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(a)

Figure1: Identifying a -helicesin a low-resolutionproteinimage,usingtheHumanInsulin Receptor- TyrosineKinaseDomain(1IRK) as
an example. The inputsare the amino-acidsequenceof the protein (a), wherea -helicesarehighlightedin green,anda densityvolume
reconstructedfrom electroncryomicroscopy (b), wherepossiblelocationsof a -heliceshave beendetectedascylindersshown in (c). Our
methodcomputesthe correspondencebetweenthe helicesin the sequenceandin the densityvolume(e). This is achieved by extractinga
skeletonfrom thedensityvolumeshown in (d) andmatchingit with thesequencein (a). Notethatthematchingis error-tolerantthereforethe
resultingcorrespondencedoesnothave to beabijection.

Abstract

In this paper, we describea novel, shape-modelingapproachto re-
covering3D proteinstructuresfrom volumetricimages.The input
to our methodis a sequenceof a -helicesthat make up a protein,
anda low-resolutionvolumetricimageof theproteinwherepossi-
ble locationsof a -heliceshave beendetected.Our taskis to iden-
tify thecorrespondencebetweenthetwo setsof helices,whichwill
shedlight on how theproteinfolds in space.Thecentralthemeof
ourapproachis to castthecorrespondenceproblemasthatof shape
matchingbetweenthe3D volumeandthe1D sequence.We model
boththeshapesasattributedrelationalgraphs,andformulateacon-
strainedinexact graphmatchingproblem. To computethe match-
ing, we developedan optimal algorithm basedon the A*-search
with several choicesof heuristicfunctions. As demonstratedin a
suiteof realproteindata,theshape-modelingapproachis capableof
correctlyidentifying helix correspondencesin noise-abundantvol-
umeswith minimalor nouserintervention.
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1 Intro duction

Proteinsarethefundamentalbuilding blocksof all life forms.Con-
sisting of a linear sequenceof amino acids,eachprotein “folds”
up in spaceinto a speci�c 3D shapein orderto interactwith other
molecules. As a result,determiningthe 3D proteinstructurehas
critical importancein biomedicalresearch[Sali 1998]. In an on-
going project involving the co-authors,volumetric imagesof pro-
teins obtainedusing advancedimaging techniquesare utilized to
deciphertheproteinstructure.While thelong-termaspirationis to
determinelocationsof every amino-acidof the proteinin suchan
image,we have formulatedan intermediatesteptowardsthis goal
asa shapemodelingandmatchingtask.Suchformulationallows a
complex featurecorrespondenceproblemin anoise-abundantenvi-
ronmentto besolvedeffectively usinggraphmatching.

1.1 Background

Proteinsare large organic compoundsmadeof amino acids ar-
rangedin a linearsequenceandjoinedtogetherwith peptidebonds.
In thesequence,neighboringaminoacidsmayform groupsof con-
tinuoussegmentsstabilizedby hydrogenbonds,which areknown
assecondarystructure elements. Commonsecondarystructureel-
ementsincludea -helicesandb-sheets(referredto ashelicesand
sheetshereafter).Both structurescanbereliably determinedin the
sequenceusinga numberof methodsassurveyed in [Baldi et al.
1999].As anexample,Figure1 (a)shows theaminoacidsequence
of the Tyrosine Kinase Domain of the Human Insulin Receptor
(1IRK), whereeachaminoacid is identi�ed by a singleletter and
helicesarecoloredgreen.



Traditionalproteinimagingmethods,suchasX-Ray crystallogra-
phy andNMR spectroscopy, arelimited to determining3D struc-
turesmostlybetweensingledomainsandsmallproteincomplexes.
Techniquessuchas Homology modelingand Ab-initio modeling
have beenintroducedin thepastwhich attemptto overcomethese
dif�culties usingcomputationalapproaches.Homology modeling
is basedon the assumptionthat proteinswhich have a reasonably
similar sequence,will in turn have a similar structure. Sequence
alignmentis performedto determinethe relationshipbetweenthe
templatesequences(of which the structureis alreadyknown) and
the target protein sequence.Thereafter, the structureof the tar-
get is derived by combiningthe structuresof the templates[Sippl
1993; Shenand Sali 2006]. This approachis limited due to the
inherentproblemsthatoccurwhile performingthesequencealign-
mentstep[Sali andOverington1994;ZhangandSkolnick 2005],
and is severely limited by the choiceof the templates[Venclovas
and Margelevicius 2005]. Ab-Initio modelingon the other hand
attemptsto build up the 3D structureby consideringthe physical
interactionsbetweenthe atomsthat form the protein[Sippl 1999;
Moult 2005;Rohletal. 2005].This techniquerequiresanimmense
amountof computationalresourcesasit is a searchfor the global
free energy minimum statein a signi�cantly large searchspace.
Therefore,thismethodis restrictedto relatively smallproteins(less
than150aminoacidresidues),andis not regardedto beasaccurate
ashomologymodeling.

Recently, electroncryomicroscopy (cryoEM)emergedasapromis-
ing alternative for imagingproteinswithin largecomplexessuchas
viruses[Chiu et al. 2005].A typicalCryoEM experimentproduces
a large collectionof micrographsshowing the projectionof a sin-
gle virus particle in many randomdirections. Theseare thenput
togetherinto a single 3D densityvolume using a processknown
assingleparticle reconstruction[Penczeket al. 1994]. Within this
volume,higherdensityregionsindicatea higherprobabilityof the
presenceof atoms,andtheshapeof theproteincanbeconveniently
visualizedby extractingiso-surfacesat appropriatedensitylevels.
Figure1 (b) shows the iso-surfaceof a simulatedcryoEM density
volumeof 1IRK. For easeof discussion,we will refer to cryoEM
densityvolumeassimplyvolumeor densityvolumehereafter. Only
recentwork hasbegun to merge cryoEM densitywith traditional
structurepredictionmethods.For example,in an ongoingproject
involving the co-authors,techniquesarebeinginvestigatedwhere
cryo-EM densitymapscan provide a folding spaceusedfor the
evaluationof potentialmodelsand improved modelpredictionin
Ab-initio modeling.

