CSESHO) Lec. |t
inear Pro$vem Dualiks

|. Solutions Yo linear oP-]-'lm'\za\*ior'\ ?ro\c)ems

2  Weak snd 5+r‘mg Au&\b(?/

_;). A'\?E\\'cv\'\'or\ 4o ey Covecr

A stand aré QP-Hmiza"riQf\ 'CQ(VV\ of linear ‘aroc\)gramming) s %
mimimize a |inear cost fnnction Sw\a'ﬁ{d’ +o Jinear iﬂecbv@(y
consteawts, The cost -¥mn¢|~'\on 's (\))'Ncn \ﬂ\{ a Vechorce"
and the constraints are given by Ae ™ LEQ7
Here we focus on vakians) inpuds becawse is is MM\\Y
how IMpuUrs are rcpresew\'ed‘ bt also it is cracisl -Cs«axac%
Solutions. No—\-ic.e thet we can clear Hthe danominators amcl
o in’regef coyts and constraints E%Z“’ Ae Z'M:' beZ,
No# all Jinear Proorams have a Linite opHimum. For example
minimize =X, 54.%,20 : we cpn atfain any negative valwe.
Bt when we do, the optimum is sttained when same of
—Hnt co nsYraints \no\o\ \,4\"\“/\ t%ua\H‘y. 14‘ N (]ir\earl?/ in&zper\-
dent) constrsints hdd with equa‘i*'\/, this Qives s\{s-rem A
%\ua‘\‘lons With a whigun e sol ution.

's solption is 8 vertex of +he

J;casi)ole, re.gw‘on- T+ s a\wa,\/s

Pos$§\o\e Yo returmn 2 Vectex as an o]:*"\vv\e\ solutpn 4o Hie
linear prearam. Th Yhis Case Yhe seludion is given \o)/
Cre,mgg‘s Ru\l-&f Le.f‘l‘lnﬁ Sém). ]\\5 \OC ’1’1'\4. P A M‘E:h’(')(
given by Yhe rows jn S, and Al; be Al with +he i




column Y‘GP\D CGJ b g, the Sa \v\;l'l'o,\ +o Alﬁis E (s Page 2
: _ der (ALY
Aven by T TR

Cramer's Raule is iM?o(“\'&h’(’ Eecemsa we can then bowul

Fhe size c,-(—\ -]—\\e 'm+eﬁe,rs in +the ratianal sluon X

d et (NSB = E.ggnm) jj:(A‘s)i,m . There pre n\ ¢ 2""’6"‘ permuta-
tions, so if the in puci 3*\*&3&(5 are 3l J Aigrh’ o ot U\(s] has o mosT
d‘hq'lofy\ clfQi+5. and Simi\u"ly Car A\; TL eadn e,A+v~7l of % is
2TJA'ZLMS) ~dese o X reandin [ it T the nearest ratisnal number

A denominatac fJ(‘,A\s) will vecaver X¥

Ne con without Joss ol 3<,ner‘a\i¥7/ wrike the |inear program
minimize 2% s4- AX 2B as  minimmine TR a4, A% =E %73
1
HON7 or tach \Jar[able. Ky We ir\"\’r‘oc(%ce the Pa.\(“ )(?’,)(E
y () + i\
and -(:or eadn constraint 7‘03) Wwe can PU\'\’ b(]i ‘-‘—’aq‘!l
écj?h = _6%) a/\c\ S\'M{\a(\\/) C‘:"; C.‘ mc\ C'l.’g—C‘-. Now) ‘\2\( av\7/

—Y\NT =
a2 X

o
{c;si\o\e . Loc A"S’(?V:, }(\Xi?_o IPW‘ X’;’Xi and X-1:=0', otherwise
.(:o,. ’(’140\ Pw} oX".':: Y (2 0) and X{\-’-‘-O, (D\oscrvc, al) X"{’)C{'Zc))
We now have Bt.l).\%'\ﬁ é,‘?\-\‘ l \
And si\mi\a(\\/, <l = c'i"x‘: + c,""x; so < X'=TX, Conue.rsdy,
Fur sy ¥, it 2 55, Thae 8% 900D 5

