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ABSTRACT

General Terms

Recent years have witnessed the emergence of shared sensor
networks as integrated infrastructure for multiple applications. It is important to allocate multiple applications in
a shared sensor network, in order to maximize the overall Quality of Monitoring (QoM) subject to resource constraints (e.g., in terms of memory and network bandwidth).
The resulting constrained optimization problem is a difficult
and open problem since it is discrete, nonlinear, and not in
closed-form. This paper makes several important contributions towards optimal multi-application allocation in shared
sensor networks. (1) We formulate the optimal application
allocation problem for a common class of distributed sensing
applications whose QoM can be modeled as variance reduction functions. (2) We prove key theoretical properties of
the optimization problem, including the monotonicity and
submodularity of the variance reduction functions and the
multiple knapsack structure of constraints; (3) By exploiting these properties, we propose a local search algorithm,
which is efficient and has a good approximation bound, for
application allocation in shared sensor networks. Simulations based on both real-world datasets and randomly generated networks demonstrate that our algorithm is competitive against simulated annealing in term of QoM, with up
to three orders of magnitude reduction in execution times,
making it a practical solution towards multi-application allocation in shared sensor networks.
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1.

INTRODUCTION

While wireless sensor networks (WSNs) have traditionally
been used as specialized platforms for single applications, recent years have witnessed the emergence of integrated WSNs
as shared infrastructure for multiple applications. Shared
sensor networks have been deployed in many application domains such as urban sensing [7], building automation and
environmental monitoring [1]. For example, a smart building may employ an integrated WSN to support multiple applications including temperature and humidity monitoring,
security alarms, light control, energy metering, and structural health monitoring. Compared to separate applicationspecific sensor networks, a shared sensor network can be
more cost effective and more flexible as it enables resource
sharing among applications and dynamic resource allocation
in response to changes in the environment and user needs.
A fundamental challenge faced by shared WSNs is to deal
with severe resource constraints of sensor nodes. For example, the TelosB mote [2], a representative sensor platform,
only has 10 KB of RAM, a 250 Kbps radio, and a 16-bit
CPU running at 8 MHz. It is, therefore, important to optimize the allocation of multiple applications among sensor
nodes in order to maximize the overall Quality of Monitoring (QoM) subject to multiple resource constraints. Multiapplication allocation in a shared WSN is a challenging and
open optimization problem. The objective function for this
type of problem is defined over a finite discrete set representing the assignments of applications to different subsets
of nodes. The resulting constrained optimization problem is
difficult since it is usually discrete, nonlinear, and does not
have closed-form objective functions.
In this paper, we tackle the optimal application allocation
problem for a common class of networked sensing applications, whose QoM can be formulated using variance reduction [13] functions that map a set of nodes to a QoM value
in presence of inter-node QoM correlation. Variance reduction is an important QoM attribute for distributed sensing
applications for estimating the spatial distributions of environmental variables by sampling at a discrete set of loca-

tions. For example, intelligent air conditioning requires fine
grained estimation of the temperature distribution based on
the measurement of a subset of nodes in a shared sensor
network. The temperature measurements of different sensors are correlated with each other, and the degree of their
correlations depends on the sensor locations and the spatial
distribution of temperature. To exploit the correlation of
sensor readings, probabilistic models have been developed
that enable the prediction of sensor readings at all nodes
based on the sensor readings of a subset of nodes. Different
subsets of nodes provide different reductions in the variance
of the estimated sensor readings. The higher the variance
reduction, the higher the confidence in the predictions. Such
probabilistic methods are fairly general and have been validated in a broad range of applications that monitor temperature, humidity, and pollution in waste water [13, 17,
18].
Our approach exploits the submodular property of the
variance reduction functions in networked sensing applications. Intuitively, a function f that maps a subset of a set S
to a real value is submodular if it has a diminishing return
property, i.e., adding an element to a smaller subset of S
makes a bigger difference than adding it to a larger subset
of S.
The submodularity of node allocation is due to the inherent property that sensor readings from different nodes are
often correlated. For instance, since the temperature readings from different nodes in the same room are correlated
with each other, allocating a new node to a temperature
monitoring application results in diminishing improvement
to the QoM as the set of nodes allocated to the application
grows. Submodularity of sensor allocation for monitoring
temperature [5] and water quality [13, 17, 18] has been observed in previous studies of real-world datasets. While the
submodularity property has previously been used for sensor
selection for target localization [15] and for sensor placement. We propose to exploit submodularity for allocating
subsets of nodes to multiple contending applications in a
shared sensor network.
Optimal multi-application allocation in shared WSNs represents an open problem in optimization theory. To address
this difficult optimization problem, we provide several major theoretical results: 1) We show that the optimal multiapplication allocation problem is a submodular optimization
problem with multiple knapsack constraints; 2) We prove
that a common QoM function based on variance reduction
is monotonic; 3) We propose a fractional relaxation based
greedy local search algorithm for solving QoM optimization
problem and prove that our algorithm can achieve a 1/3approximation bound. The proposed algorithm and approximation bound are rather general and can be applied for any
submodular and monotonic QoM functions. Empirically, we
verify the submodularity and monotonicity of our variance
reduction using Intel Lab’s real-world data on humidity and
temperature monitoring [3] . We also present simulation results and analyze the scalability and execution time of our
algorithm. We compare our algorithm against two standard
allocation algorithms, bin packing and simulated annealing.
The results demonstrate that our algorithm achieves a much
higher system QoM and is much more efficient than other
algorithms. As a result, the algorithm is an attractive and
practical solution for application allocation in shared sensor
networks.

