalterminal
nodesdenotingthe two endsof the protein. To re ect the linear
ity of the sequencewe index the nodesin Vs in ascendingprder

arethe two terminalsof the protein,and2k and2k+ 1 arethetwo
endsof the kth helix in the protein sequence.For matchingpur
poses the differenttypesof nodesare alsodistinguishedoy their
attributes: ag(x) for eachx 2 Vs assumes$i, Sor E if x represents
an endof a helix, the heador the tail of the protein. An example
of nodesandattributesis shavn in Figure?2 (b) for thesequencén

().

To encodehelengthsof helicesandtheir connectity, ahelixedge

is formed betweenevery two successie nodes2k and 2k + 1 for

k2 [1;r], andalink edgeis formedbetweemodes2k 1 and2k for

k2 [1;r + 1], asshavn in Figure2 (b). Notethattheseedgesorm

a simple pathwith alternatingedgetypes. The attribute function
bs(x;y) for eachedgef x; yg returnsa 2-tuple: bg1(x;y) indicates
the edgetype, beingH or L whenfx;yg is a helix edgeor link

edge,and bgy(x;y) maintainsthe length of that helix or link as
the numberof aminoacidsin the sequenceNotethatthe graphis

undirectedthatis, bgk(x;y) = bsk(y;X) fork= 1,2.



Dueto the noisinessaandthe low resolutionof the densityvolume,
helix detectionin the volume may not be ableto nd all helices
of that protein (as in the example of Figure 1). To be able to

establishan errorcorrectingmatchingin the presencef missing
helices,we augmentthe graphwith link edgesconnectingnodes
f2k 1,2k+ 2lgfor everyk 2 [1;r] andl 2 [1;min(m;r k+ 1)]

wherem is a userspeci ed maximumnumberof helicesthat are
possiblymissingin the volume. The attribute bs2(x;y) for each
new link edgeis setto be the total numberof aminoacidsin the
sequencéypassedy the edge. Figure 2 (b) shovs an example
with m= 1. Notethataftersuchanaddition,ary simplepathin the
graphconnectingnodeswith ascendingndicesstill consistsof al-
ternatingedgetypes,which representanorderedsubsebf helices
in the proteinsequence.

3.2 Density volume graph

Asin thesequencegraph,thevolumegraphC consistof two nodes
for eachdetectedhelix andtwo terminalnodesfor the entire pro-
tein. The differenttypesof nodesaredistinguishedisingthe node
attributefunctionac, whichassumesi, Sor E for thehelix nodes,
headnodeor tail nodeof the protein. Unlike the sequencegraph,
wherethereis anexplicit orderingof nodestheindicesof nodesn

\c donotimply ary ordering.

To encodehelix information,nodesrepresentinghe two endsof a
helix areconnectedy a helix edge.As in the sequencgraph,the
edgeattribute function bc returnsa 2-tuple,wherebc,1 assumesi
or L indicatinga helix or link edge,andbc:, returnsthe lengthin-
formation. For a helix edgef x;yg 2 Ec, bc.2(;y) is the Euclidean
lengthof thedetectedelix in thedensityvolume,whichcanbenor
malizedby theresolutionof thevolumeto approximatehenumber
of aminoacidsin the helix [Baker etal. 2007]. An exampleof such
edgesareshavn in greert in Figure3 (c) representinghe helices
detectedn the densityvolumein (a).

Unlike the sequencgraph,the densityvolumedoesnot explicitly
provide the neededctonnectvity amongdetectechelices.However,
asstatedearlier two helicesat successie positionsin thesequence
aremorelik ely to beconnectedh 3D throughregionsin thevolume
with highdensity As aresult,we seekarepresentatiothatdepicts
the topologyof suchhigh-densityregions. To this end,we extract
aniso-surficefrom thevolumeatauserspeci eddensitylevel and
computea morphologicakkeletonof the solid enclosedy theiso-
surface. Using a recentlydevelopederosion-basedkeletonization
techniqugJu etal. 2006],suchskeletonscanberobustly generated
even from noisy surfaceswhile preservinghe solid topology An
exampleof the skeletonis shavn in Figure3 (b).

