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Figure 1: A grayscale volume of a protein molecule (a), the segmentation at various thresholds (b), the skeleton generated by our segmentation-
free method (c), and the ground-truth structure of the protein (d).

ABSTRACT

Medical imaginghasproduceda large numberof volumetric im-
agescapturingbiologicalstructuresin 3D. Computer-basedunder-
standingof thesestructurescanoften bene�t from the knowledge
of shapecomponents,particularlyrod-like andplate-like parts,in
suchvolumes.Previously, skeletonshave beena commontool for
identifying theseshapecomponentsin asolidobject.However, ob-
tainingskeletonsof a grayscalevolumeposesnew challengesdue
to thelack of a clearboundarybetweenobjectandbackground.In
thispaper, wepresentanew skeletonizationalgorithmongrayscale
volumestypical to medicalimaging(e.g.,MRI, CT andEM scans),
for the purposeof identifying shapecomponents.Our algorithm
doesnot requireanexplicit segmentationof thevolumeinto object
andbackground,and is capableof producingskeletal curvesand
surfacesthat lie centeredat rod-shapedandplate-shapedpartsin
the grayscalevolume. Our methodis demonstratedon both syn-
theticandmedicaldata.
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1 INTRODUCTION

Bio-medical imaging techniques,suchas MRI, CT and EM, are
routinely usedto producea large numberof volumetric images.
Computer-basedunderstandingof thebiologicalstructures,ranging
in scalefromproteinstoorgans,fromthese3Dvolumeshasbecome
increasinglydemandedby researcheffortsandclinical practices.

Oftentimessuchunderstandingcanbe obtainedby identifying
shapecomponents,such as rod-like and plate-like parts, in the
3D volume. For example,blood vesselsappearas rods in MRI
scans,andthecorticalshellof bonesappearascurvedplatesin CT
scans. Figure1 (a) shows an exampleof a 3D volumeof a pro-
tein moleculeobtainedusingelectroncryo-microscopy (cryo-EM)
at sub-nanometerresolution.Heretherod-like andplate-like parts
correspondto key building blocksof a protein,suchasa -helices
(appearingin the volume as straight rods), b-sheets(as curved
plates),andloops(ascurvedrods). For comparison,theactual3D
structureof this proteinis shown in Figure1 (d), wherethe three
proteinbuilding blocksareshown asgreenspirals(a -helices),blue
arrows (b-sheets)andorangecurves(loops).

For solidobjects,atypicalapproachfor identifyingtheirrod-like
andplate-like shapecomponentsis to considerthe object's skele-
ton [3]. An ideal skeletonfor this purposewould consistof me-
dial curvesandmedialsurfaceslying centeredat the rod-like and
plate-like partsof theobject[16, 4, 9]. Unfortunately, the3D data
producedby medicalimagingis usuallyin theform of a grayscale
volume,which lacksa clearboundarybetweenthe objectandthe
background.Althoughanobjectsegmentationcanbeobtainedby
someparticularthresholdgray value, the segmentedobjectsmay
have widely varyingshapesdependingon thechoiceof thethresh-
old (asillustratedin Figure1 (b)). Theskeletonsof thesesegmen-
tationswould assumevery differentshapes,andthe skeletonat a
particularthresholdmaynot re�ect all shapecomponentsintrinsic
to thegrayscalevolume.



1.1 Problem statement

We areinterestedin computingtheskeletonof a grayscalevolume
for identifyingits intrinsicshapecomponents.Insteadof depending
on thesegmentationat somethreshold,theskeletonshouldconsist
of curvesandsurfacesthatarecenteredattherod-likeandplate-like
partsof thefull, un-segmentedgrayscalevolume.

In contrastto thevastliteratureon skeletonizationof solid mod-
els,computingskeletonsonun-segmented3Dvolumeshasreceived
much lessattention(seereview in Section2). In particular, we
know of no existing methodcapableof extracting both skeletal
curves and surfacesfrom a grayscalevolume for the purposeof
shapeunderstandingwithout speci�c domainknowledgeor anob-
ject segmentation.

