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AR Sgw\?\‘\y\o\/ counting 9 2p=h Co\o(‘\/\:g (with many co\urs)

We knon +that in arder 4o sove countin 9 protlems, 1 enowﬁ\n
1o be dole 4o sample Solutions approxima+4\7/ un’«-formly at rond-
om. Dut in c\r)mera\, He set cf salutions ma\/ be eXponerr\'ial\Y
\ar?)&, \We nzeé o readn 3 v\r\'\'?orm c\is-\'r‘\\ow\-ion on Hhis
\3"52 Set \qul MCL(\\/ n order oex tractsrble b\(ﬁoriﬂ\ms
One_ e nigue that can o\a‘\'a'\n \oow\cks —\'\na’f show .Sutc)/\
fast MIXing occurs is o Pl‘t.saf\‘\' anmmp\\ﬂgv:
M" A C.Ou\:s\{\f\g OQ a Markov <hain \f\)m\/\]“...,wh... on
the state Space S V¢ a Markav chain Z,,2Z,.., Zey- ON the
skt space SRS such Phat K 7.2 (YD), fe el (x4, 04)
in 5X3, Peihen = X V124 = (3] = P IWe =X [ W= X and
LIl R LYo =" 2= U= R TWe =Y \W’c"‘/-}
In othhe Nor‘As, PP°3C¢4(ﬂ iZ_L} on Yo the st or second CoMpo -
rent 3’wes a Mackov chairn Wirh 4he same clistribuion as f\/\) ,J,
Imloul, Two '\V\depu\a\m-" rang oﬁ{\/\)& dre an example ot a
(,oup\'\r\g‘ bt not 2 \lev\/ usej;uu\ oNe, Ra\’\'\o(-, 3 usQ.gu.\ cgwe\(nﬂ
\Ni\\ corve \ate the drancitions N Some wa\/ so that ;—l\ Xt‘ Yb LY

Some {3, ‘\Ah(»'\ %h-\-\ f"Yt-n, S0 Ane cains feman in 'lclU\{-ica\ States .
The upshet is thet Y, G distrilented according T the station-
oy distclbutton of the Markey e, then so i Y, Yo Ve, and
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T\ne/‘-, the Markov dnain will have miged ‘me Xo Nithin steps. A %é

Co u\s\inﬁ mkes ’k\'\QS QcLnl %(M Clg\..( LQI\"S 5e< '“\.\5 -RrMa\

Co"’g\"‘o\ Lerma Lef& E(Xe ,“(d \ve > (,ouLP\m of the Markesv cham
th\S Md let 11 be the S‘K”M’IOON‘\/ d\s—\'m\gw)'son of {Wyf.
S\A 052 ‘W\‘B*’ FO( some 70 and Tell\l -For all X, Yo € S

P/Y. XT+Y %o, 5= \/’l = T\’ler\ Q( all A CS u.,eS
)Pr[NTeA\ fwﬂ’ﬂ(l\\vz

,L‘*z:t F|rs+ o\as«ve_ ’T\r\a’l’ \«C wWe SBVV\»P‘-Q \/ *'Cﬂsvv\ , snce T
15 e $+a-l-\0n3t7/ c\\5+r-\\av=|'\on o—(‘(\;\l\ snd Pl =Y )16—.\/1:
Pr[\/\)‘b*\ \I\)t" \] Y -;\(‘T ave é\\ alsd &i?\’riLu&aA

accorﬂuf\g o Tl slm.]a,rl\/ since q>{XM_,< (W= X =
P"{\'\'w"‘ \Wt”‘] I X,= W, (P({X»“( \X —N‘[
PrE\l\Lr"X W, ~N-} H({\ae ‘Fbr s\l A< S T),XXTQA\)( ~w]—-
Pellng e ATW,=w,] ond F”[Pr[\( EAY,=yT] = TIAY).
Now o\ Serve & [X—.-C—A %D”W'l> ‘(:PYYX‘\'"YT QAAY QA)XO“N‘,'Y %ﬂ

uni on Yound

2 1 [ Rt T amn Ml TV AL e Yo ]

o"‘ll

Z \F[p,[\' eA X 5w, Yo= )fﬂ € \97/ 8 SSAm ptlen

= Tl(,A\ £ Fur+\m_rwxoc—e_ sinee. A 1s arbitrary
DX A K =w ] 2TTA) ~2 = | = TA -8 r(A) 4 >

Se

|- PrIxT+A°)x == 1 = P[X e AlX, 7w | Pel% e A) %= w)
A

EX3M9,¢ Cor\sic(ar Hre Markeu chain on {O)Rn in which we
cheose & ¢oordinate 1 at random and set iy egusl o O o | W.p. |éeg

\/\W\y\' s the 5+aﬁon&v\/ i st bution c;Q this Makav chain?




