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1. Polynomial-time approximation schemes (PTAS)

2.A PTAS for Knapsack

\/\le,'\/e Se€n a \/Briejr\/ 0—( a?proximﬁion alﬂo ri'HnMS,

some of them 5+rong\\/ believed +o adhieve the best

Possi\ola approximation ratios. And yet, even +Hhe very
\oes+ of these were 2—approxima+ions——66u}-}-e Cligsapo'w
+in<§ i\C one had )Aopec\ to pay, 'For example,, onl\/ G moce
'Hf'\an 2\ op'\ﬁma\ SOIU'HOr\. (From —Hnis Per'SPec:h'\/e' w<e Pa)/
100% more!) But, +here are some rare examples where
it s Poss'\\olz o achieve such Strong QpProXImMations.

Cje,nexal\ﬁl SP%\““@. it Hhe Prololem s NP-hard and e

objechive tunction is im‘eger—valuec[ and Djﬁ po’\/momia“7/
bounded digits, then if we are getting a (1£€) -approxi
mation, wWwe cannot lﬂope 1o }'\ave A fl/\nnmﬂ‘i'ime ~|—]na+ cle-
Pe_nc\s Pol\/nomia\l\/ on +he nuember of: cl.ﬂn‘s n ¢ \/\]]/)\/7

11[ 'l'L\Q N [P U \/a\ue 1< T\/\ anc ﬂne Values are | r\‘hz@cfg
(SU\‘DPOS€ W< \f\ave Clegred Cle,nommajrors hE N e Inacl Fe+|‘ona]—va-
lued weithrS) Haen —l’gl/\'mo& Z = —ZI—M aylves that 2 Qi’i>’appro>q-

mate <olution lng_g (imLe_gcr\ Valwe Wwithin (]~i;,\)o1>T?_op7—[—Z and

(gl opT 0Py Bur, 0PT 15 4he onl such integer, so we
M uSt w(m& OPT And, d Hhe +ime c[e pe,mclg PO\\/r\OmQH\/ o



\oCJlg , Yais Is \og'\/\ + 1 Nhich We asgu\mq) Palx/momi%@éepn Hhe
Input size. Thus, we'd have a polynomial-time algorﬁ%m
for +he ]\[p'COmpJ€+€ opfimization pm\olem

So. the best we can lnope for 1< an alﬂori'l*]nm Hhat
{:Dr any M >0 funs In Polymomia\ ﬁme, e (T
T\’\ay ‘f\a\’e worse—+L|an—p0|\/nomiaf c]epenc]ence oN -I’L\e {enj-”]
oL i, but must P\asle ry Polynomia] EOunc! N Terms o(— -I*'rwe
SizZe m[ Hne rest o( '1'\/\{ N pl/\+, and T\Iej d (H—i\-appr‘oyi—
wation (or o (l-i)‘approximaﬁon). Such an a,lﬂor{‘l’lr\m S
called a Po/\/nomia\"h'me approximation Lchgmg_<PTAS),

N(ﬁe fhe 5‘|milari+\/ between a PTAS and a PSQMCIOP"IY’
nomial fime algorithm, the ditference is mainly that
a chudopol«/ nomial Fime algorﬁ%m allows an exponen-
—Hal ClEPZﬂClence onN -HnQ !enans mf inPud' r\umloc('S, N\f\erc-
asS 3 PTAS a”owS {uc\z\ q Clepenc]-er\ce_ on ‘an appmx{ Ma-—
tien parameter Bu+, as we'll see, pse udopolynomia]
time ’dlﬂofﬂ’[ﬂmg oHen Can be C,OK\\IQ\F‘YQC[ wito &

DTAS b7l row\c\ihg -l’he va[ues Ancl re_sca\inq -qu_m mn-

+o A _Sma“ef ramﬁe, N Nl/\iclﬂ 'H’\e_ PSCU«C]OPOT;/nomial'
time aloprithm is efficient (in temms of +he input s