Oneaspectof this skeletonizationproblemthat requiresfurther
clari�cation is whatconstitutesarod-likepartor aplate-likepartin
a grayscalevolume. In thesevolumes,thegrayvaluesbehave like
a densitydistribution, wherevoxels with highervaluesare likely
to be locatedcloser to the centerof the imagedsubject. In ad-
dition, differentpartsof the subjectmay exhibit differentbright-
nesslevels. Many bio-medicalimagingtechniques(i.e. MRI, CT,
EM) producevolumeswhichhave featuresthatsatisfytheseobser-
vations. However, different imagingmodalities(ex: T1-weighted
andT2-weightedMRI scans)capturedifferentfeaturesof thesub-
ject beingimaged,andthuswhatis characterizedasa rod-like part
or a plate-like part will vary basedon the imagingmodality. We
explain our observationsusinga syntheticHandvolumein Figure
2(a), which contains5 rod-like parts(the �ngers) and1 plate-like
part(thepalm):

Observation 1: A shapecomponent,suchasa rod or a plate, in
a density-like volumeis usuallycapturedby thesegmentedobject
at somethresholdvalues.For example,the top four �ngers in the
Handvolumeappearasrodsin the segmentationat onethreshold
(b), while thepalmformsa plateat a differentthreshold(c). How-
ever, thisobservationaloneis notsuf�cient to disambiguatethedif-
ferent typesof shapecomponentslocatedin the samepart of the
volume. For example,the top four �ngers alsoform a platein the
segmentation(c).

Observation 2: The centerof a shapecomponentusually lies at
the “ridge” of the underlyingdensityfunction. In particular, the
variationof grayvaluesataridgepoint is usuallysmalleralongthe
ridgethanin otherdirections.For example,thegrayscalevariation
alongthecenterline of each�nger is muchsmallerthanalongother
directions(asillustratedin theclose-upview in (d)). In contrast,a
plate-like shapeformedby thetop four �ngers would not have this
property, asthegrayscalevariationalongthecentersurfaceof this
platecanbemuchgreaterthanin someotherdirection,especially
betweentwo �ngers (asillustratedin thecross-sectionview in (e)).

1.2 Method

Our algorithmextractstheskeletonof a density-like grayscalevol-
umeguidedby theabovetwo principleobservations.Therearetwo
mainstagesin thisalgorithm.In the�rst stage,thealgorithmvisits
all possiblethresholdvaluesand identi�es the shapecomponents
on the segmentedobject at eachthresholdby their centercurves
andsurfaces.Accordingto Observation 1, the collectionof these
shapecomponentson varioussegmentationsis a super-setof those
intrinsic to the grayscalevolume, the latter of which, by Obser-
vation 2, arecharacterizedby the ridge-like centersin the density
distribution. Hence,thesecondstageextractsthe �nal skeletonas
the sub-setof curvesandsurfacesgeneratedin the �rst stagethat
exhibit smallgrayscalevariation.

An exampleresultof our methodis shown in Figure1 (c). Note
thatthecurves(blacklines)andsurfaces(orangefaces)in theskele-
ton correspondwell to a -helicesandloops(which appearasrods

Figure 2: A grayscale volume (a), segmented surfaces at two thresh-
olds (b,c), and close-up view of two �ngers at different angles (d,e)
where the pink arrows illustrate the magnitude of grayscale variation
in different directions. See Section 1.1.

in the volume)aswell asb-sheets(which appearasplatesin the
volume)in theactualproteinstructurein (d).

1.3 Contrib ution

Theprimarycontributionof thispaperis anovel algorithmfor com-
puting the skeletonof a density-like grayscalevolume. The algo-
rithm doesnotrequiresegmentationatany particularthreshold,and
the resultingskeletonconsistsof curves and surfacescenteredat
rod-like and plate-like partsof the grayscalevolume. The inde-
pendencefrom a thresholdmakesthe skeletonizationprocessless
sensitive to humanbiasandallows for theunderstandingof thein-
trinsic shapesin sucha volume. The methodis demonstratedon
bothsyntheticandmedicaldata.

2 PREVIOUS WORK

Herewe brie�y review skeletonizationmethodsfor 3D solid and
grayscalemodels,with an eye towardsidentifying shapecompo-
nents.