!
No'l-lc'e/ WQ' Len '\’raf\s;‘f'iQ/\ 'G'OM CQLL\ \;-Jé.f()‘ \?n ‘l’Q eeal/\ 0'0 Pages

the n S‘l'r?nss That diﬁ:‘«‘ in oane (aocdinate, each with Ffob.;!’n,
'éf\A remasin =t w e -p. “Z’_ Tlﬂoss’ "H«.is K3 (QS‘S-cnﬁ&Uv) a rendom wall¢

o 3N wxc(lr'e.&u:( 34%‘3\'\ where -evcr7/ vertex has n ne,{Q\«‘oars at\c{
" sew—-\oo[n T+ is net L{? artite becauce Q‘C the Sd( 'Qo,:s, ‘nws,
we <aw ?(e\/}Oule Ahat & has a stationde c(is‘l'rikwl-im -ﬂ\a—r is
Whitorm o n ZQ.KV\, Nowl consider Hre ‘Col\owiwg (_ouP\;nﬁ‘. we pic‘-(
l W\'rccs('m\y ot rondam as \:Q,'Gsre’ but re set X; and y: to Fhe
—S?L"‘J‘ value chosen wfnCorM )7/ 3t "wdom. Sin« cach was ivxq\eei

chosen ‘M_cor‘AiﬂS‘l'u Hre crig)lhol t)is'rr“{\oa&ioﬂ’ s thQeJ 8 co\,&t,l’m&
and sbserve that pnce » csordmate js c.\nOScn, X;=Y; on all SvJosuAmk‘

steps. Thus, K= Yo once e\/er‘7/ coordinate hes been chosen af
\e_,a.s'l' ance. The number of steps \oe_(—‘ore_ Phis occwes is gNen by +the
“c.ow?on calleckac Fro\okﬂ\. ConsiC&a( ar\\/ Coovdinate 1. The Pﬁo\a&\:“'},
1 i not chosen n the kst 4 sreps 15 (1m3) s fuc 420D
This ic a4 mest U":‘\)N‘“% 2 e-l“% T % A wnion bound sver Hhe
coardinstes 3’\\125 et widh ?Poloa\o\\i('\/ 1’2, Al n coordinates
dre cnasen wi‘\“r\ir\ N \h‘? S‘fe_ps, 'n\ws, \07' the Cguy\ihj ICMT"\&)
Hoe distribution is £ Close o uniroem after n In% Steps.

I"} 1S not "\’&"A Yo S\Mpl\ll S’émplﬁ ?’oe?c‘\'}'\ w\'\-(\vvv\l\/ at randowm .
The powac oF e -\re.c.\r\r\i“u.a is that we can use i} when the shruchuce

G'C {elw‘\‘lons makes ’]’\'\em \"’v’cl o SSMP\A u\n]-rof‘ﬂ\'\/‘

Sam? \im\ c,c\o/*ino\s

Recall st & - CZ\OMS of an pndirected aeaph G=(UE)

is an ‘a.SSiSV\Me.rH‘ 0-(: YAV o—c c cslors ‘o eadn Vertey o{ G




sudn thet vertices onneched L\/ 3In u’tge receive qistind=9¢4
Colosf‘s, 3"@]01‘1103 (RS NP‘COM?\J&'C. wN \o)oz,ne.r'e{l ch\— \‘V
Q,\Ief\/ Vet In Pre S))n_a,—F[/\ has ad Mo a ne(cg\\\omcs, 'l’\'s(n
c\‘l'\ color’nn% \S -\—\r}\/ia\’ \nov\le\/ar we Ce\bi‘ a Verteys V\cfs\-.\ou‘?
Hrere is a\wa\/s a distinet coloc we can tse e the vertex Se

WNe c¢can Sfe.ec\i l7l as.s’\gn ol ors Ao Phe yerh ces. Cdva\’fiﬂ +he

namber ok ?055(\0\( calovinas, however, Yemains difficult
Lets suppose cztd+l Consider Fhe fllowing Morkes
chain on c,o\o\’('n<35 OJ; 'H'\{ Sra_Fkt we Pick > Veckex and
X Colov u\h\‘&r‘m\\/ o+ rendom. TL assispnine the hosen
C,o\cr ‘o ‘\Av\z. \fe.r—\‘&s( \/ie\c(s Aa ProFe( 60\orir\3\ we |z:(- -I'\ne_r\ex\’
c,olo\rivx3 be 6Ne/\ \o\/ c‘/\av\S\nS the coloc &C Yot Nertex on Ahe
nay+t step 4o 4he chosen coloe and |&\/i*’\ci Ml ePhec vertices
the same. Otherwise we leave Hhe Coloring a5 -is.