Our one eXamPle_ orC Q Pr‘o\olem wH'\/\ ’PSQ(ACloPolynOn\ial
time Alﬂoriﬂwms s Knapsack, so that will be aurfoas

Ad’uallx/, for Knapsack, the natucal approximation
formulation freats the we 'lgfrﬁ’ bouncl as strict (you rcal\y



can't cartyy more wﬂ#ﬁ ‘Hl\ah NB and SeelAS To app@fﬁﬁoxi-
rvanrc 'H\Q O’D’l"lmum vafuxc WwWe ge:k N(‘l’km ’H’\s‘l' bOUmC[.
Bud' o [g S+r&+e3\/ IS ‘l’}\c/\ ‘o roumcl 'H\e \[‘a,l(AQS/ ﬂo-f-Hne
weig\m‘s. So, We want a ’]DSelACJoPo[\/nb mial fime algon'«
Ham Hhat has ewonential dependence on the values i
stead of Hhe O(n N) bound that e a(fru\ally ﬂOT' This
N Possi]o)e, but e'll cle»[crcl\'scvxssih@ ¥ s [ater T F
= max Vi 'l’L\eh l,\Ie'Hﬂerl' Q O(hz\/> --f'l'VV\e &lgod—l'lqrv\.

1=l,.. )N

So, smPPosm we \qa\le 'HWFS O(nz\/) -Time al ofi‘Hﬂm,

here is the idea” for some “scale” parametef é (Hhat we
\Nlh set Aepenc\'mﬂ oM DU apProxima-\’ioﬂ ‘\‘b\eran(,e E)'
We. foumcl esc]n op our \/alues 1o —qu r\e_areyl’ rV\uH-iPlQ_ oﬁ
b'- 'Hne \/alue a( e_adn -\'ﬂ‘ i+€.m, Vo, 1S rounciec:l ‘I‘b::'i:]-{“-l'h.
Smce \'ﬁ"(: I‘T\:qﬁ %"‘1, Vi & \7: A Vi"'b'

NO\,\I, D\QS(’.NQ *Hna‘\' -(:;)r any Set o-( rfems S, Oy’ rovmcle.cl
values sa‘\riS-F\/ 16—23\7‘. 22:\3{!:.\% = b- %Yl"ﬂ - So, we can
F?:S(_a\e a\l o-( OW’r valme_s‘ BY ]o, ahA Sol\/e an ec{)v\'\\lal-e,n—l’
'Pro\alem in whidh gach it Fem hag value ’V':: 1. The value
O'[; S N ’Hnis Pro\o’em 1< g]&g—], So an\/ knapsad«( S¥* Ofﬂfce:f
est vslue us’nmﬁ—!'\ne rescaled values V. V. s also a knapsad<
o-(: reatest valne Ulsimj the rounded values 7, .Y and vice-Ver

5&-[\/\J\/\\/7 \/\)Q Can DH’S\Y\ ‘Hﬂe \/&\U\ﬁ DTC S ‘[jof —Hfm GH/)er prololenf\
b\/ mu\ﬁp\\/mﬂ orc\'lvidmﬁ \o\/ b>o and X>Y £ and or\l\/ nC bx>b\/,)

NO’HCQ &\SO ’I"/‘\A'\' \l", . .-,\/nl are iﬂ+€g€r5, SO -H-,ig 1S Qﬂo-qur N



Stance 0( —l—he KﬂaPSBCk Pr‘oblﬁm. Blﬁ+. NowW du( MEXIMum
value 1% l-—-\r!;-\, wl'\ic)’\ may be mucl-\ smallec Hhan V.