Solid models: Computingskeletonsof 3D solid modelshasbeen
extensively researchedin the past. A numberof representative
methodsincludemorphologicalthinning[2, 15, 20], distancetrans-
forms[5], potential�eld methods[1], andVoronoidiagrams[18, 6].
For the purposeof identifying shapecomponents,Sahaet al.
[16] and Bonnassieet al.[4] differentiatescurves and surfacesin
the skeletonsgeneratedby morphologicalthinning by classifying
skeletonvoxels basedon their local neighborhood. While the re-
sult of suchclassi�cationcanbe highly sensitive to the quality of
the skeleton,the methodof Ju et al. [9] directly extractsskeletal
curvesandsurfacesduring the thinning processwithout needfor
post-classi�cation.Thesemethodshave beenusedto classifyrod-
like andplate-like structuresin bonematrices[16, 4] andproteins
[9].

Grayscale volumes: In contrast,few work hasaddressedskele-
tonizationof un-segmentedgrayscalevolumes. Although the use
of morphologicalthinninghasbeenwell-studiedin thevisioncom-
munity for skeletonizing2D grayscaleimages(seethe excellent
survey by Mersal and Darwish [14]), extensionsto 3D volumes
have beenrare. Segmentationtechniques(seesurveys [17, 8, 21])
have beenusedto build solid modelsof grayscalevolumes;how-
ever, skeletonscomputedfrom thesemodelsaremedialto theseg-



mentationanddo not align well with the high densityregionsof
the grayscalevolume. In contrastthe methodof Svenssonet al.
[19] generatesskeletalsurfacesstartingfrom a known objectseg-
mentation,but utilizes the interior grayscaleinformation. Similar
to ours,themethodof Dokladaet al. [7] computesaninitial skele-
ton by thinning on the full grayscalevolume,but it thenrequires
a grayscalethresholdto remove insigni�cant skeletonpartsandis
designedonly for skeletalcurves.

In a differentapproach,Lopezet al. [12] identi�es centersof a
grayscaledistribution usinga multi-local creasenessmeasure,con-
tinuing a bodyof researchon ridgeandvalley detectionin 2D im-
ages(seethe survey and evaluation in [13]). However, Lopez's
methodresultsin a collectionof centerpointsthat lack any curve
or surfacestructurenecessaryfor identifyingshapecomponents.

Several researchershave proposedto explicitly extract both
curves and surfacesin a grayscalevolume basedon the second-
ordertensor�eld of thevolume[23, 11, 22]. However, thesemeth-
ods are either designedfor visualizing �o w anisotropy [23, 11]
ratherthanlocatingshapecomponents,or requiredomain-speci�c
knowledgeto �nd thosecurvesor surfacesatthecenterof theshape
components[22]. In contrast,our methodrelieson the sameten-
sor�eld for extractingcurveandsurfacegeometrybut is capableof
placingsuchgeometryat thecenterof grayscaleshapecomponents
without theuseof application-domainspeci�c knowledge.

3 OVERVIEW

3.1 Data representation

Our algorithm takes in a volume representedas a 3D rectilinear
grid, whereeachgrid point, called a voxel, is associatedwith a
grayscalevalue.Theoutputskeletonof our algorithmconsistsof a
subsetof voxelson thisgrid. Figure3 showsexamplesof gridsand
voxelswhereskeletonvoxelsarecoloredgray.

For thepurposeof shapeunderstanding,we de�ne two typesof
geometry, curves and surfaces,on a set of voxels. A curve is a
collectionof voxeledges, eachconsistingof two voxels lying on
the endsof a grid edge. A surfaceis a collectionof voxel faces,
eachconsistingof four voxels lying on the cornersof a grid face
(i.e. a grid facesurroundedby four voxel edges).For example,the
skeletonvoxelson theleft of Figure3 form avoxel edge,andthose
on theright form four voxel edgesanda voxel face. In this �gure
(and other �gures in the paper),voxel edgesare drawn as black
linesandvoxel facesasorangequads.

Figure 3: Examples of grids with voxels (circled dots) where skeleton
voxels (gray) form edges (black lines) and a face (orange quad).

3.2 The algorithm

Givenadensity-likegrayscalevolume,ouralgorithm,guidedby the
observationsin Section1.1,extractsskeletonsconsistingof curves
andsurfacescorrespondingto the rod-like andplate-like partsof
thevolume.Sinceeachshapecomponentin thevolumeis captured
by thesegmentedobjectat somethresholdvalue,we �rst identify
thesetof all shapecomponentsata rangeof thresholdvalues.This
is doneby accumulatingtheskeletalcurvesandsurfacescomputed
from thesegmentedobjectsat eachthresholdvalue.Thesub-setof
this initial skeletonthatrepresentsthegrayscaleshapecomponents
are then identi�ed as thosecurves and surfacesexhibiting small

grayscalevariations. This is doneby comparingthe directionsof
thesegeometricelementswith theshapeof grayscalevariationin a
localneighborhoodof eachvoxel.