A28 A%2E Qoo and ci¥ = QW r(eIN so 2qain TXTTR

Duslity
On l'\ow{ewor\(l \Jow showed Hhat i—? A’QZE | wWhere b>0) is

not feasible for X withh WX\ =1 Hhen +here eyists W20 st
RTAS < VTG For 2V X wivh IRU=1 osina the Min-May Thm

+ V- — — 1T = (T
X7 & 2077 6 TR =302
|




ESsQ/n-h‘a\\/ ’J'\'\Q Same L\c(Ag —Fo( A wore 5’\"3«\33(‘(’.\ Page 3
foem of Lincar Pr «‘ammmﬁ

Clatm Eitner +here existe X s4. A‘;'(?.E e QEX (Il <M

oC there exists R 29 Sm.b‘ﬂ that for all R: 0<%, Wl ¢M
RNTAR < W'b.

—
?(bcr('. Fiest observe "H’\%" we can ex'\‘e_/\c( +o OS&, "XllnéM \a\(

in*v*ocluc_lni a ne~ varsble s v an all-Q column in A
and WriFing M AXZE. Then focany %' with (%'l)2 M

We can Pvd- X,.H,,— - '!X—-ll' and ﬁ(i'—‘x—'-ﬂ‘\ SO I\X" qj,{ l"/'f%(
ar\A M AX = A (’A’\A conuc.f‘.se.\\/ N <an ?wk 'X. = M. ‘X -[:u‘ﬂ

Ne_\k\' To remouc -\'\ne restriction U’o we m&ﬁn\uce Ko aﬂi \—(:
b L0, we put N —--Z_L nd \a_)“o (Ml«er-w\sc a(‘\—-o and \o BX
Fma\l\]\ WNe aAc\ ‘Hf\e Cons‘\'(‘em‘\’ —2\7( = z = and 'P\k\’ 7t\ =2_A ‘Rf

2

ealwmns 110 (it IR1L=1, R20). Nows, if 2%2E md Rl x,

56 if Mg 6, for by20 2. 307 '2), and 2% v 220 2 0 -Qrtxfo
se 23T 2 2\, x“_, 3 Hence, % =23" 15 faasble with 0<% (cmmay
Lor 3 rithn Ai?.'{{ and IRXN=1 %< % K= l‘—\ has IIX'N =\ and /\'7”‘5]
Thus, £ there is no X pivh ||7<'(\~| X'20 5a+\s-k(u\<5 AX2T  there

s P'ze with W /\ $' WD foe Bl R with I[XI21) X'20. Tn gertiads
Lor X' st )( —’\i X we have MAX 4 W,\,,\(;'X;\(W:E’ + W,\.n‘li S0
WAX <W’T‘; for 3\\ %X hth IIX’II—-I %29, Y

Fof oue modified sysﬂm With Yol and '(.\ﬂ&o 6(7') —M. &)\ we 3l have
for 3l ¥ with 1IRN M| R20. 7

Jinst like how +he ?\z,\/er.s‘ s—]-re\'ecﬁies can be formunhted as finear

?roﬁraMS’ ‘H\A “\/\VJCS\"\ c.\'\o\'ce o—[ N caNn \oa -enw\ci L:\/ 3no+\wr \'\MM‘



?N%FGM; ’\‘lﬂi; 1S knour\ Qs ‘I’\r\e Jwa‘ ?rosré'm’ W\,\Qm we Page 4

ca\l the Or\'sw\a\ progyam the primsl program:

{Primafl Mminimize 27X s.t. A’k’-% +r Rzo0

D«%‘ 8% iti2e ETW’ st T\’)TAi"c,"T ‘Fo/ XY

The *?ol(owim?) rdvl-ioa\skif z.sse_rrl'le,\\\/ '&\wa\(& holds for swch pacS

Theorem Cieak b“e'i+§/_ll) T{4he primal and dual have Leasible soludions,
,ﬂé‘ apt £ Prima\ opt.