Given the skeleton,we form link edgesasshavn in Figure 3 (c).
First, we link every two nodesin the graphthat represenendsof
two helicesconnectedy a pathon the skeleton. Whenmultiple
pathsexist betweertwo helix ends the shortesis taken. Notethat,
dueto noisepresentin the volume, theseskeletonpathsmay not
captureall the necessargonnectvity amonghelices. To this end,
we additionally createa link edgebetweenendsof every two he-
lices whoseEuclideandistanceis within a userspeci ed value e.
Finally, to completethe graph,alink edgeis createchetweereach
terminalnodeandevery non-terminahode.Theedgeattribute bc.»
for theabove threeclassef link edgesaresetto thelengthof the
skeletonpath, the Euclideandistance and zero respectrely (nor
malizedby theresolutionof thevolumeasin [Baker etal. 2007]).

1Theelectronicversionof this papercontainsthe gures in color.

(b) (©

Figure3: Densityvolumegraph:iso-suraceof the densityvolume
(a), the skeletoncreatedrom theiso-surficewith detectechelices
(b), andthe correspondingttributedrelationalgraph(c) wherethe
two terminalnodesl,8 areconnectedo every othernodevia loop
edges.

4 Constrained graph matching

Giventwo graphsrepresentinghe helicesin the sequencandthe
volume,herewe shav that nding the correspondenceetweerthe
two setsof helicesreducego a constrainedyraphmatchingprob-
lem. We rst de ne:

De nition 1 A chain of an ARG G is a sequenceof nodes
if vi = 1L,vnh = jVgj, andv; < viz g foralli2 [1;n  1].

For example,an orderedchainin the sequenceraphconsistsof

edgesawith alternatingtypes(e.g.,helix or link), depictingalinked

sequencef helices. A correspondencbetweenrhelicesin the se-
quenceandthe volumeis thereforea bijectionbetweeran ordered
chainin thesequencgraphandachainin thevolumegraph.Note

that the de nition of chain allows establishingpartial correspon-
dencebetweera subsebdf the helicesin boththe sequencandthe

volume. More generally the problemcan be de ned for ary at-

tributedrelationalgraphs:

Problem1 Let SC be two ARGs. Find an ordered chain

matcing cost:

n n1
A o(pia)+ & Ce(Pi: Pie 10 G 1) @
1

whete ¢y; ce are anygivenfunctionsevaluatingthe costof matcing
nodep; with g; or edge f pi; pi+ 19 with f g;; ¢+ 19

Comparingo previously studiedgraphmatchingproblemssuchas
exact graph(or subgraphjsomorphismsjnexact graphmatching
and maximumcommonsubgraphproblems[Horaud and Skordas
1989],Probleml is uniquein thatit seeksest-matchingubgraphs
from two graphsthat have a particular shape. Given suchcon-
straints,previous graphmatchingalgorithmsthat are guidedonly
by errorminimizationcannotbedirectly applied.



4.1 Cost functions

Herewe explainourchoicefor thetwo costfunctionscy; ce in Equa-
tion 1 whenmatchingthe sequencegraphandthe volume graph.
Note that, the algorithmwe presentin the next sectionworks for
ary non-ngative costfunction.

Eachcostfunction measureshe similarity of the attributesassoci-
atedwith two nodesor two edges.To enforcematchingof terminal
nodesin thetwo graphsthe nodecostfunctionis de ned as

cv(xy) = 3; &ﬁi(nﬂs:ea"(y) @

Theedgecostfunctioncomputeghelengthdifferencebetweertwo
helix edgesr two link edgesandis de ned as

Ce(X Y, U;V) =
8 . . .
5 jbs2(X%y)  be2(u;V)j; if bs1(xY) = be1(u;v);
andy = x+ 1:
ibs2(%y)  bea(uv)i+ as(xy);  if bgi(xy) = bea(u;v);
3 andy > x+ 1:
" otherwise

®3)
Here,the gs termpenalizesnissinghelicesin thevolumegraphand
is setto be the sumof lengthsof the helix edgesin the sequence
graphbypassedy a link edge. Given a protein sequencavith r
helicesand m possiblemissinghelicesin the densityvolume,and
letx= 2k 1andy= 2k+ 2l wherek?2 [1;r] andl 2 [1; min(m;r
k+ 1)], we compute

|
a&(xy) = w@ bsa(2k+ 2i  2;2k+2i 1) @)
i=1

wherew is auserspeci edweightthatadjustshein uence of this
penaltyterm.

4.2 An optimal algorithm

In this section,we presenta heuristicsearchalgorithmfor solving
Probleml. Our methodextendsthetree-searciparadigmpopular
izedin computingunconstraineerrorcorrectinggraphmatching,
andis guaranteedb nd the optimalmatch.