In orderto extracttwo typesof skeletalgeometry, namelycurves
andsurfaces,wedeviceafour-step�o w that�rst extractstheskele-
tal surfacesfollowedby theskeletalcurves.Thegenerationof each
typeof skeletalgeometryfollowsthesamestagesof initial skeleton
generationandskeletonpruning,asillustratedin Figure4:

� Step 1: Initial skeletonization. Accumulatethe skeletal
surfacesof eachsegmentationof the grayscalevolume at a
rangeof thresholds.

� Step2: Pruning. Identi�es thosesurfacesin theresultof Step
1 thatexhibit smallgrayscalevariations.

� Step 3: Initial skeletonization. Accumulatethe skeletal
curvesof eachsegmentationof theoriginal grayscalevolume
at thesamerangeof thresholds.

� Step4: Pruning. Identi�es thosecurvesin theresultof Step
3 thatexhibit smallgrayscalevariations.

To ensureaccurateidenti�cation of surfaceandcurve features,
surfaceskeletonizationand pruning hasto be donebeforecurve
skeletonizationandpruning. This restrictionarisesfrom the fact
thata curve canbegeometricallyde�ned asa subsetof a surface,
and performingcurve skeletonization(and pruning) on a feature
which is actuallya surface(but not yet classi�edasa surface)will
resultin thatfeaturebeingincorrectlyclassi�edasacurve.

In the following sections,we will describethe skeletonization
andpruningstepsin details.

4 INITIAL SKELETONIZATION

Givena segmentedobjectat a particularthreshold,which is made
upof voxelsonagrid, aclassicalapproachof obtainingits skeleton
is morphologicalthinning.To beableto identify shapecomponents
suchasrodsandplates,weconsidertheiterative thinningapproach
of [9], whichselectively generatescurvesor surfaces(asde�ned in
Section3.1)centeredat theseparts.Brie�y , thismethodshrinksthe
objectto its medialstructureby iteratively removing its bordervox-
els. Skeletalcurvesor surfacesareidenti�ed by preservingvoxels
at theendsof eithercurvesor surfacesduringthinning.

To accumulatetheskeletalsurfacesor curvescomputedat mul-
tiple thresholds,we make a small modi�cation to the methodof
[9] to utilize skeletonsgeneratedat different thresholds. Specif-
ically, we segmentthe volume with decreasingthresholdvalues.
At eachthreshold,we computetheskeletalsurfaces(in Step1) or
curves(in Step3) by thinningthesegmentedobjectwhile addition-
ally preserving,at eachthinning iteration,thevoxelsbelongingto
the skeletonsgeneratedat previous thresholds. This incremental
approach,combinedwith iterative thinning,ensuresthatskeletons
computedat lower thresholdsarealignedwith skeletonsat higher
thresholds,andhenceto regionswith high gray values,which are
likely to be centersof the shapecomponentsin the grayscalevol-
ume.Theresultsof this incrementalthinningfor theHandexample
in Figure4 (a)areshown in (b,d).

In our implementation,therangeof thresholdvaluesis takenas
thefull rangeof grayvaluesin thevolume,unlesstheuserspeci�es
a maximumand/orminimumgrayvalueof interest.As enumerat-
ing eachgrayvaluepresentin thevolumewithin therangecanbe
time-consuming,wemayalsousevaluesatdiscreteintervals. In all
ourexamples,wediscretizeaninputthresholdrangeinto 256levels
andvisit eachlevel in descendingorder.



Figure 4: The four steps in our algorithm. See Section 3.2.

(b) (c)

Figure 5: (a): Grayscale variation visualized as an ellipsoid. (b):
Scoring of a line (red) as ratio between length of the shortest axis
(blue) over that of the line segment in the ellipsoid. (c): Scoring of a
plane (red) as ratio between area of the smallest axial ellipse (blue)
over that of the cross-sectional ellipse.