1.2 Problem statement

Theultimatebiologicalgoalof our projectis to �nd, in thedensity
volume, the locationsof atomsfor eachof the amino acidsthat
make up the protein. Unfortunately, unlike X-ray crystallography
andNMR spectroscopy, theresolutionof cryoEMreconstructionsis
oftenfarfrom suf�cient to directlyobtainanaccurateatomicmodel
of the imagedprotein. Instead,we �rst consideran intermediate
steptowardsthisgoal;whichis thelocatingof secondarystructures,
helicesin particular, in thedensityvolume.Progresshasbeenmade
in thebiology communityfor detectingpositions,orientationsand
lengthsof possiblehelicesin a densityvolume[Jianget al. 2001;
Baker et al. 2007] basedon their cylindrical densitydistributions
(anexampleis shown in Figure1 (c)). Whatis missinghowever, is
theknowledgeof which helix detectedin thevolumecorresponds
to a givenhelix in thesequence.Suchknowledgewould establish
a coarse3D proteinmodelconsistingof a chainof helices(suchas
thatin Figure1 (e)) thatshedslight onhow theproteinfolds in 3D.

As a result,thecomputationalproblemthatwe will addresshereis
thecorrespondencebetweenthehelicesin thesequenceandin the

helicesthedensityvolume.A desirablecorrespondenceimpliesnot
only minimal differences(e.g.,in lengths)betweencorresponding
helices,but alsomaximalagreementbetweenthe densityvolume
and the connectivity of helices. In otherwords, the 3D pathbe-
tweensuccessivehelicesin theproteinsequenceshouldfollow high
densityregionsin thevolume.In thepast,thehelix correspondence
problemhasonly beenstudiedin thework of [Wu et al. 2005],yet
theirmethodfailsto takethedensityinformationintoconsideration.

Notethatthehelix correspondenceproblemis furthercompounded
by thefactthatsucha correspondencemaynot bea bijection. Due
to noisein a typical densityvolume, a helix detectionalgorithm
mayfail to �nd thelocationsof all theheliceswithin thatvolume.It
mayalsoidentify falsehelices.For example,thenumberof helices
detectedin the volumein Figure1 (c) is onelessthanthat in the
sequencein Figure1 (a).

1.3 Shape modeling and matching

The centralthemeof our approachis to castthe helix correspon-
denceproblemasthatof shapematchingbetweenthe1D sequence
andthe3D volume. Thekey thatmakessucha matchingpossible
is themodelingof boththe1D and3D shapesasgraphsthatencode
thelengthsof helicesaswell astheirconnectivity. In particular, the
graphrepresentingthedensityvolumeis obtainedby computinga
skeletonthatencodesthetopologyof thehigh-densityregions(Fig-
ure 1 (d)). Using the shaperepresentations,helix correspondence
reducesto a constrainederror-correctinggraph-matchingproblem,
whichseeksthebest-matchingsimplepathsamongtwo graphs.Us-
ing aheuristicsearchalgorithm,theoptimalmatchcanbefoundin
anef�cient manner.

When appliedto an extensive suite of test data,our methodwas
shown to becapableof identifyingthecorrecthelix correspondence
with no or minimal user-intervention for small and mediumsize
proteins.For example,Figure1 (e)showsthecorrespondencecom-
putedby our method.Observe that theavailability of theskeleton
allows us to plot a path on the skeletonthat connectssuccessive
helices,suggestingapossible3D traceof theaminoacidsequence.

Contributions: Weseeourwork makingthefollowing contribu-
tionsto shapemodeling,matchingandcomputationalbiology:

� We presenta commonshaperepresentationfor both protein
sequencesanddensityvolumesasattributedrelationalgraphs,
whicharesuitablefor structuralmatching.

� We formulatea constrainederror-correctingmatchingprob-
lem betweenattributedgraphs,which differsfrom known ex-
actandinexactmatchingproblems.

� We developanoptimalalgorithmbasedon theA*-searchfor
solving constrainedmatching,andwe explore several novel
heuristicfunctionsfor pruningthesearchspace.

2 Previous work

Shape representation for matching Shaperepresentations,or
descriptors, have beenwidely employedin graphicsandcomputer
vision for matchingpurposes.Generally, suchrepresentationscan
beclassi�ed into two classes.Global shaperepresentations,often
usedin shaperetrieval from a large repositoryof models,aim at
computinga compactsetof featurevectorsof an entireobjectfor
fastcomparisonbetweenobjects[Chenet al. 2003; Shilaneet al.
2004;Zhanget al. 2005]. We would refer interestedreadersto the
survey [Shilaneet al. 2004] for descriptionsand comparisonsof
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Figure2: Proteinsequencegraph:theaminoacidsequenceof aportionof theRiceDwarf Virus (1UF2)(a),andthecorrespondingattributed
relationalgraph(b).

thesedescriptors.Note that theseglobal descriptorsseldompro-
vide local featureinformationandarethusgenerallyunsuitablefor
partial matching;that is, �nding a portion of an input object that
matchesamodelobject.

In contrast,local shaperepresentationsdescribegeometricfeatures
of anobject(possiblyatmultiplescales)andaredesignedfor partial
matchingandobjectalignment. Someexamplesof local descrip-
tors includeSIFT features[Lowe 2004],local sphericalharmonics
[FunkhouserandShilane2006], salientsurfacefeatures[Gal and
Cohen-Or2006], curvaturemaps[Gatzke et al. 2005], andskele-
tons [Sundaret al. 2003]. In this paper, we utilize the skeleton
descriptorto translatetheshapeof aniso-surfacein thedensityvol-
umeinto a graphstructurethatcanbeusedto identify connectivity
amonghelices. Sucha skeletoncanbe ef�ciently generatedfrom
a discretevolumeby iterative thinning [Bertrand1995;Borgefors
et al. 1999;Palágyi andKuba1999;Svenssonet al. 2002;Juet al.
2006].