To nd amatchbetweeriwo graphsatree-searckalgorithmstarts
out from an initial, incompletematch and incrementallybuilds
more completematches.To nd matchingchainsin graphsS,C,
we rst considera partialmatchasa sequencef node-pairs

orderedchainin S andsomechainin C. Basedon the de nition
of chainsandour matchinggoal of minimizing costfunctions,ele-
mentsof My mustsatisfythefollowing requirements:

Noderequirement p; = 1, g 6 q;(8j 6 i 2 [1;K]), andfor
alli 2 [1;K]:

pi2Vs; ¢ 2 Vc; and cy(pi;qi) 6 ¥

Edgerequirement Foralli2 [L;k 1]

pi < pi+1; fpiipi+192 Es; faiigi+102 Ec;
and ce(pi; Pi+1;0i; i+ 1) 6 ¥

/l Findingthe optimalcommonchainin S;C

ChainMatd\(S,C)
/I Q isamin heap
/I Thekey of eachelementM 2 Qis f(M)
Q fMog
Repeat
My PopQ)

If p = jVg
ReturnM

Repeafor eachexpansionMy, ; from My
Insert@Q; M+ 1)

Figure4: A* algorithmfor Probleml.

Startingwith anemptymatchMg = 0, the searchalgorithmincre-
mentallybuilds longermatchingchains.Speci cally, we de ne an
expansionof a partial matchMy asa new partial matchMy, 1 =

Mg [ ff py+ 1;O9k+ 199 suchthatthe addednodespy+ 1; Qk+ 1 Satisfy
the noderequirementand the addededgesf pk; pk+ 19; T Ok; Ok+ 19
(for k> 0) satisfytheedgerequirementNotethatusuallya My can
be expandednto multiple M+ 1. A matchMy is complete(i.e., no
moreexpansioncanbedone)if py = jVqg.

Obsere thatthesearchprocedureessentiallybuilds atreestructure
with Mg at the root of the tree, expandedpartial matchesMy at
the kth level of the tree,and completematchesat the tree leaves.
Ourgoalis thereforeto nd the completematchthatminimizesthe
matchingerrorde nedin Equationl.

4.2.1 A*-search

To avoid a breadth- rsttree searchto nd the optimal complete
match,we adoptthe A* searchalgorithmwhich prioritizesthe ex-

pansionof incompletematcheasinga tness function. This func-
tion, f(My), assessethe likelihood of a partial matchM to bea
partof the optimalcompletematch.Thefunctionhastwo parts:

f(Mi) = g(Mi) + h(My) ®)

whereg(My) returnghematchingcostasde nedin Equationt, and
h(My) estimatesheremainingcostto beaddedn futureexpansions
from M.

Givena tness function, the A*-searchalgorithmworks by main-
tainingall un-expandedartialmatchesn apriority queueandonly
expandingthe partialmatchwith thebest(smallest)tness function
value.Figure4 outlinesthe pseudo-codef thealgorithm.

Obsere from Figure4 thatthe algorithmreturnsthe rst complete
matchthatit nds. Basedon A* theory suchmatchis guaranteed
to bethe optimal matchaslong asthe h(My) portionof the tness
functionis alower-boundof the actualremainingmatchingcostof
ary completematchM,, that containsMy. Thatis, our algorithm
workscorrectlyif

hM  h (M) = min (g(Mn) o(Md)  (6)
whereM;, arecompletematchesxpandedrom My, andh (My) is
theminimumremainingcostamongall Mp,.

Assumingthatcostfunctionsce; ¢y in Equationl arenon-n@ative,
h (M) in Equation6 is also non-ngative. Hencean ohvious
choiceis h(My) = 0, whichis aguaranteetbwer-boundof h (My).



However, the betterthe approximatiorof h(My) to the actualmin-
imum remainingcosth (My), the fewer nodesthat have to be ex-
ploredduringthesearch Next we presenthreevariationsof h(My)
that areall lowerboundsof h (My) with differentlevels of tight-
ness.