5 PRUNING

The initial skeletongeneratedby the previous step(e.g.,Figure4
(b,d))containsa super-setof skeletalsurfacesor curvesthatrepre-
senttheactualshapecomponentsof thegrayscalevolume. Based
onourearlierobservation,thedesiredsub-setof surfacesor curves
arethosealongwhich thegrayscalevariationis smallerthanalong
otherdirections.We will identify this sub-setin two phases.First,
we will computea scoreat eachskeletonvoxel basedon the di-
rectionof the skeletal surfaceor curve at that voxel with respect
to theshapeof the local grayscalevariation. Next, we will extract
well-formedsurfacesor curvesconsistingof high-scorevoxels.

5.1 Scoring

Structur e tensor: While it is possibleto measurethe grayscale
variationateachvoxel by its localgradient,suchmeasurementeas-
ily becomesunreliablein the presenceof noise,which is typical
in medicalvolumes. Instead,the structuretensoroffers an aver-
agemeasurementof suchvariationwithin a neighborhoodof each
voxel, which is muchmorerobustundernoisyconditions.Speci�-
cally, we �rst composea tensorT0atavoxel p asa3� 3 matrix:

T0
p =
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whereIx = ¶I
¶x , Iy = ¶I

¶y and Iz = ¶I
¶z are the partial derivatives in

thex, y andz directionsof thegrayscalevolumeI at p. Performing
spatialaveragingof thesetensorsin theneighborhoodof p usinga
Gaussianconvolution maskgs with standarddeviation s givesthe

structure tensorTp:
Tp = gs � T0

p: (2)

The key pieceof informationofferedby the structuretensorTp is
its Eigen-structure,which revealstheprincipaldirectionsandmag-
nitudesof grayscalevariationin theneighborhoodof p. As shown
in Figure5 (a), the “shape”of this variationcanbe visualizedas
an ellipsoid whoseaxesarealongthe eigenvectorsof Tp with the
magnitudeof the correspondingeigenvalues. Intuitively, the gray
valuesaroundthevoxel p vary moredramaticallyalongdirections
closerto the major axis of the ellipsoid (i.e., the eigenvectorwith
thelargesteigenvalue),andlessalongdirectionscloserto theminor
axis(i.e., theeigenvectorwith thesmallesteigenvalue).

Scoring surfaces and curves Theellipsoidalrepresentation
of thegrayscalevariationoffersan intuitive way of measuringthe
variationin any given direction. For example,the grayscalevari-
ation alonga given line canbe measuredasthe lengthof the line
segmentwithin theellipsoid(Figure5 (b)). Sincewe aremorein-
terestedin whethersuchvariationis smallerthanvariationsin other
directions,we canscorea voxel on a skeletalcurve by theratio of
the minimum lengthof suchline segments(i.e., the shortestaxis
of theellipsoid)over theactuallengthalongthetangentline of the
curve. Likewise,we canscorea voxel on a skeletalsurfaceby the
ratio of the minimum areaof a cross-sectionin the ellipsoid (i.e.
formedby the two shortestaxes)over theactualareaof thecross-
sectionalongthetangentplaneof thesurface(Figure5 (c)).

Speci�cally, denote the eigenvectors and eigenvalues of the
structuretensorTp by f v1;v2;v3g andf u1;u2;u3g. As Tp is a pos-
itive semi-de�nitematrix u1 � u2 � u3 � 0. Given a line passing
throughtheorigin in theunit directionof c = f cx;cy;czg, thelength
of theline segmentwithin theellipsoidis

L(c) =
u1u2u3q

u2
2u2

3c2
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1u2
3c2
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1u2

2c2
z

: (3)

Given a planepassingthroughthe origin de�ned by two orthogo-
nal unit vectorsn1 = f n1x;n1y;n1zg andn2 = f n2x;n2y;n2zg on the
plane,theareaof thecross-sectionof theellipsoid(which is anel-
lipse)is computedas:
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Figure 6: Voxel scores on the skeletal surfaces (top) and curves
(bottom) in Figure 4 (b,d), showing the ellipsoidal representation
of grayscale variations and the tangent orientation of surfaces and
curves. Blue and red indicate high and low scores.

Thescoreof a skeletalcurve with tangentvectorc is thereforethe
ratio L(v3)=L(c), andthe scoreof a skeletalsurfacewith tangent
vectorsn1;n2 is the ratio A(v2;v3)=A(n1;n2). Note that the score
is boundedbetween[0;1], where1 correspondsto thedirectionof
minimum grayscalevariation locally at p. To avoid possiblenu-
mericalinstabilitywhenevaluatingscoringfunctionsfor verysmall
valuesof u1, u2 andu3, wenotethelimit of thesefunctionsarewell
de�ned whenoneor moreof theeigenvaluesapproachzero,which
is detailedin Appendix A. In practice,we treat any eigenvalue
smallerthana threshold(suchas0.00001)aszeroanddirectly ap-
ply thelimit formula.