2.
2.1

RELATED WORK
Resource Allocation

Most existing works on resource allocation for sensor networks focus on a single application and a single resource
constraint. Several sensor selection schemes presented in
the literature suggest mapping sensor node sets to utility
values [5, 6]. However, instead of considering multiple applications and multiple resource constraints as is done in this
paper, they only consider a single application scenario and
a single resource constraint. For example, the utility-based
sensor selection scheme presented in [5] maximizes the utility of a single application under an energy constraint. Their
objective function is built from the network flow perspective
assuming the submodularity of network flow. Similarly, the
scheme presented in [6] also maximizes a single application’s
utility under an energy constraint. In the utility-based resource allocation system presented in [22], nodes act as selfinterested agents that select actions to maximize the utility
of a single application under energy constraints. The sensor
placement algorithm proposed by Krause et al. [13] can be
treated as a submodular optimization problem with a single application in the network. None of these work deals
with the allocation of multiple applications in shared sensor
networks.
With the emergence of shared sensor networks, programming abstractions and systems have been developed in recent years to support multiple applications in such systems.
Several projects developed group-based abstractions to support multiple concurrent applications [11, 25, 14]. A marketoriented approach was proposed for bandwidth allocation in
shared sensor networks [21]. However, none of these considers QoM while allocating applications.
Utility-based Multi-Application Deployment Environment
(UMADE) [4] is an integrated system for allocating and deploying applications in a shared sensor networks. While
UMADE aims to allocate applications based on QoM, the
work focuses on the design and implementation of the system architecture and employs a simple allocation algorithm
without an approximation bound. Thus, the contribution
of UMADE is complementary to this paper, which focuses
on algorithm design and theoretical analysis of application
allocation in shared sensor networks.

2.2

Submodular Optimization

Optimal multi-application allocation under resource constraints is complicated since it violates some key assumptions in the classical optimization theory. We discuss classic
and recent results and their limitations below.
Definition 1. Given a finite set S of n elements and a
function f : 2S 7→ R, f is submodular if and only if f (A ∩
B) + f (A ∪ B) ≤ f (A) + f (B) for any A, B ⊆ S. f is
monotonic if and only if f (A) ≤ f (B) for any A ⊆ B ⊆ S.
Definition 2. Given a finite set S of n elements, a submodular optimization problem (SOP) is
maximize V ⊆S
subject to:
S

f (V ),
hi (V ) = 0,

i = 1, · · · , M

(1)
(2)

where f : 2 7→ R, f is submodular function on S and hi :
2S 7→ {0, 1}, i = 1, · · · , M are constraint functions.

In the next section, we will formulate our QoM optimization problem to an SOP.
Definition 3. (Knapsack Constraint) Given a finite
set S, a constraint h in a SOP on S is a knapsack
constraint
P
if it satisfies that, h(V ) = 0 if and only if si ∈S wi ∗xi ≤ R,
where xi is a binary variable representing whether si is in
V (xi = 1) or not (xi = 0), wi is a positive weight assigned
to each si , and R is a positive constant.
In our multi-application allocation problem, since there
are multiple resources and more than one sensor node, and
naturally we will have one knapsack constraint for each resource on each sensor, the constraints in our problem are
multiple knapsack constraints.
Nemhauser and Wolsey’s seminal work [12] showed that
a greedy algorithm can achieve a 1 − 1/e approximation
rate in maximizing a non-decreasing submodular function
on a uniform matroid. Krause et al. first introduced this
greedy algorithm to sensor placement problems under uniform matroid constraints [16]. Feige et al. [9] further proved
that there is no (1 − 1/e + ²)-approximation polynomial algorithm for any constant ² > 0, unless P = N P . Thus,
(1 − 1/e) is considered to be the best approximate rate we
can get for polynomial algorithms. Fisher et al. [10] proposed a 1/2 approximation algorithm for SOPs with single
matroid constraints. Some recent work improved this bound
to (1 − 1/e) assuming that f is the sum of some matroid
ranks [20]. For SOPs with one knapsack constraint, Sviridenko [24] proposed a (1 − 1/e)-approximation algorithm.
For SOPs with k > 1 knapsack constraints, Lee et al. [20]
proposed an 1/5 approximation algorithm. Conforti [8] pro1
posed an algorithm with 1+k+1/k
-approximation rate when
these k constraints are in an independent system, which is
a general case for knapsack constraints. Kulik et al. [19]
gives an (1 − 1/e) bound for monotonic submodular objective function with multiple knapsack constraints. This theoretical approximation bound is better than our algorithm
proposed in this paper. However, as we will discuss in detail
in Section 5, it requires an enumeration of all possible subsets of a large set, which requires an exponential number of
computations.