4.2.2 Heuristic tness function
Given a partial matchMy, we denotethe setof all nodesin Vs and

V¢ thatcanbeaddedo My in anexpansiorasRg(My) andRe(My).
Letx 2 Rg(My), wede ne:

ha(M;X) = min  ce(pk; X; Ok; 7
a(Mii; X) PN e( P X; Ok: Y) 7
and
ivg 1
ho(Mi) = & Ayiuv) ®)

min
y=X f u;vg2 Ec;u2My; v2My

In essenceh, computesthe minimum cost of appendinga pair
f X; yg into M for ary candidatenodesy, andh, computeghe min-
imum cost of appendingthe remainingpairsto form a complete
match.Here,c%is anamortizedminimumcostof matchinganedge
fu;vg2 Ec toary edgef u® vyin Essuchthatu® yandv® y+1,
de nedas

min cy iy jtkuv)
j2[0y 1] K2[j+ L+ Ve ¥l k

Ay upv) = )

Now we de ne threechoicesof h(Mg) andprove thatthey areall
lower-boundsof h (M):

ho(M) = 0
h(M) = minogrgm ha(Mi:X)
ha (M) = mingr ) (ha(Mi; X) + hp(Mi; X))

Proposition1 hj(My) h (My) fori= 0;1;2.

Proof:
1. Trivially we seethathg(My) = 0 h (M)

2. Obserethath; computesheminimumecostof appendingiry
pairf x;yg into My, hencewe have
hi(M) = MmNy, :Me M3 (9(Mis 1) 9(M))
minp,:me M, (9(Mn) - 9(My))
h (M)

whereM, is acompletematch.

3. We examine the minimum-cost complete match M, =
ff py;ong;:i:;f pnianggsuchthatM, My, Henceh (My) =
9(Mn)  9(Mi) = ga+ gp, Where

Ga = ce(p{d Pic+ 15 Clk; O+ 1)
b é?=k+1c(pj;pj+1JQJ;qJ'+1)

Note that ha(Mg; pk+ 1)  Ga- In addition, the lower-bound
costfunctioncensureshat

Ce(Pj; Pj+1:dj; dj+1)
Pj+1  Pj

i < pj+1. Hencewe have

i 055 95+1)

for ary p;j
ho(M: Pi) an 1 gPier 1Ce(P;iPir10:0;+1)
bM P Qjzic1di=p, Pi1 P
n . . .
J k+1Ce(pjvpj+liqjlqj+l)
%

Finally,

ho (M) ha(My; pe) + ho(Mi; pe)
Jat Ob

h (M)

We canconcludethatthe three tness functionssatisfythe follow-
ing inequality

0 ho(M) hi(Mi)  ha(M)  h (My); (10)

Thereforewe seethatusingeitherof thethreefunctionswill result
in anoptimalsolutionin the A*-search.

Obsere that the threefunctionsrepresenincreasinglybetterap-
proximationsof the actual minimal remaining cost, as a result,
fewer nodesneedto be expandedduring the searchusinghy or hy
over usinghg in the tness function. However, the computatiorof
h1;hy is much more expensve thanhg. In particular evaluating
the hy portion of hy or hy involves nestedminimality queries. In
our implementationwe acceleratedhe calculationof hy by pre-
computinga look-uptableindexed by a nodey 2 Vs, which main-
tains a sortedlist of edgesfu;vg 2 Ec in the ascendingorder of
Ay uv).

5 Results

In this section,we discussthe performanceof our methodon an
extensve suite of proteindata. For a signi cant fraction of these
testdatasets,we obsened that our methodwas capableof nd-
ing the correcthelix correspondencewithout ary userintenen-
tion. However, for densityvolumeswith poor quality, the optimal
graphmatchingmay notrepresenthe actualhelix correspondence,
anddomainknowledgehasto be incorporatedo yield the correct
result.

5.1 Setup

Our experimentconsistsof 11 cryoEM volumesat 6A-10A reso-
lution, 8 of which aresimulatedfrom the actualatomicmodelob-
tainedfrom the ProteinData Bank [Dutta and Berman2005] and
3 which areauthenticcryoEM reconstructiongP22 GP5,RDV P8
anda GroEL monome?). Thesestructureswhile not an exhaus-
tive representationf thosefoundin the ProteinDataBank,dorep-
resentcommonlyoccurringfolds of the major families of protein
structure In addition,only threeauthentioccryoEM reconstructions
arereportedasthereare only a small numberof structuresn the
public domainwith resolutionsbeyond 7A-8A.