Dueto theuseof a rectilineargrid, thetangentorientationof the
skeletalsurfaceor curveatavoxel, if computedlocally, will assume
a limited numberof directionsrestrictedby theaxes-alignedvoxel
facesandedges(i.e. six if usingN6 connectivity). To overcome
this limitation, we obtain theseorientationsby computinga best-
�tting line or planeto all voxel facesor edgesin aneighborhoodof
thevoxel p.

In Figure6, we show the scorescomputedfor the surfacesand
curves resultingfrom the initial skeletonizationstepsin Figure 4
(b,d). Note that lower scores(colored red) effectively indicate
skeletal geometry(e.g., surfacesand curves betweenthe �ngers)
that do not correspondwell to actual shapecomponentsin the
grayscalevolume.

5.2 Feature extraction

Giventhescoringof skeletonvoxels(e.g.,Figure6), we next need
to identify piecesof surfaces(in Step2) or curves(in Step4) con-
sisting of high-scoredvoxels. Ideally, the �nal skeleton should
consistof clean,recognizablesurfacesandcurvesthat arefree of
extraneousfeaturessuchas small branchesand islands. To this
end,we �rst remove all voxels that scorebelow a threshold. We

(a) (b)

Figure 7: An MRI scan of blood vessels in the human head (a), the
skeleton generated by our algorithm (b) that captures thin blood ves-
sels which are barely visible to the naked eye (A, B).

�nd that the thresholdof 1=
p

3 (the ratio of the edgelengthover
the diagonallength of a unit cube)works well for both surfaces
andcurves.Next, weutilize themorphologicalopeningoperatorin
[9] designedfor skeletalcurvesandsurfacesto remove extraneous
skeletonfeatures.Given user-speci�ed sizeparameterses;ec, this
operatorremovessurfacebrancheswith radiussmallerthanes and
curvebranchesshorterthanec. The�nal resultsof skeletonpruning
for thehandexampleareshown in Figure4 (c,e).

As shown in [9], thechoiceof es;ec controlstheminimumsize
of the surfaceor curve featurein the �nal skeleton. This number
typically only dependsonthegrid resolutionandthetypeof subject
beingimaged. In our experiments,we usees = ec = 5 exceptfor
imagedsubjectsmadeupof only rod-likeparts(e.g.,bloodvessels),
wherewe setes = ¥ , andsubjectsmadeup of only plate-like parts
(e.g.,corticalbones),wherewesetec = ¥ .

6 RESULTS

(a) (b)

(c) (d)

Figure 9: A CT scan of a human foot (a), the skeleton generated by
our algorithm (b) that captures the cortical bones as surfaces, and a
cross-section view (c,d).



(a) (b) (c) (d)

Figure 8: A CT scan of blood vessels in the human head (a), the skeletal curves obtained after initial skeletonization (Step 3) (b) and pruning
(Step 4) (d), and the voxel scoring during pruning (c).

DataSet Dimensions Step1 Step2 Step3 Step4 Total
(voxels) Time Voxels Time Voxels Time Voxels Time Voxels Time

Hand 129� 129� 129 4.12 3640 4.40 1981 3.85 2331 1.65 2202 14.04
Protein2ITG 64� 64� 64 6.76 4736 3.18 142 6.79 1198 0.73 659 17.48
Protein1TIM 96� 96� 96 16.87 8954 5.93 978 17.04 3067 1.75 1735 41.61
Protein1BTV 128� 128� 128 34.29 12232 8.48 747 34.76 3777 2.73 1910 80.27
BloodVessels(CT) 121� 71� 66 11.67 6608 0.59 0 11.78 4737 1.85 1757 25.90
BloodVessels(MRI) 101� 82� 111 11.34 10313 0.71 0 11.41 7753 2.75 2662 26.23
Bones 150� 128� 128 33.50 143617 76.29 78178 29.67 105708 9.98 78178 149.44

Table 1: Time taken (in seconds) for each step of the algorithm (see Section 3.2) and the number of skeleton voxels after each step.