Graph matching In pattern recognition and machinevision,
graphshave long beenusedto representobjectmodels,suchthat
objectrecognitionreducesto graphmatching. Herewe only give
a brief review of graphmatchingproblemsandmethodologiesand
referthereaderto theexcellentsurveys[BunkeandMessmer1997;
Conteetal. 2004]for therich volumeof matchingtechniques.

In general,graph matchingproblemscan be divided into exact
matchingandinexactmatching.Exactmatchingaimsat identifying
a correspondencebetweena modelgraphand(a part of) an input
graph,whichcanbesolvedusingsub-graphisomorphism[Ullmann
1976;Cordellaet al. 1999] or graphmonomorphism[Wong et al.
1990].However, sincereal-world datais seldomperfectandnoise-
free,inexactor error-correctingmatchingis desiredin a largenum-
ber of applications.As in [Bunke 1999], error-correctingmatch-
ing can be formulatedas �nding the bijection betweentwo sub-
graphsfrom themodelandinput graphthatminimizessomeerror
function. This error typically consistsof thecostof deformingthe
original graphsto their subgraphsand the error of matchingthe
attributesof correspondingelementsin the two subgraphs.Note
that, in mostapplications,the topologyof the optimally matching
subgraphs(e.g.,whetherit is connected,a tree,a path,etc.) is gen-
erally unknown. Suchmatchingis saidto beun-constrained, since
theminimizationof theerrorfunctionis theonly goal.

The mostpopularalgorithmsfor error-correctinggraphmatching
arebasedon the A*-search[Nilsson 1980]. Thesealgorithmsare
optimal in thesensethat they areguaranteedto �nd theglobalop-
timal match. However, sincethegraphmatchingproblemitself is
NP-complete,theactualcomputationalcostcanbeprohibitive for
largegraphs.To this end,varioustypesof heuristicfunctionshave
beendevelopedto prunethe A* searchspace[Tsai andFu 1979;
ShapiroandHaralick 1981;Bunke andAllermann1983;Sanfeliu
and Fu 1983; Wong et al. 1990]. Other methodssuchas simu-
latedannealing[Herault et al. 1990],neuralnetworks [Fenget al.

1994],probablisticrelaxation[Christmasetal. 1995],geneticalgo-
rithms[Wangetal. 1997],andgraphdecomposition[Messmerand
Bunke 1998] can also be usedto reducethe computationalcost.
Observe that all of theseoptimizationmethodsaredevelopedfor
un-constrainedmatchingwherethematchedsubgraphscanassume
any topology.

3 Shape representation

To solve thehelix correspondenceproblemasstatedin Section1.2,
we�rst seekacommonshaperepresentationof boththe1D protein
sequenceandthe3D densityvolumethat is suitablefor matching.
In particular, suchrepresentationshouldencodethelengthsof each
helix aswell astheir connectivity. Herewe introducesucha repre-
sentationusingattributedrelationalgraphs(ARG).

In general,an ARG G consistsof a 4-tuple < VG;EG;aG;bG > ,
whereVG is a non-emptyset of nodes(jVGj denotesthe number
of nodes),EG = VG � VG is a setof edgesbetweenpairsof nodes,
andaG;bG areattributefunctionsrespectively onnodesandedges.
Below we describethe connotationsof thesegraphcomponents
whendescribinga proteinsequenceor a densityvolume.Notethat
ourgraphis speci�cally designedto toleratethelow-resolutionand
noisein adensityvolume.

3.1 Protein sequence graph

To representhelicesin thesequence,theproteinsequencegraphS
consistsof a collectionof node-pairs,eachdenotingthe two ends
of a helix. Thesenodesareaugmentedby two additionalterminal
nodesdenotingthe two endsof the protein. To re�ect the linear-
ity of the sequence,we index the nodesin VS in ascendingorder
f 1; : : : ;2r + 2g wherer is thetotal numberof helices,1 and2r + 2
arethetwo terminalsof theprotein,and2k and2k+ 1 arethetwo
endsof the kth helix in the proteinsequence.For matchingpur-
poses,the different typesof nodesarealsodistinguishedby their
attributes:aS(x) for eachx 2 VS assumesH, Sor E if x represents
an endof a helix, the heador the tail of the protein. An example
of nodesandattributesis shown in Figure2 (b) for thesequencein
(a).

To encodethelengthsof helicesandtheirconnectivity, ahelixedge
is formedbetweenevery two successive nodes2k and2k+ 1 for
k 2 [1; r], andalink edgeis formedbetweennodes2k� 1 and2k for
k 2 [1; r + 1], asshown in Figure2 (b). Notethattheseedgesform
a simplepathwith alternatingedgetypes. The attribute function
bS(x;y) for eachedgef x;yg returnsa 2-tuple: bS;1(x;y) indicates
the edgetype, being H or L when f x;yg is a helix edgeor link
edge,and bS;2(x;y) maintainsthe length of that helix or link as
thenumberof aminoacidsin thesequence.Note that thegraphis
undirected,thatis, bS;k(x;y) = bS;k(y;x) for k = 1;2.



Dueto thenoisinessandthe low resolutionof thedensityvolume,
helix detectionin the volume may not be able to �nd all helices
of that protein (as in the example of Figure 1). To be able to
establishan error-correctingmatchingin the presenceof missing
helices,we augmentthe graphwith link edgesconnectingnodes
f 2k � 1;2k+ 2lg for every k 2 [1; r] andl 2 [1;min(m;r � k+ 1)]
wherem is a user-speci�ed maximumnumberof helicesthat are
possiblymissingin the volume. The attribute bS;2(x;y) for each
new link edgeis set to be the total numberof aminoacidsin the
sequencebypassedby the edge. Figure 2 (b) shows an example
with m= 1. Notethataftersuchanaddition,any simplepathin the
graphconnectingnodeswith ascendingindicesstill consistsof al-
ternatingedgetypes,which representsanorderedsubsetof helices
in theproteinsequence.