In eachexample,we utilize the proteinsequenceéatafrom the Pro-
tein DataBank, the helicesin densityvolumesdetectedusingthe
SSEhuntesoftware[Bakeretal. 2007],andtheskeletoncreatedis-
ing themethodof [Ju etal. 2006]. Thematchingresultis presented
asa correspondencketweenrhelicesin the sequencavith thosein
thedensityvolume. Theresultis validatedeitherusingthe original
atomicmodel (for simulateddata)or a structuralhomologue(for
authenticdata).

In all theexperimentsanEuclideardistancehresholdf e= 0:15d
is usedfor creatingextra edgesin the volume graphwhered is
the size of the volume (d for the datais shavn in Table 1), and
w = 5 is usedin weightingthe missinghelix penaltytermin the
costfunction. Experimentsvere performedon a PC with a 3GHz
PentiumD CPUand2GB of memory(ourimplementatiorrunson
asinglethread thusutilizesonly oneof the coresof the CPU).

2EMDB numberfor theseauthentiaeconstructionare1060(RDV P8),
1101(P22)and1081(GroEL)
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Figure5: BluetongueVirus (2BTV): the aminoacid sequencéa),
the densityvolume (b), the detectedheliceswith the skeleton(c),
andthecorrespondendgl) betweerhelicesin (a) and(c) computed
astheoptimal matchbetweerthe sequencandvolumegraphs.

5.2 Unsupervised matching

Figure 1 and5 showv two examples(1IRK and 2BTV) whereour

methodis ableto identify thecorrectfull or partialcorrespondence.

Notethatour algorithmis robustto noisein thedatasuchastheone
missinghelixin thedensityvolumeof 1IRK. As aby-productof our
matchingalgorithm,a“trace” of the proteinsequencé thedensity
canbevisualizedby renderingheskeletonpathsrepresentetly the
graphedgesin the optimally matchingchain. Sucha tracecould
seneasastartingpointto determinener -scaleproteincomponents
suchasaminoacids.

5.3 Interactive matching

Dueto the limited resolutionof a densityvolumein depictingthe
proteinshapetheoptimalmatchbetweerthegraphrepresentations
may fail to representhe correcthelix correspondenceSuchfail-
uremayalsobecausedy ambiguitieson the skeletoncreatedrom
aniso-surfice,which arisesdueto the dif culty of picking anap-
propriateiso-value that accuratelyrepresentghe topology of the
proteinbody. To battledatainaccurag, we augmenthe proposed
graphmatchingmethodwith domainknowledgein two ways:

Computing candidateslist: Insteadof nding a single optimal
matchbetweerthe sequencgraphandthe volumegraph,alist of
top-matchingcandidatesare computed. This can be doneeasily
in the A*-searchframeawork by terminatingthe searchonly aftera
numberof completematchege.g.,100) have beenfound.

Identifyingthecorrectcorrespondencsithin these¢op matchess a
commonproblemin structuralbiology. Marny structureprediction
algorithmsproducea gallery of structureghat rangein accurag.
The enduseris oftenrequiredto evaluatethe modelin the context
of otherdata. The rankingachiezed by our programis at leaston
par with the bestalgorithmsif not signi cantly better However,
we plan to investigate the use of pseudo-atomienodelsto auto-
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Figure6: Bacteriophag®22capsidprotein(P22GP5): theamino
acid sequencéa), the detectedchelicesin the densityvolumewith
the skeleton(b), the incorrectcorrespondencbetweenhelicesin
(a) and (b) computedasthe optimal matchbetweenthe sequence
andvolumegraphs(c), andthe correctcorrespondencéd) which
ranksasthe 4th optimalmatch.

matethis taskfurther A pseudo-atomienodelof the proteincan
bebuilt by placinga pseudo-atonfor eachaminoacid on thecryo-
EM density Usingthe helix correspondencessanchorsthe opti-
mal placemenbf thesepseudo-atomsanbe determineddy using
previously establishedlistanceconstraintof pseudo-atomwithin
helixes,sheet@andloops. Theproteinmodelwith thelowestatomic
enegy valuewill be chosenasthe correctcorrespondenctor the
givencryo-EM density

Figure6 shavs anexample(P22GP5)wherethecorrectcorrespon-
denceg(shavnin (d)) is ranked4thin thecandidate$ist. Comparing
with theoptimalmatch(shawvn in (c)), thetwo correspondences-
hibit very similar helix lengthsand connectvity, illustrating why
graphmatchingonly cannot distinguishthe right from the wrong
without further domainknowledge. Also obsere thatthe correct
correspondencis achiezed evenin the presencef alarge number
of missinghelices(6) andanincorrectlydetectedhelix.