Wedemonstrateouralgorithmonasetof medicaldataproduced
by MRI, CT andcryo-EM imaging,wherethebiologicalstructure
of interestconsistsof rod-likeand/orplate-likecomponents.

Figure 7 shows the resultsof our methodon an MRI scanof
bloodvesselsin thehumanhead.Observe from theclose-upviews,
that,without relying on a particularthresholdvalue,our technique
wasableto capturevesselsatawiderangeof graylevelsandthick-
nesses,someof whicharenotevenvisible to thenakedeye.

Figure 8 shows both the intermediateand �nal resultsof our
methodon a CT scanof blood vessels.The usefulnessof prun-
ing basedon grayscalevariationsis illustratedin theclose-upview
betweentwo vessels,whereaskeletalcurveis generatedduringini-
tial skeletonization(asthesegmentedsurfaceis connectedat a low
graylevel), but receivesa low score(b) asthecurveexhibitsa large
grayscalevariation,and�nally getsremoved(d).

Figure9 shows anotherexamplewhereour methodcomputesa
surfaceskeletonof corticalbonesin a CT scanof thehumanfoot.
As seenin the cross-sections(c,d), our techniqueaccuratelycap-
turestheshell-shapeof thecortical bonesandpreservestheir hol-
low nature.Notethattheskeletonis computedindependentof any
thresholds,andhenceis capableof capturingbothbright anddark
potionsof thecorticalshellwell.

Finally, wepresenttwo moreexamplesof skeletonizationof pro-
tein volumesimagedby cryo-EM in Figure10. As mentionedear-
lier, the rod-like andplate-like partsof thesevolumescorrespond
well to key building blocksof theprotein,includinga -helices(rod-
like),b-sheets(plate-like) andloops(rod-like). Observe from Fig-
ure10(c) thatourmethodis capableof capturingshapecomponents

thatcorrelatewell with theactualproteinstructuresshown in (d).

Weadditionallycompareourmethodwith apreviousmethodby
Yu et al. [22] for computingskeletalcurvesandsurfacesspecif-
ically in cryo-EM data. Yu's methodalso relies on the structure
tensorfor extracting the skeletal geometry, but requiresexplicit
knowledgeaboutthe typical thicknessof a -helicesand b-sheets
aswell astheir brightnesslevel in orderto locatethe correspond-
ing rod-like andplate-like partsin thevolume.In comparisonwith
theresultof Yu'smethodin Figure10(b), ourmethod,withoutany
domain-speci�cknowledge(i.e. the typical thicknessof a -helices
andb-sheets,or theirbrightnesslevels),additionallyextractsskele-
tal curvesthatcorrespondto loopstructuresin theprotein.Thedif-
�culty Yu's methodfaceswhen identifying loopsarisesfrom the
fact that loopslack a uniform thicknessandareoften at low gray
levelsin acryo-EMvolume.

All experimentswereperformedonaPCwith a3GHzPentium-
D CPUand4GB of memory(our implementationrunson a single
thread,thus utilizes only one of the coresof the CPU). Table 1
shows the breakdown of the time for eachstepin our algorithm.
Thetimecomplexity of theinitial skeletonizationprocessis O(ng),
wheren is the numberof voxels, andg is the numberof distinct
gray-levels in the grayscalevolume. The pruning processhasa
time complexity of O(es) wheres is the numberof voxels in the
initial skeleton,ande is theminimumsizeof thecurve or surface
featurein the�nal skeleton.



(a) (b) (c) (d)

Figure 10: Cryo-EM volumes of proteins (1TIM and 2ITG) at 8 	A resolution (a), skeletons computed by the method of [22] (b) and our method
(c), and the ground-truth structure of these proteins (d).

7 CONCLUSION AND DISCUSSION

In this paperwe proposedan innovative approachfor skeletoniza-
tion of density-like grayscalevolumes,for the purposeof shape
understanding.Our methoddoesnot requireany explicit segmen-
tation of the volume,is robust underthe presenceof noise,andis
capableof extractingskeletalsurfacesandcurvescorrespondingto
plate-like androd-like grayscaleshapecomponents.We testedour
techniqueon synthesizedandmedicaldata-setsto demonstrateits
behavior in differentapplicationdomains.