3.2 Density volume graph

As in thesequencegraph,thevolumegraphC consistsof two nodes
for eachdetectedhelix andtwo terminalnodesfor the entirepro-
tein. Thedifferenttypesof nodesaredistinguishedusingthenode
attributefunctionaC, whichassumesH, Sor E for thehelix nodes,
headnodeor tail nodeof the protein. Unlike the sequencegraph,
wherethereis anexplicit orderingof nodes,theindicesof nodesin
VC donot imply any ordering.

To encodehelix information,nodesrepresentingthetwo endsof a
helix areconnectedby a helix edge.As in thesequencegraph,the
edgeattributefunctionbC returnsa 2-tuple,wherebC;1 assumesH
or L indicatinga helix or link edge,andbC;2 returnsthelengthin-
formation.For a helix edgef x;yg 2 EC, bC;2(x;y) is theEuclidean
lengthof thedetectedhelix in thedensityvolume,whichcanbenor-
malizedby theresolutionof thevolumeto approximatethenumber
of aminoacidsin thehelix [Bakeretal. 2007].An exampleof such
edgesareshown in green1 in Figure3 (c) representingthehelices
detectedin thedensityvolumein (a).

Unlike thesequencegraph,thedensityvolumedoesnot explicitly
provide theneededconnectivity amongdetectedhelices.However,
asstatedearlier, two helicesatsuccessivepositionsin thesequence
aremorelikely to beconnectedin 3D throughregionsin thevolume
with highdensity. As aresult,weseekarepresentationthatdepicts
the topologyof suchhigh-densityregions. To this end,we extract
aniso-surfacefrom thevolumeatauser-speci�eddensitylevel and
computea morphologicalskeletonof thesolid enclosedby theiso-
surface.Usinga recentlydevelopederosion-basedskeletonization
technique[Juetal. 2006],suchskeletonscanberobustlygenerated
even from noisy surfaceswhile preservingthe solid topology. An
exampleof theskeletonis shown in Figure3 (b).

Given the skeleton,we form link edgesasshown in Figure3 (c).
First, we link every two nodesin the graphthat representendsof
two helicesconnectedby a pathon the skeleton. Whenmultiple
pathsexist betweentwo helix ends,theshortestis taken.Notethat,
dueto noisepresentin the volume, theseskeletonpathsmay not
captureall thenecessaryconnectivity amonghelices.To this end,
we additionallycreatea link edgebetweenendsof every two he-
lices whoseEuclideandistanceis within a user-speci�ed valuee.
Finally, to completethegraph,a link edgeis createdbetweeneach
terminalnodeandeverynon-terminalnode.TheedgeattributebC;2
for theabove threeclassesof link edgesaresetto thelengthof the
skeletonpath, the Euclideandistance,andzerorespectively (nor-
malizedby theresolutionof thevolumeasin [Bakeretal. 2007]).

1Theelectronicversionof thispapercontainsthe�gures in color.
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Figure3: Densityvolumegraph:iso-surfaceof thedensityvolume
(a), theskeletoncreatedfrom theiso-surfacewith detectedhelices
(b), andthecorrespondingattributedrelationalgraph(c) wherethe
two terminalnodes1,8 areconnectedto every othernodevia loop
edges.

4 Constrained graph matching

Given two graphsrepresentingthehelicesin thesequenceandthe
volume,hereweshow that�nding thecorrespondencebetweenthe
two setsof helicesreducesto a constrainedgraphmatchingprob-
lem. We �rst de�ne:

De�nition 1 A chain of an ARG G is a sequenceof nodes
f v1; : : : ;vng � VG that form a simplepathin G. A chain is ordered
if v1 = 1;vn = jVGj, andvi < vi+ 1 for all i 2 [1;n� 1].

For example,an orderedchain in the sequencegraphconsistsof
edgeswith alternatingtypes(e.g.,helix or link), depictinga linked
sequenceof helices.A correspondencebetweenhelicesin the se-
quenceandthevolumeis thereforea bijectionbetweenanordered
chainin thesequencegraphanda chainin thevolumegraph.Note
that the de�nition of chain allows establishingpartial correspon-
dencebetweena subsetof thehelicesin boththesequenceandthe
volume. More generally, the problemcan be de�ned for any at-
tributedrelationalgraphs:

Problem1 Let S;C be two ARGs. Find an ordered chain
f p1; : : : ; png � VS and chain f q1; : : : ;qng � VC that minimizesthe
matchingcost:

n

å
i

cv(pi ;qi) +
n� 1

å
i

ce(pi ; pi+ 1;qi ;qi+ 1) (1)

wherecv;ce areanygivenfunctionsevaluatingthecostof matching
nodepi with qi or edge f pi ; pi+ 1g with f qi ;qi+ 1g.

Comparingto previouslystudiedgraphmatchingproblemssuchas
exact graph(or subgraph)isomorphisms,inexact graphmatching
andmaximumcommonsubgraphproblems[HoraudandSkordas
1989],Problem1 is uniquein thatit seeksbest-matchingsubgraphs
from two graphsthat have a particularshape. Given suchcon-
straints,previous graphmatchingalgorithmsthat areguidedonly
by error-minimizationcannotbedirectlyapplied.



4.1 Cost functions

Hereweexplainourchoicefor thetwocostfunctionscv;ce in Equa-
tion 1 whenmatchingthe sequencegraphandthe volumegraph.
Note that, the algorithmwe presentin the next sectionworks for
any non-negativecostfunction.