Proit: Fee eery Leasible pair ¥ and R, WAX 2 Wk and
GTAS £27% 5o 27> PTE. This halds £ 4he aptimal solations
N P’efﬁ C\A\N.W

F‘O'(‘ \W\Z&f :P»/‘oi))féms’ Yore 18 tvue: S\M| ‘)61’ '\‘o "’\IIG V'\l'\fﬂ&y(

/rl’*w’e""‘; the two P\"Oblef\nﬁ have “he same valne:
j’\ne_oce_,ir\ CS’\'(‘W\% Due\‘Hj’l) T the Pn'rv\el and dual hsve

‘E@_a_S_ﬂol@ solutens their oP‘Hma\ values are eﬁma\.

Proot By Weak Duality, i3 sublices 4o prove ™% W' 2 MINER
No{'e_ Hrak Weak Dwa\'\'\'y im?\\es that these Q{J‘HYV\@\ solution
Ma\{ be &SSLAYV\e.ch 1o \ye— \/uﬁ—&( solwttons (Su'nc,e 't‘r\e \/alues are Lw«l&y
Su?pose- X* is such a solntion aHainMS min £T¢ =k with 1]~
’l’h«» '\(: we &AA a constraint -2 2 -k+t - 2y £7 0, He
System is inteasikle (even foc IRl ¢ M + % foe §%0) 30 our

-—

eorliec claim oives That there exist W and W' such that

FTAR — W™ < A5 - W (k=) — in pacticwlar for %=%¥-4 7,
— - \ c \ ‘
gring WAKY 1) +u (ot -T2 eke) <5 WAL &

=0, -7 =k .
e, C;-5¢& <L%(A>(. For s\xt-‘:ic.icn-l-ly small & rounéms%‘:, vec.
aives 2 feacible dual selution, A,\o(, L %= %x’*l i,\.53+15-ﬂq,5



LaAs¥ o w0 Lated LR - w(k-e) Coubbrack 2060 )  pages
Lz_;f'(A-\z:(_E) W (k-2-5k) < LWL 56 ke-2r< —%Tﬁ LQHMA
g0 Nejd find indeed that the dual oFJ—RMuM is of least kL W
Ir\o(e.e,él he Prima\ and Jusl solutions Fell us o fot sbout the
?f‘ohl(’,nf\‘ sudh 35 WWich vertices can be olo-l-imal solutrons
Corollory (‘Complernertany Sladimess’) T o poir of aptioma

Pr\me\ snd dunal selotians ¥ and V«’)ﬁ Loe all 3 either
ac\”?*:b;] of W;y=0 and either RFTA = ¢ or %, =0

P{‘oo‘Ff ‘N_'J'TE' = ZTY¥ 54 E‘Tyné.a WFTA—;( = V:"TE ﬂuc(;r(
WF(AR*-L)=0 giving the firse anolusion snd [#A2T)5%0
3(Vi”3 ‘\'l'\{. second. @

= |
1X¥'4 easiest 4o see w\\\/ Hre dual is useful via exemples

US\na\ clvtaM'\/ for SexCover
- / o
Re,ca\\ the set cover ?roblemr we have a universe of m elements

Phak we'll represent” \071 2\,..-,1\/\3) and & colleckion oF n swbsets
Si 9{\""1“'\% ‘c"f ';:‘r"u“o \l\lf_ wen+t do ‘Q'\r\c\ 3{\'\6 Smal\-es-bzs{ l‘,..‘\n’i

SKKC\"\ ’\'\V\Q’\' '\\Q{S Sl T {“"'IMS. We 53\/ $ \$ 8\\52_4- CQ\K(_':

HOW AN W r&PV‘CSQJ‘I“' $€‘\' CcoNelr AS =N 'w-r\-e_se"/\i“e’a( ?(Osrém?