Interactive constraints: We allow the userto manually assign
matchingconstraintsbasedon their biological knowledge of the
spatialarrangemenof helices. Speci cally, the usermay desig-
natethe correspondencbetweena small subsetof helix edgesin
the sequencgraphandthe volume graph. Suchinformationcan
be translatedinto additional edgeattributes (e.g., bs1(f x;yg) =
bc:1(fu;vg) = Hy if edgef x;yg andf u; vg arethe kth correspond-
ing pair) to enforcesuchexplicit matchingin the A* search.Fig-
ure 7 shavs an example (protein 1TIM) wherethe correcthelix
correspondencevas ranked 9th in the candidatelist after 2 user
constraintaverespeci ed. Proteinstructureswvhich displaya low
variancein helix lengthsand where the sheetsggmentsresultin
theformationof barrellike structureg1TIM (Figure7), 2ITG and
1DAI) posea challengeto the algorithmasthis resultsin a large
amountf helix correspondencashich have similar costs.Interac-
tive constraintcanbe usedin thesecasedo provide anchomoints
to guideour methodtowardsa correctcorrespondence.

Dueto the accumulatiorof errorin the searchprocesdbecausof
theinherentambiguitiespresentn low-resolutiondensitymapswe
obsene thatthe amountof userconstrainteededn orderto ob-
tain a high-ranked correctcorrespondencicreasedwith the size
andcompleity of the proteinstructure Althoughthis approactre-



Protein Helices | Missing | Volume User Rank Time (seconds) Nodesexpanded
helices SiZE(ds) constraints ho(Mi) | ha(My) | ha(My) | ho(My) | hi(My) | ha(My)

1UF2 4 - 96° - 1 0.0 0.0 0.0 23 16 13
2ITG 6 - 643 2 4 0.0 0.0 0.0 65 51 41
1IRK 9 - 96° - 1 0.0 0.0 0.0 1813 1195 775
1WAB 9 2 643 - 1 0.0 0.0 0.0 2006 1199 644
1DAI 9 - 643 1 5 0.0 0.0 0.0 | 10791 8318 6884
2BTV 10 - 128° - 1 0.0 0.0 0.0 5735 3790 595
P22GP5 11 7 128° - 4 0.0 0.0 0.0 514 378 314
3LCK 12 5 643 - 2 0.0 0.1 0.1 5685 4013 3001
1TIM 12 3 96° 2 9 0.2 0.3 0.3 | 42357 | 25754 | 12861
RDV P8 14 2 96° 4 1 0.2 0.3 0.7 | 74212| 56770| 56539
GroEL 20 4 128® 4 1 3.8 8.5 15.2 | 774813 | 603378 | 564929

Tablel: Resultfrom the 11 experimentsvherethetimetaken(in secondsjo computethebesttopologyfor eachof thefuture costfunctions,
andthetotal numberof nodesexpandedn the A*-searcharecomparedObsere the signi cant reductionof nodessxpandedvhenusingthe

betterapproximation$ (My) andhz(M).
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Figure 7: Triose Phosphatelsomerasefrom Chicken Muscle
(1TIM): the amino acid sequencéda), the detectedhelicesin the
densityvolumewith the skeleton(b), theincorrectcorrespondence
betweenhelicesin (a) and (b) computedasthe optimal matchbe-
tweenthe sequenceandvolumegraphs(c), andthe correctcorre-
spondencéd) which ranksasthe 9th optimal matchgiven the two
userspeci ed helix constraintdighlightedin brown.

quiresatime investmenby a domainexpert,we notethatthetime
neededo specifytheseconstraintss muchsmallercomparedo the
time neededf theuserwasto specifyall thehelix correspondences.

5.4 Performance

The performanceesultfor all 11 proteinsarepresentedn Tablel,

shaving the numberof helicesin the proteinsequencethe number
of missinghelicesin eachdataset(givenasthe parametemin cre-
atingthesequencegraph) thevolume(d3) representinghenumber
of voxelsin thecryo-EM densitymap,the numberof userspeci ed

constraintandtherankof thecorrectcorrespondenca the candi-
datelist. Table1 alsocontainsthe time taken by our method,and
the numberof nodesexpandedwvhenusingthethreecostfunctions
(ho(Mi); h1(Mk); ha(My)) in the A*-search.