Limitations While emphasizingshaperepresentation,the re-
sulting skeletonof our methodmay not exhibit the desiredtopol-
ogy of the imagedsubject. For example,as can be observed in
the top left curve of Figure 10 (c,d), the skeletoncontainsextra-
neousloopsandbroken curves. This topologicalnoiseis mainly
dueto the sensitivity of morphologicalthinning to imagenoisein
theinitial skeletonizationstage.Unlikeasolidmodel,thetopology
of the imagedsubjectin thegrayscalevolumeis not well de�ned,
anda correcttopologyoften needsto be de�ned by a humanex-
pert. In thefuturewe would like to investigatetheincorporationof
recently-developedtopology-repairmethods[10] thatwould guide
theskeletonizationprocessusinguser-speci�edtopology.

Theassumptionsbasedon theobservationsof Section1.1 limit
theapplicabilityof our techniqueto density-likegrayscalevolumes
wherefeaturesof interestarein high-densityareas.Althoughtyp-
ical in medicalimaging,they may not apply to otherdata(e.g.,a
photographof a scene).We would like to exploretheextensionof
our algorithmto a moregeneralsetof data.Onepossiblesolution
is to exploremappingfunctionsthatconvertgrayscalevolumesin a
differentform to thosesatisfyingourassumptions.

As describedin theearliersection,theperformanceof theinitial
skeletonizationstepis dependanton the numberof distinct gray-
levels of the volume. While the performancecan be improved
by discretizingthe rangeof gray-levels, performingiterative thin-
ning for eachsinglegray-level is still time-consuming.To make
the processmoreef�cient, a possiblealternative that we will ex-

plore in the future is to perform only one iterative thinning step
from low-densityregionsto high-densityregions,while adjusting
the shapeandtopologypreservation criteria in binary thinning to
thegrayscaledata.
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A SCORING FUNCTIONS IN LIMIT CASES

The ellipsoidal representationof the structuretensorhasa clear
geometricshapein the limit caseswhenthe eigenvaluesapproach
zero,andcanbeusedto explicitly derive thelimit of scoringfunc-
tionsin theseconditions.

Whenu1 approacheszerosodoesu2 andu3 (asu1 � u2 � u3). In
thiscasewetreattheellipsoidasasphere,whereall embeddedline
segmentshave the samelength, and all embeddedcrosssections
have the samearea. Therefore,the valueof the scoringfunctions
(theratiobetweentheminimalandactuallength/ area)will always
evaluateto one.

lim
u1! 0

L(v3)
L(c)

= 1; (5)

lim
u1! 0

A(v2;v3)
A(n1;n2)

= 1: (6)

In thecasewhereu2 approacheszero,sodoesu3, reducingthe
ellipsoidto aneedlewith anin�nitesimally smallcircularcrosssec-
tion (alsocanbe interpretedasan in�nitely long cylinder). Here,
theminimal line (or surface)is theprojectionof theactualline (or

surface)onto theplanede�ned by thesurfacenormalv1, reducing
thescoringfunctionsto thefollowing vectordotproducts:

lim
u2! 0

L(v3)
L(c)

= c�
(v1 � (c� v1))
kv1 � (c� v1)k

; (7)

lim
u2! 0

A(v2;v3)
A(n1;n2)

= (n1 � n2) � v1: (8)

When u3 approacheszero, the ellipsoid reducesto a cylinder
with anin�nitesimally smallheightandanellipseshapedcrosssec-
tion whereu1 andu2 arethe lengthof theaxes. Theminimal line
is theprojectionof theactualline onto thev3 vector, reducingthe
curvescoringfunctionto thefollowing vectordotproduct:

lim
u3! 0

L(v3)
L(c)

= c� v3: (9)

Thesurfacescoreon theotherhand,reducesto theproductof two
ratios; the �rst being the ratio betweenu2 and the length of the
curve within theellipsoid in the l1 direction,andthesecondbeing
the ratio betweenl2 and its projectiononto the v3 vector. l1 and
l2 areorthogonalunit vectorswhich both lie on theactualsurface.
Additionally, l1 alsolies in theplanede�ned by thenormalv3.

lim
u3! 0

A(v2;v3)
A(n1;n2)

=

q
u2

1 cos2(q) + u2
2sin2(q)

u1
� (l2 � v3); (10)

where,

l1 =
v3 � n

kv3 � nk
; l2 = n� l1;

q = arccos(v2 � l1); n = (n1 � n2):
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