. . 1 i S¢
\/\le ” vée Vérl‘&\oleS 'X'it i N ’o.w.‘ . w it a constraint ’(M

eadn element 3=1,...,.W cnsw’mﬁ Some 5&3 contains j
.-2&’7“;\ 21 To ensure % +ake3 ov\\\/ valwes O o) wed mclule
\*AES)

3g4_x; ond %zl Bwt ac—%usa\l\/, A BT wmecessar\/: the

A

O\o.ﬁe(j\""“e 3 \V\ih;'\“‘\il-& ZX; . IV\ ’ér\\/ ‘chs.l\Ol{ SD\W‘HO"\ N‘A’\/\ SoML

=

X, 70 we an qut X7 snd this <an on\\/ WA rouL the 5L-9mm
while s+ill se+is-r\/‘\na\ a\\ consheaints wontainin g X, .



Q . JEY
6&\' e PrOHr2N Minwmize Z':'Xi s.1. \{»\ .ZX',?.I and AZO.

' '.ij‘. n

So relavin N the rc.c()ui\reme.n—\‘ hat the ;s are in’rcng, we Page 6

The dual HAis prooyram 15 marimlze 27 w; S
\]a 12 LW, W20. B

165
C\eiw\ TA an\/ OP-l-[Mb\ selution N¥ 4o Yhe c\v\b\) Yhe ser
Jgi': 1= %siwyj is Set Cb\lﬁ.(.
—_— ) - + 525“’-’2\/\1'3 —)—L min ,-Zw.zt
'P_Q_fc S(APVO'>Q soM¢ ) s ot In CQ‘ 3ed; 177 o l".‘)*éi; 5‘55}) >(.'>

i
Inc’pagg;ns W)x \0\/ S 6{\165 anether —Ccafi\ol{ SoludHan W\‘H'\ ALJ)Q(_'H\J-(
%(e,a’ce( \a\/ $70, sp W Was Nok optivial. 12
HQ\A\ \3\"3@ 'S —l’\/\‘us QOYV\‘PBFQA +o op‘l-"mel 7 SON\?.'F\YV\QS '\‘\"5 30«‘.(.'
_[\"\Q.o(‘e,rf\ \—QT\' C‘z N}\a;(\s‘\ T\'\Q. Set &=?l\=)§‘0\§§ ‘C°( Br\\/ o?—\-'ufv\a\
Ama\ sdokion Wt is o most d times +he smallest set covec

P@}: Sinea l:%l;\':? foc 6\1{1'\/ iedl Summinﬁ el d 6{\125
I&lzzzw)\k é ,ZO\WJ)f = J 27@ "£°f an GF'HM‘&‘ ?r;mal .Solvv"(‘on
):’-l

red. 9€9S; {=

?* \o\l $+ron3 C\Ma\'\“‘\/. S‘mce -\'Lxe. ‘r‘m’\a\ Is & ('e.\e)(&"\"(or\ a-c-llqe.‘w\-lzjr

P«o(bram Q,c the set cover \m,\olem' myﬂ" i< at mast the. size cC +he
smallest set cover B

In particalac Nectes covec is 8 special case of set covec with
A=2" re.call ot +he Pr‘o}ole.m \'s, —pnr an u.ncllrec:\-ec( i;)re_p\«\
G:(\/‘ £) 40 Lind A Mminimum size S<V s4. 'Fo(' every (uvye E
VES or VES. Here, E is the universe aml each 've\/ c,ome_spmk
4o the sexr S,=1ec¢E:v it an endpsint of e3  WYIEE 15 1h S, and
Sy 3nd mo other sats so d=2 and we get 3 vertex cover that

15 3F most 4wice the smallest size. This i3 Co\njed'u»red + be the
best POSS'\\o\e 3PProvimation ‘?or Ve tex cover) i-f d is \‘afﬁg__’ +\mj\\



(r 15 ?055'\\0\(’, to pbiain -('\’S\ﬁu' Spproximation by Page 7
oec merhods, \Ne)“ -‘:mc} mavx\/ other a\a\a\icaﬁons ‘ﬁl)r Aua\‘ry

\8’\’3( in Yhe coanrse .