Eachcostfunctionmeasuresthesimilarity of theattributesassoci-
atedwith two nodesor two edges.To enforcematchingof terminal
nodesin thetwo graphs,thenodecostfunctionis de�ned as

cv(x;y) =
�

0; if aS(x) = aC(y)
¥ ; otherwise (2)

Theedgecostfunctioncomputesthelengthdifferencebetweentwo
helix edgesor two link edges,andis de�ned as

ce(x;y;u;v) =

8
>>><

>>>:

jbS;2(x;y) � bC;2(u;v)j; if bS;1(x;y) = bC;1(u;v);
andy = x+ 1:

jbS;2(x;y) � bC;2(u;v)j + gS(x;y); if bS;1(x;y) = bC;1(u;v);
andy > x+ 1:

¥ ; otherwise
(3)

Here,thegS termpenalizesmissinghelicesin thevolumegraphand
is set to be the sumof lengthsof the helix edgesin the sequence
graphbypassedby a link edge. Given a proteinsequencewith r
helicesandm possiblemissinghelicesin the densityvolume,and
let x = 2k� 1 andy = 2k+ 2l wherek 2 [1; r] andl 2 [1;min(m;r �
k+ 1)], wecompute

gS(x;y) = w
l

å
i= 1

bS;2(2k+ 2i � 2;2k+ 2i � 1) (4)

wherew is auser-speci�edweightthatadjuststhein�uence of this
penaltyterm.

4.2 An optimal algorithm

In this section,we presenta heuristicsearchalgorithmfor solving
Problem1. Our methodextendsthetree-searchparadigmpopular-
ized in computingunconstrainederror-correctinggraphmatching,
andis guaranteedto �nd theoptimalmatch.

To �nd a matchbetweentwo graphs,a tree-searchalgorithmstarts
out from an initial, incompletematch and incrementallybuilds
morecompletematches.To �nd matchingchainsin graphsS;C,
we �rst considerapartialmatchasasequenceof node-pairs

Mk = ff p1;q1g; : : : ; f pk;qkgg

wheref p1; : : : ; pkg andf q1; : : : ;qkg arethe initial portionof some
orderedchain in S andsomechain in C. Basedon the de�nition
of chainsandour matchinggoalof minimizing costfunctions,ele-
mentsof Mk mustsatisfythefollowing requirements:

� Noderequirement: p1 = 1, qi 6= q j (8 j 6= i 2 [1;k]), andfor
all i 2 [1;k]:

pi 2 VS; qi 2 VC; and cv(pi ;qi) 6= ¥

� Edgerequirement: For all i 2 [1;k� 1]:

pi < pi+ 1; f pi ; pi+ 1g 2 ES; f qi ;qi+ 1g 2 EC;
and ce(pi ; pi+ 1;qi ;qi+ 1) 6= ¥

// Findingtheoptimalcommonchainin S;C

ChainMatch(S;C)
// Q is amin heap
// Thekey of eachelementM 2 Q is f (M)

Q  f M0g
Repeat

Mk  Pop(Q)
// Mk hastheform ff p1;q1g; : : : ; f pk;qkgg
If pk = jVSj

ReturnMk
Repeatfor eachexpansionMk+ 1 from Mk

Insert(Q;Mk+ 1)

Figure4: A* algorithmfor Problem1.

Startingwith anemptymatchM0 = /0, thesearchalgorithmincre-
mentallybuilds longermatchingchains.Speci�cally, we de�ne an
expansionof a partial matchMk as a new partial matchMk+ 1 =
Mk [ ff pk+ 1;qk+ 1gg suchthat theaddednodespk+ 1;qk+ 1 satisfy
the noderequirementand the addededgesf pk; pk+ 1g; f qk;qk+ 1g
(for k > 0) satisfytheedgerequirement.NotethatusuallyaMk can
beexpandedinto multiple Mk+ 1. A matchMk is complete(i.e., no
moreexpansioncanbedone)if pk = jVSj.

Observe thatthesearchprocedureessentiallybuildsa treestructure
with M0 at the root of the tree, expandedpartial matchesMk at
the kth level of the tree,andcompletematchesat the tree leaves.
Ourgoalis thereforeto �nd thecompletematchthatminimizesthe
matchingerrorde�ned in Equation1.

4.2.1 A*-search

To avoid a breadth-�rst tree searchto �nd the optimal complete
match,we adopttheA* searchalgorithmwhich prioritizestheex-
pansionof incompletematchesusinga �tness function. This func-
tion, f (Mk), assessesthe likelihoodof a partial matchMk to be a
partof theoptimalcompletematch.Thefunctionhastwo parts:

f (Mk) = g(Mk) + h(Mk) (5)

whereg(Mk) returnsthematchingcostasde�nedin Equation1,and
h(Mk) estimatestheremainingcosttobeaddedin futureexpansions
from Mk.

Given a �tness function, the A*-searchalgorithmworks by main-
tainingall un-expandedpartialmatchesin apriority queueandonly
expandingthepartialmatchwith thebest(smallest)�tness function
value.Figure4 outlinesthepseudo-codeof thealgorithm.

Observe from Figure4 thatthealgorithmreturnsthe�rst complete
matchthat it �nds. Basedon A* theory, suchmatchis guaranteed
to betheoptimalmatchaslong astheh(Mk) portionof the �tness
functionis a lower-boundof theactualremainingmatchingcostof
any completematchMn that containsMk. That is, our algorithm
workscorrectlyif

h(Mk) � h� (Mk) = min
Mn:Mk� Mn

(g(Mn) � g(Mk)) (6)

whereMn arecompletematchesexpandedfrom Mk, andh� (Mk) is
theminimumremainingcostamongall Mn.

Assumingthatcostfunctionsce;cv in Equation1 arenon-negative,
h� (Mk) in Equation6 is also non-negative. Hencean obvious
choiceis h(Mk) = 0, which is aguaranteedlower-boundof h� (Mk).



However, thebettertheapproximationof h(Mk) to theactualmin-
imum remainingcosth� (Mk), the fewer nodesthat have to be ex-
ploredduringthesearch.Next wepresentthreevariationsof h(Mk)
that areall lower-boundsof h� (Mk) with different levels of tight-
ness.