3. PROBLEM FORMULATION
A shared sensor network consists of resource constrained
sensor nodes and a base station with more resources. Our
optimization problem is run on the base station, which then
decides the allocation of applications among the nodes. Many
distributed sensing applications are designed to estimate
spatially correlated phenomena. While our formulation of
variance reduction for an application is based on [13], the
novelty of our problem formulation is to incorporate variance reduction in the multi-application allocating problem
in a shared sensor network.
Different subsets of nodes provide different reductions in
the variance of the estimated sensor readings. The higher
the variance reduction, the higher the confidence in the predictions. Therefore, we formulate our objective function in
the form of variance reduction for this common class of applications.
Suppose V is the set of sensor nodes we will deploy application t on. For any two sensor nodes i and j ∈ V , i 6= j,
the covariance σij can be calculated based on measured data.
We define a kernel matrix K where the elements in the ith

row and jth column is σij . K is essentially the covariance
matrix for sensor nodes. For two subsets of sensor nodes
A and B ⊆ V , we denote their covariance matrix by KAB ,
with rows corresponding to A and columns corresponding to
B extracted from K.
Given a finite subset A ⊂ V with applications allocated,
if the sensor reading for any application on any given node
complies with a Gaussian process, then, for any sensor node
y ∈ V , we can predict its reading using maximum likelihood
estimation as arg maxXy P (Xy |XA ). Note that the distribu−1
2
tion of Xy has variance as σy|A
= Kyy −KyA KAA
KAy . Thus,
for a given set A with application allocated, the variance of
the unknown region Ā = V \A is
−1
2
KAĀ ),
σĀ|A
= tr(KAĀ ) − tr(KĀA KAA

where tr() is the trace function of a matrix.
If we consider the QoM as the confidence of the measurement, naturally, we want to minimize the variance of Ā given
A such that the quality of sensing is maximized. Namely,
we want to maximize the negation of the variance. Since we
have tr(K) = tr(KAA ) + tr(KĀĀ ), the objective function for
one application is:
maximize

−1
Q = tr(KAA ) + tr(KĀA KAA
KAĀ )

(3)

Now we turn to multiple applications. Suppose we have
p applications
to allocate, the objective function is to maxiP
mize pt=1 wt Qt , where each Qt is the QoM value for application t and wt > 0 is the weight of each application assigned
by user.
Applications may be deployed dynamically at different
points of time based on user demand. To handle dynamic
application arrivals, a shared sensor network should support
flexible trade-off between QoM and the resource consumption of an application. Hence, the allocation algorithm needs
to be reasonably efficient (in terms of time), because the allocation needs to be recomputed dynamically in response to
application arrivals/departures and changes in application
weight, as well as node additions and removals.
We consider two critical resource constraints, namely, bandwidth and memory constraints (CPU utilization constraint
may be handled similarly as the memory constraint). First,
for each sensor, the total memory consumed by all applications assigned to the sensor cannot exceed its limits. Second, for each sensor node, the total bandwidth consumed
by receiving and sending data and the external interferences
cannot exceed the channel capacity.
To incorporate the bandwidth constraints, we construct
an Interference-Communication (IC) graph of the network.
The IC graph consists of all the nodes as vertices and has
two types of directed edges: communication edge and in→
terference edge. A communication edge uv indicates that
the packets transmitted by node u can be received by node
→
v. An interference edge uv means that the transmission of
node u interferes with any transmission intended for v even
though the transmission of u may not be correctly received
by v. A subset of the communication edges forms the routing
tree rooted at the sink. Existing protocols such as the RID
protocol [26] can be used to construct the IC graph. While
our protocol-based interference model is not as general as
an SNR based physical model, an advantage of our model is
that makes our algorithm more practical as it can leverage
the existing RID protocol for interference detection.