Obsene from Table 1 thatthe graphmatchingapproactin combi-
nationwith thedomain-speci cstratgiesallow accuratédenti ca-

tion of proteinstructurewith no or a smallamountof humaninput
dependingon the quality of the densityvolume. Also notethatthe
time takento performa computatioris almostnegligible in human

terms(< 4 secondgor GroEL whenusinghg(My)), which facili-

tatesamuchsmootheuserinteractve functionality We wouldlike

to point out that using the heuristicfunctionshy; h, dramatically
reduceshe numberof expansionsduring A*-searchcomparedo

usingthe zerofunction hg. However, sincethe time overheadof

computingthe functionshy; hy is muchlarger thanthe zerofunc-

tion, the actualcomputatiortime is oftenslover. Nonethelesswe

anticipatethathy; hy, canbe usefulin reducingthe memorycostin

large datasets.

6 Conclusion and discussion

In this papemwe reporteca novel applicationof shapanodelingand
matchingin biomedicalresearctwhich aimsatidentifying protein
structurefrom the resultsof an emeging imagingtechnique.We
translatedhe biological probleminto a computationabneby rep-
resentingthe shapef biological data(e.g.,proteinsequencend
densityvolume)asattributedrelationalgraphs.We solved the he-
lix correspondenceroblemusinggraphmatching,andwe demon-
stratedthe effectivenesf the methodon authenticaswell assim-
ulateddatasets.Oneof our main contritutionsis anoptimalalgo-
rithm for constrainecerrorcorrectinggraphmatching,which will
beusefulin othershape-matchintaskswherethesoughtmatchhas
alinearshape.

Oneof the limitations of our graphmatchingalgorithm,like other
A*-basedgraphisomorphisntechniquesis its high computational
cost(bothtime andmemory)for largegraphs.In particular ourim-
plementatiorof the methodhasdif culty in handlingproteinswith
morethan 20 heliceswithout a fairly large number(> 4) of user
speci edconstraintsin thefuturewe planto explorevariantsof the
A*-search,includingiterative deepeningd* andmemory-bounded
A*, thatarebettersuitedfor handlinglarge datasets.Furthermore,
we areinvestigatingthe possibility of usingHomologymodelingas
a pre-processingtepto obtainaninitial guessat the correcthelix
correspondenaghich canthereaftebeimprovedusingour method
atamuchlower computationatost.

Our applicationof graphmatchingrelies on a skeletongenerated
from theiso-surficeat a givendensitylevel. Thedif culty in nd-
ing an appropriatedensitylevel so that the iso-surbiceaccurately
representshe proteinbody mayresultin skeletonsthatfail to cap-
ture the connectvity amongdetectechelices. We next planto ex-
ploreskeletonizatiortechniquesvhich applydirectly to gray-scale
volumeswithout the needfor thresholding.Thesetechniquewill
producemore rohust skeletonsand generatematchingresultsthat
aremorelikely to representhe correcthelix correspondences.



Finally, we are actively working towardsthe long-termbiological
goalof recoveringtheatomic-resolutiomroteinstructurefrom den-
sity volumes. We plan next to identify otherproteincomponents,
suchas b-sheetsfrom densityvolumes.We anticipatethata sim-
ilar shape-matchinfprmulationfor nding helix correspondences
canbe appliedto sheetsassheet-detectioalgorithmsarealready
availablefor densityvolumes[Baker etal. 2007]. We ervision that
sheetsanberepresenteth thesameattributedrelationalgraphab-
stractionwhereeachsheeis maintainecasare-visitablenode.The
searchandcorrespondingostfunctionscanthereafteibe extended
to incorporatethesere-visitablenodes.

We would like to notethatwhile cryo-EM is well suitedfor imag-
ing large macromoleculacomplexesin nearnative solution con-
ditions, the methodultimately reconstruct®nly a single snapshot
of the assemblyfor a given setof images. In the eventthatthere
is someintrinsic e xibility in the molecule,the correspondinge-
gions within the densitymap will appearlesswell resohed and
have lower densityvalues.Basedon empiricalevidence most e x-
ibility ontheorderof helix or sheeshiftsarenoteasilyidenti able
until sufciently high resolutionsarereachedtypically betterthan
7A-8Aresolution). We ervision that, given densitymapsof higher
resolutionour techniguecould producepotentialsecondarystruc-
turetopologiesthroughregionsof disorderthatmay not have been
readilydetectabléy visualobsenration.
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