4.2.2 Heuristic �tness function

Givena partialmatchMk, we denotethesetof all nodesin VS and
VC thatcanbeaddedto Mk in anexpansionasRS(Mk) andRC(Mk).
Let x 2 RS(Mk), wede�ne:

ha(Mk;x) = min
y2RC(Mk)

ce(pk;x;qk;y) (7)

and

hb(Mk;x) =
jVSj� 1

å
y= x

min
f u;vg2EC;u=2Mk;v=2Mk

c0(y;u;v) (8)

In essence,ha computesthe minimum cost of appendinga pair
f x;yg into Mk for any candidatenodesy, andhb computesthemin-
imum cost of appendingthe remainingpairs to form a complete
match.Here,c0 is anamortizedminimumcostof matchinganedge
f u;vg2 EC to any edgef u0;v0g in ES suchthatu0� y andv0� y+ 1,
de�ned as

c0(y;u;v) = min
j2 [0;y� 1]

min
k2[ j+ 1; j+ jVSj� y]

c(y� j;y� j + k;u;v)
k

(9)

Now we de�ne threechoicesof h(Mk) andprove that they areall
lower-boundsof h� (Mk):

h0(Mk) = 0
h1(Mk) = minx2RS(Mk) ha(Mk;x)
h2(Mk) = minx2RS(Mk)(ha(Mk;x) + hb(Mk;x))

Proposition1 hi(Mk) � h� (Mk) for i = 0;1;2.

Proof:

1. Trivially weseethath0(Mk) = 0 � h� (Mk)

2. Observethath1 computestheminimumcostof appendingany
pair f x;yg into Mk, hencewehave

h1(Mk) = minMk+ 1:Mk� Mk+ 1(g(Mk+ 1) � g(Mk))
� minMn:Mk� Mn(g(Mn) � g(Mk))
� h� (Mk)

whereMn is acompletematch.

3. We examine the minimum-cost complete match Mn =
ff p1;q1g; : : : ; f pn;qnggsuchthatMk � Mn. Henceh� (Mk) =
g(Mn) � g(Mk) = ga + gb, where

ga = ce(pk; pk+ 1;qk;qk+ 1)
gb = å n� 1

j= k+ 1 c(p j ; p j+ 1;q j ;q j+ 1)

Note that ha(Mk; pk+ 1) � ga. In addition, the lower-bound
costfunctionc0ensuresthat

c0(i;q j ;q j+ 1) �
ce(p j ; p j+ 1;q j ;q j+ 1)

p j+ 1 � p j

for any p j � i < p j+ 1. Hencewehave

hb(Mk; pk) � å n� 1
j= k+ 1 å

p j+ 1� 1
i= p j

ce(p j ;p j+ 1;q j ;q j+ 1)
p j+ 1� p j

� å n� 1
j= k+ 1 ce(p j ; p j+ 1;q j ;q j+ 1)

� gb

Finally,

h2(Mk) � ha(Mk; pk) + hb(Mk; pk)
� ga + gb
� h� (Mk)

�

We canconcludethat thethree�tness functionssatisfythefollow-
ing inequality,

0 � h0(Mk) � h1(Mk) � h2(Mk) � h� (Mk); (10)

Therefore,weseethatusingeitherof thethreefunctionswill result
in anoptimalsolutionin theA*-search.

Observe that the threefunctionsrepresentincreasinglybetterap-
proximationsof the actual minimal remainingcost, as a result,
fewer nodesneedto beexpandedduring thesearchusingh1 or h2
over usingh0 in the�tness function. However, thecomputationof
h1;h2 is much more expensive than h0. In particular, evaluating
the hb portion of h1 or h2 involvesnestedminimality queries. In
our implementation,we acceleratedthe calculationof hb by pre-
computinga look-uptableindexedby a nodey 2 VS, which main-
tainsa sortedlist of edgesf u;vg 2 EC in the ascendingorderof
c0(y;u;v).

5 Results

In this section,we discussthe performanceof our methodon an
extensive suiteof proteindata. For a signi�cant fraction of these
test datasets,we observed that our methodwas capableof �nd-
ing the correcthelix correspondenceswithout any user interven-
tion. However, for densityvolumeswith poorquality, theoptimal
graphmatchingmaynot representtheactualhelix correspondence,
anddomainknowledgehasto be incorporatedto yield thecorrect
result.

5.1 Setup

Our experimentconsistsof 11 cryoEM volumesat 6 	A-10 	A reso-
lution, 8 of which aresimulatedfrom theactualatomicmodelob-
tainedfrom the ProteinDataBank [Dutta andBerman2005] and
3 which areauthenticcryoEM reconstructions(P22GP5,RDV P8
anda GroEL monomer2). Thesestructures,while not an exhaus-
tive representationof thosefoundin theProteinDataBank,dorep-
resentcommonlyoccurringfolds of the major familiesof protein
structure.In addition,only threeauthenticcryoEMreconstructions
arereportedasthereareonly a small numberof structuresin the
publicdomainwith resolutionsbeyond7 	A-8 	A.

In eachexample,weutilize theproteinsequencedatafrom thePro-
tein DataBank, the helicesin densityvolumesdetectedusingthe
SSEhuntersoftware[Bakeretal.2007],andtheskeletoncreatedus-
ing themethodof [Juetal. 2006].Thematchingresultis presented
asa correspondencebetweenhelicesin thesequencewith thosein
thedensityvolume.Theresultis validatedeitherusingtheoriginal
atomicmodel (for simulateddata)or a structuralhomologue(for
authenticdata).

In all theexperiments,anEuclideandistancethresholdof e = 0:15d
is usedfor creatingextra edgesin the volume graphwhered is
the size of the volume (d for the datais shown in Table 1), and
w = 5 is usedin weightingthe missinghelix penaltyterm in the
costfunction. Experimentswereperformedon a PCwith a 3GHz
PentiumD CPUand2GB of memory(our implementationrunson
asinglethread,thusutilizesonly oneof thecoresof theCPU).

2EMDB numberfor theseauthenticreconstructionsare1060(RDV P8),
1101(P22)and1081(GroEL)
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Figure5: BluetongueVirus (2BTV): theaminoacidsequence(a),
the densityvolume(b), the detectedheliceswith the skeleton(c),
andthecorrespondence(d) betweenhelicesin (a)and(c) computed
astheoptimalmatchbetweenthesequenceandvolumegraphs.