We denote the set of all nodes that have interference with
u by Iu and all nodes that u receives data from by Ru . Also,
we assume that the amount of data sent out by u is du .
Therefore, suppose the channel capacity is a uniform number C for all nodes and each node has memory limit Mi , the
constrained optimization formulation is
(P1 ) :

maximize

p
X

we have:
tr((DE)(DE)T A−1 )
„ « „ «T „
P
E
E
≤ tr((A + B) +
F
F
QT

tr(A) +

where
„

P
QT

w i Qt

t=1
p

subject to

X

at,j mt,j ≤ Mj ,

X

dl +

t=1

l∈Ij

p
X

at,j bt,j +

t=1

X

dl ≤ C

l∈Rj

∀j = 1, · · · , n
where at,j is a binary variable denoting if application t is
assigned to node j. mt,j and bt,j are the usage of memory
and bandwidth respectively when application t is assigned
to a sensor node j, and n is the number of sensors. It is also
easy to see that we have in total k = 2n constraints.
Note that in the
dj can be recursively
P above formulation,
P
defined as dj = l∈Rj dl + pt=1 at,j bt,j for a non-root node
j and dj is 0 for root node. It is easy to see that all all
memory and bandwidth constraints here are knapsack constraints. This kind of constraint formulation is also quite
general and can be used to characterize various communication patterns among nodes, such as the pattern in a data
collection application that collects data from every node on
the routing tree.

4. THEORETICAL PROPERTIES
Now we study the characteristics of P1 . These characteristics facilitate the design and analysis of our search algorithm.

4.1 Monotonicity
We will prove in this subsection that our objective function of P1 is monotonic. The monotonicity is a strong property that enables us to improve the approximation bound.
Assuming that the application set P contains p applications and the node set V contains n nodes. Any applicationto-node assignment (or assignment for short) is a subset of
M = P × V. We have the following theorem:
Theorem 1. For p applications and n sensor nodes, if A
and B are two application-to-node assignments where A ⊆
B ⊆ M, we have Q(A) ≤ Q(B) if all kernel matrices for all
p applications are semi-positive definite (s.p.d.).
To prove Theorem 1, since Q is a sum of Qt for t = 1, · · · p,
we only need to prove that Qt is monotonic if its kernel
matrix Kt is s.p.d. We prove this result by providing the
following lemma.
Lemma 1. Given a s.p.d. matrix K in a block separated
form as
0
1
A
D E
T
B FA,
K = @D
ET F T C

(4)
«
Q
) (5)
R

« „
A
Q
=
DT
R

D
B

«−1

.

(6)

We first expand (4) to tr(A) + tr(D T A−1 D + E T A−1 E) ≤
tr(A + B) + tr(E T P E + F T QT E + E T QF + F T RF ).
The proof consists of two parts.
Part 1: First we prove that tr(A+D T A−1 D) ≤ tr(A+B).
Since K is an s.p.d. matrix, for any real vectors x and y,
we have
«
„
A D
(x, y) > 0.
(7)
(x, y)T
T
D
B
Since an s.p.d. matrix always has a Cholesky factorization,
we rewrite A as U T U and plug it in to ( 7). Since U is invertible and U −T = (U T )−1 , the left side becomes xT U T U x +
xT U T U −T Dy +y T DT U −1 U x+y T By +y T DT U −1 U −T Dy −
y T DT A−1 Dy. Thus, (7) is actually (U x + U T Dy)T (U x +
U −T Dy) + y T (−DT A−1 D + B)y > 0.
Since the linear system Ax + Dy = 0 with respect to x
always has a solution for any y since A is s.p.d., the vector
(U x + U T Dy) can always be 0 for any given y. This implies that y T (−DT A−1 D + B)y > 0 for any y. Thus, we
know that (−D T A−1 D + B) is s.p.d., which implies that
tr(−D T A−1 D + B) > 0 and tr(D T A−1 D) < tr(B).
Part 2: Now we prove tr(E T A−1 E) ≤ tr(E T P E+F T QT E+
E T QF + F T RF ), which can be written as tr(∆) ≥ 0 where
∆ = E T (P − A−1 )E + F T QT E + E T QF + F T RF ). Since
we have AP + DQT = I and AQ + DR = 0, namely,
P + A−1 DQT = A−1 and QR−1 QT + A−1 DQT = 0, we
get E T (P − A−1 )E = E T (QR−1 QT )E. We have ∆ =
E T (QR−1 QT )E+
F T QT E + E T QF + F T RF , which leads to
„
« „ −1
«„
«
`
´ Q 0
´T
R
0
Q RT `
E F
∆ = ET F T
R I
0
0
0
I
Since R−1 is s.p.d., tr(∆) is non-negative.
t
u
We have also verified the monotonicity and submodularity
of the variance reduction function on Intel Research Berkeley
Lab’s dataset [3]. Among a random selection of 30, 000, 000
pairs of assignments, more than 98% have satisfied monotonicity and submodularity constraints, the rest 2% are due
to measuring noises.

5.

OPTIMIZATION ALGORITHM

In this section, we present our constrained optimization
algorithm for solving P1 and prove its approximation bound.
The novelty of our work is to exploit the monotonicity of the
objective function to obtain a tighter approximation bound
by adopting the fractional relaxation framework proposed
in [20].