In Par’HQV\\N‘, Wwe assume w'lHﬂom‘{' ]DS_S OL 36(\6(6‘;"'\/
Hhat every tern has weiﬂk’r w; ¢ . (\/\)2 can -pilJrer Out

Such ifems 1 a pre Processinﬂ Step Since ‘l’hey cannot be
iv\c_\ude,c\ n an\/ Leasible Solu+ion.) \I\]e a|50 QsSume J{ IS

an integes — just ke €'= I/]'%] LT

NDW) we ‘hke = :23—_7, \/' anc\ So\ve —Hne (orfeSPonC\iﬂj K\ngP-

53(_\,4 »Prolole.m w’r\’\n Valu«es \I,'. -, \/,,: and use 11s Solu‘l’ioﬂ.

)
. [V {2 _ .
O\OSQJ\/€3 Sinc@ miax Vi T {"'—'KI-] 1 \-—2 . Qwr sl orithm runs IN

time O(n*¢), which is O(rt) for any fixed €20, as ned
ed for a PTAS

Moreove¢, since We use the same We}ﬂ\nts W,,.., W, and the
returned set <atisties %W‘l 5-\/\J, 1t 1S Sl)u&ramfeec\ 4o bea

Leasible solution 4o Hoe oricjma\ K\napsack pre\alem.

\/\]e noW come to the key Issue: —Pne approximaﬁon U\alrJ\/
— | ’ | 1

| heorem' 1:of any Set S 53+15'F;/ln3 ‘Eg"fwi{ l/\), oul refurn
ecl solurl":or\ S sa‘risqf\'es (l"‘i) gezs:"i Z E;*V'- .
E‘l):-: Since S '|$ an OP'HME\ 5o|u+i0n +o 'H’\Q ?ro‘olem Wi‘l’h
He rounded values and S¥ is a feasible solution, 2.v/z2,v

1€S 15
Beuse the rounded values satishy v chv! e v +b.
Z V. < Z L v! ¢ Z b-\/'.' < ZLS L\/'-}]o) Lnb +-Z;V'| (lSIén\
| V€ |

1€5% T35 ' 1€S

Now, since we assumed Hhat eadh item could it in 4he




\(\r\epSéc\& (\nas \N,-é\:\)), 'Hnt 1t em 0(: maximum value F\@@eg%rely
'FH'S' ﬂ\er&{ore, OWr OP'l'l'muxm Solu\'l'i onN S \nas \/3‘M€ a’|
leaS'f Tﬁ‘jb-—' _2£_r\‘o \0\/ our choice 01( b. For Hhe <et consis-
'hnﬁoé ']us’r Hhis Htm, W e ‘ﬁd' %V;‘fnb 2 ;,f b b\/ 'H’)C aloox/e.
Smc,e ’ZL 1S an 'lr\'l'eﬂer' n\o é"i’hb, Qnd 'Hnus %—.;Viz-‘gh]o.
\We Hrecefore -chl’ again b\/ +he abpve %;vi ¢ %‘V‘. + Egsvi

= (1+£) g:s\/,- Y
So, gwer\ the OtV ) -+ime algofirlnm for Knapsack,we
\nave our PTAS. \/\]2 nowW return +o 'l‘his Ias-f' detai |
We can think of Knapsack as optiriaing tiwo criteria’
we'd ike 10 maximize ounr valne and minimize +he total
wel g‘mL. Of course we had set a +arﬂe-} bound on the
Wergnt of W. Rur, We could as well have asked: what is
the smallest Neig\nk kmap53cl< ¥ Hhat cbtains seme ‘l'afjcl‘
Value of a+ least v¥7 Given solutions for various hor
Ces o(: V¥ wWe can find the |Arge3+ V¥ Lor which w¥<h).
Q‘Dsef\l'e, 'H‘\Cf\, Ar\\/ S o(: Vélue l&f‘ﬁc(‘ -Hnan Vi ,nag, wei&:ﬁ
\arger‘ ’Hw&n \/\/, so V¥ i1s 'I'L\c clesirecl OPﬁMU\M \/alv\e,
of a feasible kr\&pSBCIA solution (o—( Neij\w—!' 3t most \,Q)
_T,+ -H/W\S smq:ic.es 1o So[\le W\Z PFO‘ole_m par'ame-l'erizecl
b\/ ‘|’ar3d value V¥, and hence Similarl% sux\oProUems
parameterized b\/ such a +ar3d' value V¥ /\/oﬁce/
Since each item has value at most V and there aren