5.2 Unsupervised matching

Figure1 and5 show two examples(1IRK and2BTV) whereour
methodis ableto identify thecorrectfull or partialcorrespondence.
Notethatouralgorithmis robustto noisein thedatasuchastheone
missinghelix in thedensityvolumeof 1IRK. As aby-productof our
matchingalgorithm,a“trace” of theproteinsequencein thedensity
canbevisualizedby renderingtheskeletonpathsrepresentedby the
graphedgesin the optimally matchingchain. Sucha tracecould
serveasastartingpointtodetermine�ner -scaleproteincomponents
suchasaminoacids.

5.3 Interactive matching

Due to the limited resolutionof a densityvolumein depictingthe
proteinshape,theoptimalmatchbetweenthegraphrepresentations
may fail to representthe correcthelix correspondence.Suchfail-
uremayalsobecausedby ambiguitiesontheskeletoncreatedfrom
an iso-surface,which arisesdueto thedif�culty of picking anap-
propriateiso-value that accuratelyrepresentsthe topology of the
proteinbody. To battledatainaccuracy, we augmenttheproposed
graphmatchingmethodwith domainknowledgein two ways:

Computing candidateslist: Insteadof �nding a single optimal
matchbetweenthesequencegraphandthevolumegraph,a list of
top-matchingcandidatesare computed. This can be doneeasily
in theA*-searchframework by terminatingthesearchonly aftera
numberof completematches(e.g.,100)havebeenfound.

Identifyingthecorrectcorrespondencewithin thesetopmatchesis a
commonproblemin structuralbiology. Many structureprediction
algorithmsproducea gallery of structuresthat rangein accuracy.
Theenduseris oftenrequiredto evaluatethemodelin thecontext
of otherdata. The rankingachieved by our programis at leaston
par with the bestalgorithmsif not signi�cantly better. However,
we plan to investigate the useof pseudo-atomicmodelsto auto-
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Figure6: BacteriophageP22capsidprotein(P22GP5): theamino
acid sequence(a), the detectedhelicesin the densityvolumewith
the skeleton(b), the incorrectcorrespondencebetweenhelicesin
(a) and(b) computedasthe optimal matchbetweenthe sequence
andvolumegraphs(c), andthe correctcorrespondence(d) which
ranksasthe4thoptimalmatch.

matethis taskfurther. A pseudo-atomicmodelof the proteincan
bebuilt by placingapseudo-atomfor eachaminoacidon thecryo-
EM density. Usingthehelix correspondencesasanchors,theopti-
mal placementof thesepseudo-atomscanbedeterminedby using
previously establisheddistanceconstraintsof pseudo-atomswithin
helixes,sheetsandloops.Theproteinmodelwith thelowestatomic
energy valuewill be chosenasthe correctcorrespondencefor the
givencryo-EMdensity.

Figure6 showsanexample(P22GP5)wherethecorrectcorrespon-
dence(shown in (d)) is ranked4thin thecandidateslist. Comparing
with theoptimalmatch(shown in (c)), thetwo correspondencesex-
hibit very similar helix lengthsandconnectivity, illustrating why
graphmatchingonly cannot distinguishthe right from the wrong
without further domainknowledge. Also observe that the correct
correspondenceis achievedevenin thepresenceof a largenumber
of missinghelices(6) andanincorrectlydetectedhelix.

Interacti ve constraints: We allow the user to manually assign
matchingconstraintsbasedon their biological knowledgeof the
spatialarrangementof helices. Speci�cally, the usermay desig-
natethe correspondencebetweena small subsetof helix edgesin
the sequencegraphandthe volumegraph. Suchinformationcan
be translatedinto additionaledgeattributes (e.g., bS;1(f x;yg) =
bC;1(f u;vg) = Hk if edgef x;yg andf u;vg arethekth correspond-
ing pair) to enforcesuchexplicit matchingin the A* search.Fig-
ure 7 shows an example(protein 1TIM) wherethe correcthelix
correspondencewas ranked 9th in the candidatelist after 2 user
constraintswerespeci�ed. Proteinstructureswhich displaya low
variancein helix lengthsand wherethe sheetsegmentsresult in
theformationof barrellike structures(1TIM (Figure7), 2ITG and
1DAI) posea challengeto the algorithmasthis resultsin a large
amountof helix correspondenceswhichhavesimilarcosts.Interac-
tive constraintscanbeusedin thesecasesto provide anchorpoints
to guideourmethodtowardsacorrectcorrespondence.

Due to the accumulationof error in thesearchprocessbecauseof
theinherentambiguitiespresentin low-resolutiondensitymaps,we
observe that theamountof userconstraintsneededin orderto ob-
tain a high-ranked correctcorrespondenceincreasedwith the size
andcomplexity of theproteinstructure.Althoughthisapproachre-



Protein Helices Missing Volume User Rank Time(seconds) Nodesexpanded
helices Size(d3) constraints h0(Mk) h1(Mk) h2(Mk) h0(Mk) h1(Mk) h2(Mk)

1UF2 4 - 963 - 1 0.0 0.0 0.0 23 16 13
2ITG 6 - 643 2 4 0.0 0.0 0.0 65 51 41
1IRK 9 - 963 - 1 0.0 0.0 0.0 1813 1195 775
1WAB 9 2 643 - 1 0.0 0.0 0.0 2006 1199 644
1DAI 9 - 643 1 5 0.0 0.0 0.0 10791 8318 6884
2BTV 10 - 1283 - 1 0.0 0.0 0.0 5735 3790 595
P22GP5 11 7 1283 - 4 0.0 0.0 0.0 514 378 314
3LCK 12 5 643 - 2 0.0 0.1 0.1 5685 4013 3001
1TIM 12 3 963 2 9 0.2 0.3 0.3 42357 25754 12861
RDV P8 14 2 963 4 1 0.2 0.3 0.7 74212 56770 56539
GroEL 20 4 1283 4 1 3.8 8.5 15.2 774813 603378 564929

Table1: Resultsfrom the11experimentswherethetimetaken(in seconds)to computethebesttopologyfor eachof thefuturecostfunctions,
andthetotalnumberof nodesexpandedin theA*-searcharecompared.Observe thesigni�cant reductionof nodesexpandedwhenusingthe
betterapproximationsh1(Mk) andh2(Mk).
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Figure 7: Triose PhosphateIsomerasefrom Chicken Muscle
(1TIM): the amino acid sequence(a), the detectedhelicesin the
densityvolumewith theskeleton(b), theincorrectcorrespondence
betweenhelicesin (a) and(b) computedastheoptimalmatchbe-
tweenthe sequenceandvolumegraphs(c), andthe correctcorre-
spondence(d) which ranksasthe9th optimalmatchgiventhetwo
user-speci�edhelix constraintshighlightedin brown.

quiresa time investmentby a domainexpert,we notethatthetime
neededto specifytheseconstraintsis muchsmallercomparedto the
timeneededif theuserwasto specifyall thehelix correspondences.