5.1

Basic definitions

The objective function that we are going to optimize is
f = Q. All application to node assignments are subsets
of the set V = M = P × V, where P and V are the sets

of applications and sensors, respectively. Since f maps a
subset of V to a value, we name V as the ground set of
f and |V | = m. We also use notation [m] to denote the
set {1, · · · , m}. We use ok to denote k normalized weight
vectors corresponding to k resource constraints, all having
capacities normalized to 1. We define f ∗ = max{f (v) :
v ∈ V } and assume each singleton set in V is feasible for
the constraints (otherwise, those violating elements can be
removed from the problem).
We assume that the global optimal value for f subject to
resource constraints is Opt. We further assume that any
feasible assignment, which is a subset of V , can be partitioned into two sets : a heavy set and a light set, where
elements in the heavy set has a weight factor in the knapsack constraints larger than a given threshold δ. The heavy
set and the light set of the optimal solution V ∗ are denoted
by H and L, respectively.
Our fractional relaxation greedy (FRG) algorithm
consists of the following steps.
Step 1 Identify heavy elements and light elements based on a
given threshold δ. Enumerate all possible assignments
of heavy elements and find the optimal subset of heavy
elements.
Step 2 Solve a relaxed problem on light elements in which the
function f is extended to a continuous function F .
Step 3 Round back the solution to the relaxed problem from
Step 2 to a solution to the original problem. Combine
the heavy elements and light elements to get the final
solution.
In Step 1, to decide heavy and light elements, we choose a
fixed constant η > 0. Let c = 16
, we let δ = 4c31k4 to be the
η
threshold for heavy elements. As each knapsack constraint
has been normalized with capacity value 1, its corresponding
heavy element
set Hi has at most 1/δ elements since δ ·
P
|Hi | ≤ e∈H oi (e) ≤ 1. Therefore, if there are k knapsack
constraints in total, we have |H| ≤ k/δ, which is a constant.
By enumeration, we can get f (H) under a time complexity
of nO(k/δ) . So, we only focus on the light elements in Steps
2 and 3.

5.2 Step 2: Solving a relaxed problem
In this step, we extend f defined on the subsets of V to
F which is defined on fractional values.
Let F be a function that maps from [0, 1]m → R+ . For
y ∈ [0, 1]m , let ŷ denote a random 0 − 1 vector where each
element is independently rounded to 1 with probability yj
or 0 otherwise. Then, F is defined as:
X
Y
Y
F (y) = E[f (ŷ)] =
f (S) ·
yi ·
(1 − yj ).
(8)
S⊆V

i∈S

j ∈S
/

F is a monotonic and concave function which extends f
to the continuous domain [0, 1]m . However, extending f
to F changes the problem domain from a finite set to a
continuous domain, which is not suitable for local search.
Hence, we define a new set G ∈ [0, 1]m called the discretized
set of F where for each dimension i, Gi take values in the
form of l/si where si is an integer and l ∈ [si ]. We also
denote the continuous domain of F that satisfies the resource
constraints as U.

Result: A local optimum y of the relaxed optimization
function F
y = arg max F ({x}), x is a singleton set;
f lag = T rue ;
while f lag do
N = neighborhood of y;
for y 0 in N do
f lag = F alse;
if y 0 ∈ U ∩ G and F (y 0 ) ≥ (1 + ²)F (y) then
y ← y0 ;
f lag = T rue ;
end
end
Algorithm 1: The local search algorithm.

Since F is monotonic and concave, the discretization F is
still a monotonic function. Previous work also proved that
the discretized version of F is still submodular [20].
We solve the following relaxed problem:
{F (y) : oi y ≤ 1, y ∈ G ∩ U, ∀i ∈ [k], 0 ≤ yi ≤ 1} (9)
We use a local search method to solve (9). For any y ∈
G ∩ U, y 0 is in the neighborhood of y if y 0 differs from y by
at most 2k elements, among which at most k elements get
increased and at most k elements get decreased. The local
search procedure is shown in Algorithm 1.
For x, y ∈ Rm , we define (x ∨ y)j := max(xj , yj ) and
(x ∧ y)j := min(xj , yj ) for j ∈ [m]. Lemma 3.5 in [20] gives
the following result:
Lemma 2. For a local optimum y ∈ U ∩ G and any x ∈ U,
1
we have (2 + 2m²) · F (y) ≥ F (y ∧ x) + F (y ∨ x) − 2m
f ∗ for
any ² > 0.
Based on monotonicity, we give the following, stronger
result.
Lemma 3. For a local optimum y ∈ U ∩ G and any x ∈ U,
we have F (y) ≥ ( 21 − ²)Opt for any sufficiently small ² > 0.
Proof. From monotonicity, we see that F (y ∧ x) + F (y ∨
x) ≥ F (x) since x ⊆ x ∨ y and F (y ∧ x) ≥ 0. Then, from
Lemma 2, we get
1
f ∗ ≥ F (x) +
(2 + 2m²) · F (y) ≥ F (y ∧ x) + F (y ∨ x) − 2m
∗
1
f . Since x is an arbitrary vector, we can always let
2m
x = x∗ such that F (x∗ ) = f ∗ = Opt. Thus, we have
(2 + 2m²) · F (y) ≥ (1 + 1/2m)Opt. Dividing both sides by
(2 + 2m²), we have F (y) ≥ ( 12 + 1/2m−n²
) · Opt, which is
2+2m²
larger than ( 12 − ²)Opt for sufficiently small ².
The above result shows that our local search algorithm
gives an 1/2 approximate solution for the relaxed problem.
Based on the monotonicity result, it is easy to see that
for any x satisfying the knapsack constraints, . This result shows that the local search algorithm provides an 1/2approximate solution for the relaxed problem on F .
t
u