.|‘|'QMY) the ]ar‘(je,S‘f V¥ can be ‘Gor any \Ceasiloje SUL\oPro‘olem
1S nV, so we only need to consider V¥=0,1, - ,nV.




In Summaf‘y, OW( SubeOloleMS wiH L;e O‘PT(i,Vx),-PageES
’H’AQ MINTMUMN Weifjlr\T W¥ mc q Seft @gfl,---,i{ o\[ VA’M?_\f‘f

\/WwaJr recurifence relation can We use TCM d Aym@mrc

prodramming alﬂoriﬂ/wm? INe Lirst have OPT(1,0)=0

foc all 1 since +h< em;ﬁry ) aclhieves this For v*> Q,

OPT(1, v¥)= min{ 0PTO=1,v¥) | W+ OPT (i1, max{o, v¥-v.3);
1t 1¢ O 't 1¢8

;;SSL/\mmg —Hr}lere ['S fucln q goluHrrom o(' \/Qlu\& Vil

Note Hat 11 g\/’] <V fhen any Leasible solution must

ConTaln 7, so QPT(j,\[*\?WjJrODT(\'—I,Maxﬁo,\/\‘—\/jﬂ

No‘h'ce—r}\ar 'Hnis 1'!\/69 nv¥<n? \/ Su\\apro\o\evv\g.

Ou( a\ﬂorrﬂnm 1S .

Tnitialize M[O"'Y\, D-'-?:_;vi] with M[1,071=0 \7’1" M[o.vY)
Fori=1. . .n oV

T ]
] E‘SQ PU\* j/\/\ ELV*]:M)V\{MB",\/*] ,Wi-l'l‘/l[l-l,ﬂ'\as(f(),\/*'\l&“
Peturn Max{v: MInv1<¢ W] M

\/\le O\OS&(\IQ ‘Hﬂa+ +Jh|'3 alaori'k]f\m runs 1N +Hme O('\LV),
and likewise, WNe can trace back -Hnroux(ﬁlﬂ M S’raanaS
xcrom [n,v¥] for the returned v¥ to {ind S, also in fime
O[nt\/)- Corre_dness '(:ol\ow§ ]o\/ induction on 1:
14’( sll v¥ I +Hhe SU\‘OProla/em (\,V¥) -Fcag.'lole, M1, v con

fains the smalles+ weiaot. of O, .1} of valuezv%
TF U-l.\l"‘) is not feasible but (W is | mugt be in ©, 50




OPTin®)= OPT (-1, maxfonve-v3)+ w. B\/ IH, since Hxersul-
probolem must be feasible, OPT(i,v¥)= wi+ M[i-1, max{o,v¥-v;¢]

=M, v¥] v YTV
Likewsse 1 £ Ci=l1,V¥) was alsoFeasible, OPT(1,v¥) is the miai-
mam of QPT(i-1,v¥) (= M-y, v¥] by IH) and WHOPT(i-1, maxfov¥-vl)
(=Mfi-\,ma~<{0,v*-vif] also LY IR agein)' <p also MI'I',\I‘*]-’OPT(i,v‘Q

NDN. we observe +hat Gor V¥=o, .., ZV-,, (f\,\/*) 1S 'Feas'nue

|'N

sSince f‘:-")"‘g achieves 61\00«3\4 Val%é’, so these Su\oProHeMS
3|l contain O‘PT('\,\I*B. A\So, OPT(ﬂ, 03 =0¢ W So we must

veturn a So\u+ion.