5.4 Performance

Theperformanceresultfor all 11proteinsarepresentedin Table1,
showing thenumberof helicesin theproteinsequence,thenumber
of missinghelicesin eachdataset(givenastheparametermin cre-
atingthesequencegraph),thevolume(d3) representingthenumber
of voxelsin thecryo-EMdensitymap,thenumberof user-speci�ed
constraintsandtherankof thecorrectcorrespondencein thecandi-
datelist. Table1 alsocontainsthe time takenby our method,and
thenumberof nodesexpandedwhenusingthethreecostfunctions
(h0(Mk);h1(Mk);h2(Mk)) in theA*-search.

Observe from Table1 that thegraphmatchingapproachin combi-
nationwith thedomain-speci�cstrategiesallow accurateidenti�ca-
tion of proteinstructurewith no or a smallamountof humaninput
dependingon thequality of thedensityvolume.Also notethat the
time takento performa computationis almostnegligible in human

terms(< 4 secondsfor GroEL whenusingh0(Mk)), which facili-
tatesamuchsmootheruser-interactivefunctionality. Wewouldlike
to point out that using the heuristicfunctionsh1;h2 dramatically
reducesthe numberof expansionsduring A*-searchcomparedto
using the zero function h0. However, sincethe time overheadof
computingthe functionsh1;h2 is muchlarger thanthe zerofunc-
tion, theactualcomputationtime is oftenslower. Nonetheless,we
anticipatethath1;h2 canbeusefulin reducingthememorycostin
largedatasets.

6 Conclusion and discussion

In thispaperwereportedanovel applicationof shapemodelingand
matchingin biomedicalresearchwhich aimsat identifying protein
structurefrom the resultsof an emerging imagingtechnique.We
translatedthebiologicalprobleminto a computationaloneby rep-
resentingtheshapesof biologicaldata(e.g.,proteinsequenceand
densityvolume)asattributedrelationalgraphs.We solved thehe-
lix correspondenceproblemusinggraphmatching,andwe demon-
stratedtheeffectivenessof themethodon authenticaswell assim-
ulateddatasets.Oneof our maincontributionsis anoptimalalgo-
rithm for constrainederror-correctinggraphmatching,which will
beusefulin othershape-matchingtaskswherethesoughtmatchhas
a linearshape.

Oneof the limitationsof our graphmatchingalgorithm,like other
A*-basedgraphisomorphismtechniques,is its high computational
cost(bothtimeandmemory)for largegraphs.In particular, our im-
plementationof themethodhasdif�culty in handlingproteinswith
morethan20 heliceswithout a fairly large number(> 4) of user-
speci�edconstraints.In thefutureweplanto explorevariantsof the
A*-search,includingiterative deepeningA* andmemory-bounded
A*, thatarebettersuitedfor handlinglargedatasets.Furthermore,
weareinvestigatingthepossibilityof usingHomologymodelingas
a pre-processingstepto obtainan initial guessat thecorrecthelix
correspondencewhichcanthereafterbeimprovedusingourmethod
atamuchlowercomputationalcost.

Our applicationof graphmatchingrelieson a skeletongenerated
from theiso-surfaceat a givendensitylevel. Thedif�culty in �nd-
ing an appropriatedensitylevel so that the iso-surfaceaccurately
representstheproteinbodymayresultin skeletonsthatfail to cap-
ture theconnectivity amongdetectedhelices.We next plan to ex-
ploreskeletonizationtechniqueswhich applydirectly to gray-scale
volumeswithout theneedfor thresholding.Thesetechniqueswill
producemorerobust skeletonsandgeneratematchingresultsthat
aremorelikely to representthecorrecthelix correspondences.



Finally, we areactively working towardsthe long-termbiological
goalof recoveringtheatomic-resolutionproteinstructurefrom den-
sity volumes. We plan next to identify otherproteincomponents,
suchasb-sheets,from densityvolumes.We anticipatethata sim-
ilar shape-matchingformulationfor �nding helix correspondences
canbeappliedto sheets,assheet-detectionalgorithmsarealready
availablefor densityvolumes[Baker et al. 2007].We envision that
sheetscanberepresentedin thesameattributedrelationalgraphab-
stractionwhereeachsheetis maintainedasare-visitablenode.The
searchandcorrespondingcostfunctionscanthereafterbeextended
to incorporatethesere-visitablenodes.

We would like to notethatwhile cryo-EM is well suitedfor imag-
ing large macromolecularcomplexes in near-native solutioncon-
ditions, the methodultimately reconstructsonly a singlesnapshot
of the assemblyfor a given setof images. In the event that there
is someintrinsic �e xibility in the molecule,the correspondingre-
gions within the densitymap will appearlesswell resolved and
have lowerdensityvalues.Basedonempiricalevidence,most�e x-
ibility on theorderof helix or sheetshiftsarenoteasilyidenti�able
until suf�ciently high resolutionsarereached(typically betterthan
7 	A-8 	Aresolution).We envision that,givendensitymapsof higher
resolutionour techniquecould producepotentialsecondarystruc-
turetopologiesthroughregionsof disorderthatmaynot have been
readilydetectableby visualobservation.
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