5.3

Step 3: Rounding back to a solution

Till now, we have established an 1/2-approximation algorithm for the relaxed problem in (9). In Step 3, we round
the relaxed solution back to an integer solution for the original problem P1 using algorithm 2. In [20], Lee proved the
following two lemmas which we will use directly.

Data: A fractional solution y
Result: A feasible subset S of V
S←∅;
foreach element e in V do
add e to S with probability (1 − ²)ye ;
if S violates constraints then return ∅ ;
end
return S ;
Algorithm 2: The rounding algorithm in Step 3.

Lemma 4. Let α(S) = max{oi (S) : i ∈ [k]}, for any a ≥
2
1, P r[α(S) ≥ a] ≤ k · e−cak .
Lemma 5. For any a ≥ 0, max{f (S) : α(S) ≤ a + 1} ≤
2(1 + δ)k(a + 1)Opt.
Now we prove the following theorem, which concerns the
expected value of f (S), assuming f (∅) = 0.
Theorem 2. The simple rounding algorithm for light elements obtains an expected value E[f (S)] ≥ (1/2 − η)Opt.
Proof. Consider disjoint events A0 = {α(S) ≤ 1} and
Al = {α(S) ∈ (l, 1 + l]} for l ∈ N. We use ALG to denote
E[f |A0 ]P r[A0 ]. Obviously, ALG is the expected objective
function value for this algorithm’s output, as we need α(S) ≤
1 to to satisfy the knapsack constraints.
According to Lemma 4 and Lemma 5, we have,
X
E[f |Al ]P r[Al ]
F (x) = E[f ] = E[f |A0 ]P r[A0 ] +
l≥1

≤

ALG +

X

ke

−clk2

2(1 + δ)k(l + 1)Opt

l≥1

≤

8Opt · l · k 2 · e−clk

2

Thus, we have
ALG = F (x) −

X

E[f |Al ]P r[Al ] ≥ F (x) −

l≥1

8
Opt
c

From Lemma 3 we know that F (x) ≥ (1/2 − ²)Opt. Let
η/2 = ², we get that ALG ≥ 1/2Opt − (η/2 + 8/c)Opt =
(1/2 − η)Opt.
t
u
Now we give an approximation bound for the overall solution after combining heavy and light elements.
Theorem 3. Our fractional relaxation greedy (FRG) algorithm is a ( 13 −η)-approximation algorithm for solving P 1.
Proof. Recall that we use H and L to denote the heavy
and light elements in an optimal integer solution, respectively. The enumeration of heavy elements in Step 1 of
FRG will give an objective function value at least f (H).
Theorem 2 shows that the simple rounding algorithm for
light elements produces a solution of expected value at least
(1/2 − η) · f (L). Thus, using the convexity of the max function, we have
1
2
f (H) + (1/2 − η)f (L)
3
3
1
≥ ( − η)f (H ∪ L).
3
The above inequality shows the approximation bound.
max{f (H), (

1
− η)f (L)}
2

≥

Our (1/3 − η) bound is better than the (1/5 − ²) bound
in [20]. Another work in optimizing monotonic submodular
functions subject to knapsack or general linear constraints
is proposed by Kulik et al. [19] that has (1 − ²)(1 − e−1 )
approximation bound. While this theoretical bound is better, we found it not practical for solving our shared resource optimization problem. The proposed algorithm requires an enumeration of all possible assignment set T such
that |T | ≤ ek²−3 followed by an optimization procedure for
each assignment similar to our proposed algorithm. Consider a typical system configuration in our shared resource
network with about 100 constraints, if we want an approximation bound of 1/6, ² here should at most be 0.73, therefore
makes the number ek²−3 be at least 600. Thus, in the worst
case, all 2600 possible subsets of the assignment need to be
enumerated, which is impractical. Our proposed algorithm,
on the other hand, requires no enumeration on T . Instead
of solving optimization problems multiple times for each T ,
our proposed algorithm only requires one round of optimization and rounding. Therefore, in general, Kulik et al.’s work
is of theoretical significance, but impractical in solving our
shared network optimization problem.

6.

EVALUATION

We evaluate the performance of our algorithm by experiments using Intel Berkley Lab’s dataset [3]. In our evaluation, we compare the performance of our algorithm with
that of a simulated annealing (SA) algorithm and a bin packing algorithm. As our optimization problem is essentially
a discrete non-linear optimization problem, there are three
categories of methods for solving it. The first is stochastic
search. Simulated Annealing is a representative approach in
stochastic search that can achieve global optimality asymptomatically. The second is heuristic based. Both our algorithm and bin-packing are in this family. The third category
is branch and bound. However, since our objective function
is not in a closed form, it is difficult to draw lower/upper
bounds making branch and bound unsuitable for our problem. Therefore, we choose to compare against only SA and
bin-packing, two representative algorithms for our optimization problem P 1. SA is a probabilistic algorithm for global
optimization. We have used the SA package in the AIMA
library [23] with a user-defined neighborhood function such
that for any application assignment y, all its neighbors in
N (y) contain only feasible assignments. We use the default
cooling factor of SA and let it run 30 minutes for each case.
The bin packing algorithm sorts the applications (in nonincreasing order) according to the ratio of their weights and
their bandwidth demands and uses this list to sequentially
assign applications to each sensor node. Our first set of
experiments involves two applications (temperature monitoring and humidity monitoring) based on temperature and
humidity readings of 20 sensor nodes of Intel Berkley Lab’s
dataset [3]. Based on this dataset, we then generate readings
for different numbers of applications and different numbers
of nodes representing networks of different sizes. In both of
the cases, we first perform experiments considering only the
bandwidth constraints of the radio. We, then, extend the experiments by adding the memory constraints of the nodes.
Based on our experience in application deployment on our
physical testbed of TelosB motes, we assume the channel
capacity to be 30Kbps. We analyze the QoM achieved by the
algorithms as well as their execution times. The baseline bin

packing algorithm is implemented using Matlab. We implemented our FRG and SA algorithm in Python with Numpy
package. All results are gathered on a Mac OS X machine
with CPU frequency at 1.33GHz and 2GB memory.

6.1 Experiments With Intel Berkley Lab’s Data
Generating kernel matrix requires sufficiently large number of observations for calculating the covariance. The Intel
data has sensor readings of several months where every node
generated about 1000 readings per day for every application.
Thus, the readings for a particular day from all sensor nodes
are enough for us to generate the kernel matrix for the applications. We pick a random date 2004-03-08 as the time
window to pick sensor readings. Out of total 54 nodes, we
further pick 20 nodes along with a set of time stamps such
that most of these nodes have temperature and humidity
readings at these time stamps. Then, for an application,
we enumerate each pair of nodes to calculate the covariance
between two observed sequences aligned according to time
stamps.
The sensor nodes of Intel Berkley Lab are placed in a twodimensional euclidean space. We perform the experiments
on the geometry graph that represents the WSN formed by
these 20 nodes as illustrated below. We scale the x and y
coordinates of the nodes and randomly assign communication and interference radii in the range 15 - 20m and 15 22m, respectively, to all of them. These ranges of communication and interference radii have been determined based on
our experiences in experiment on our physical WSN testbed.
A node x whose communication radius is r can successfully
transmit packets to any node whose euclidean distance from
x is no more than r. On the other hand, transmission of a
node x whose interference radius is r can interfere the transmission intended for any node whose euclidean distance from
x is no more than r. The node on the top left of the euclidean
space is considered as the sink.
We first run all three algorithms 5 times considering only
the bandwidth constraints. Initially, we assume the bandwidth demands of application 1 (temperature monitoring)
and application 2 (humidity monitoring) to be 700bs (bits
per second) and 600bs, respectively. We pick η = 0.1 in our
algorithm, which leads to the fact that almost all elements
are light elements. Therefore, cost of the extensive search on
heavy elements, despite being exponential, is negligible. The
weights of application 1 and application 2 are considered as
2 and 1, respectively.
We then repeat our experiments by considering both bandwidth and memory constraints. We randomly assign memories in the range 1024 - 2824B to every node. We initially
assume the memory demands of application 1 and application 2 to be 800B and 900B, respectively. The bandwidth
demands of application 1 and application 2 are assigned to
800bs and 700bs, respectively. Application weights are same
as the previous step. We repeat the experiments 5 times by
increasing the memory requirement by 50B for each application in each run. The QoM and the execution times of all
algorithms are recorded in Table 2.
As shown in Table 1 and Table 2, our algorithm outperforms the bin packing in most of the cases in achieving QoM,
and in some cases, its quality is even better than SA that
runs for 30 minutes. The execution time of our algorithm
is comparable to the bin packing algorithm under the bandwidth constraint. While our algorithm is slower than bin

packing under both memory and bandwidth constraints, its
execution time remains within 2 seconds. Note that the execution times of both our algorithm and bin packing are
three orders of magnitude shorter than the 30 min that SA
is allowed to run.
The experimental result of 2 applications on 20 nodes
shows that both the quality and the speed of our algorithm
are competitive, but the problem scale is too small for our
algorithm to show its advantage in larger systems. In the
following subsection we will vary the network size and the
number of applications to study the scalability of our algorithm.

6.2

Varying Network Sizes and Number of Applications

We evaluate the scalability of our algorithm by creating
networks of 25, 50, and 100 nodes and for 5, 10, and 15
applications. We randomly generate the coordinates of the
nodes in an euclidean space of 100m × 100m. Both the xcoordinate and y-coordinate of every nodes are between 0
- 100m. We assign communication and interference radii
to the nodes in a way similar to the previous step. We
continue generating the nodes until we get a connected graph
based on the communication radii of the nodes. Since we
don’t have real data of sensor readings for generating the
covariance matrices with different numbers of applications
and nodes, we randomly generate the covariance matrix by
a positive definite matrix.
For networks of different sizes and different numbers of
applications, we first perform the experiments considering
only the bandwidth constraints. We generate the bandwidth
requirements randomly in the range 100bs - 1000bs for all
applications. Weights of the applications are assigned randomly in the range 1 - m
, where m is the number of ap2
plications. We then repeat the experiments by adding the
memory constraints of the nodes. We randomly assign memories in the range 1024 - 2824B to all nodes. Memory requirements of the applications are also generated randomly
in the range 600 - 1000B.
Figure 1(a) and Figure 1(b) show the QoM of different
algorithms for different constraints in a network of 25 nodes.
Similar results for network of 50 and 100 nodes are shown in
Figure 2(a), 2(b) and Figure 3(a), 3(b), respectively. From
the figures, we notice that the greedy algorithm achieves
much higher QoM than bin packing always since the latter
does not do any optimization. It also performs much better
than SA in most of the cases. Only in few cases can SA beat
our greedy algorithm. This happens because SA is run for a
long period of time (30 minutes). 1 We notice that, for bin
packing and greedy algorithm, the QoM increases both with
the increase of network size and with the increase of number
of applications which is expected. However, this does not
happen to SA in many cases which is expected.
The running times of our greedy algorithm and the bin
packing algorithm for varying number of applications and
different network sizes are shown in Figure 4(a) and 4(b).
The figures show the times required for running experiments
both under single constraint and under multiple constraints.
1
Given similar running time as our algorithm, the SA algorithm in any of these cases could not converge a feasible
point, as we convert constraints to penalty functions and
starts from a random initial point (this is the standard treatment for applying SA to constrained optimization problem).

Run
1
2
3
4
5

Bin Packing
Objective Time
1062.11
0.37
1062.11
0.44
1061.97
0.42
1010.42
0.42
1009.31
0.39

Simulated Annealing
Objective Time
1225.57
1800
1178.65
1800
1145.66
1800
1094.89
1800
1032.35
1800

Our FRG Algorithm
Objective Time
1293.40
0.33
1217.16
0.35
1151.69
0.18
1017.60
0.65
1009.36
0.24

Table 1: Solution quality and time (in seconds) of three algorithms under bandwidth constraints.

Run
1
2
3
4
5

Bin Packing
Objective Time
1020.31
0.54
1020.31
0.50
1020.31
0.55
1015.05
0.53
1015.05
0.58

Simulated Annealing
Objective Time
1221.79
1800
1005.18
1800
1071.98
1800
998.01
1800
1037.9
1800

Our FRG Algorithm
Objective Time
1112.96
1.71
1023.63
1.81
1020.97
1.84
1020.69
1.93
1032.09
1.14

Table 2: Solution quality and time (in seconds) of three algorithms under bandwidth and memory constraints.
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Figure 1: QoM in 25-node network
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Figure 2: QoM in 50-node network
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Figure 3: QoM in 100-node network
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Figure 4: Execution times for different number of applications and different network sizes
Note that we let the SA algorithm run for 30 minutes in
every case. Figure 4(a) shows the execution times for allocating 10 applications on a network by varying its size. Figure 4(b) shows the execution times for allocating different
number of nodes on a network of 50 nodes. Our greedy algorithm scales well with the number of sensor nodes (Fig. 4(a))
and the number of applications (Fig. 4(b)). For example, it
only takes 301 seconds to allocate 10 applications in a 100node network subject to both bandwidth and memory constraints. This result demonstrates our algorithm provides a
practical solution for application allocation in shared sensor
networks.

7. CONCLUSION
In this paper, we address the multi-application allocation
problem in shared sensor networks. We prove the monotonicity and submodularity of a common QoM function called
variance reduction. By exploiting these properties, we propose an efficient local search algorithm for multi-application
allocation in shared sensor networks. Our allocation algorithm has rigorous approximation bounds and is generally applicable to any QoM functions with submodular and
monotonic proprieties. We verify the theoretical properties
on a real-world dataset from the Intel Research Berkeley
Lab. Simulations based on both real-world dataset and
randomly generated networks demonstrate that our algorithm care competitive against simulated annealing in term
of QoM, with up to three orders of magnitude reduction
in execution times. Our results demonstrate that our al-

gorithm is a practical choice for application allocation in
shared sensor networks.
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