\/\”\ at 19 '\’l/\e- station 3«71 d\s'\’r'\\aw\-i oNn é} Phis Mackoy Main/
We obsesve Lest Yzt cadn Cb\ovinﬁ has a\\ Propec (_o\opgv\ss Hhat
Adfec in Phe color o a Sinaje Vectex s tts v\c\s\\\oors, ana the
Ff-o\,-é\o‘u\\‘r?/ ot +rav\$\-\-'\on‘m3 +o eadh s Pre.—.’\se\\{ \‘\l,\*,c, Sinece any
+wo Co\orir\35 Hrat aa(—}f« In a S’\V\S\& vertex can reach e,th sther
(\o\, d«\oos‘mx the ras]xd\\se c@\orﬂ the transtions ace lemme:l'm'c)
and rith ',\?ro\oa\gi\’r\-7 ?-JE, we chosse The ame calor we started
R se the +rensition gra?lq s Nt bipar-\-'\“‘e, Now' we note
Prax Hnis of‘&p\r\ an colorin c&S 15 Connectrd: F,,( Sowre arder
m[ Hhe Nertices and %’\\Iex\ Co\o(:\r\%s X ond '\\7, WNe Consider
the vertices n order: &, 1= 1, ..., W il none of Hhe ith yertexe
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nei(ﬁ\\\ovs in X 2re colored Vi’ coloc, Pot K ey O—l-\\em\se,‘Page5
foc the ne,{s\\\obrs j?i CU\W“-CV\‘\"7 co\oved \}"5 coloc in 7) we
recolor )k') Yo seme rew\zgm}vb wloe athe than yl.‘g toloc (w\m‘c\n

1 ?ogs',]ole, SincCe 6744’1) awc( -i'\m‘:r\ Pw\— 7S *‘(\/'.' Eac\'\ a'kfp

‘(,%\/ES ] P(‘O?-e,(' C()‘Owl‘isf\ﬁ'lh S(a St tfec &\‘ )é\ XI:\/\’ Se 3-\—.-“\{'

-_—t

a«\ck, xX=Y.
Now we \\ wse & COLAP\'\ n‘% “+o bou.no\ ‘\’\r\Q, #S-rqg; Lenfbre, +L13
Mz(\‘“’ chain 15 close Yo the s-\rzm'ona«\/ AletriloXion®
’ﬂ‘“’fa’ﬂ Fo( an\/ N- Vertex %‘—‘(\J‘E") in which Q.\IU\/ varkex
l'vas 53« '\Z.l'cb\/\\ow‘s anc\ an\/ mitial c- Co\orir\ﬂ -Q,r c2 "(A-l-() -ﬁ(
sy €70, after T2 57 M T steps, the Markov dnain is
€-clese +o 3 wni ‘:orv“ randaw Propr C- co(or'w\s 0‘( & .

Pf_bi‘(". Considec the Cqup\iV\ 3 f@ie ,‘_(1)3 Ahat chooses e same

N ectex and  tolor to cgns{clt( -(—;( bet\n 3—«. ond -\? Let D{,

be Ahe numbec m[ Vertices that are colored Ai—C-Corcrvl’\\/ N X-td"?-t
. 2 _ Q- A)‘E

Claim T’ID;} =N Ql g

m

P:M‘t’ nt C\aim L7' 'mc(\/\c"\or\ on t. B‘éScl t=o- Do’:\\/\‘n.

'For the induction step, we c,unsider o Cases' either s¥ep t chooses
Vertices with Aiggdu\‘f wlers in Yt d'?:t , 9¢ Vestices wth e same
Co(ors, In -|—\«¢ st-k case, whi'dh OCCUrsS W -p- Pf, u-\r\ne—( ‘I’\-e, color chosen
i distinet fom e cloes of phe €4 neighbors n both K, & Y-L (e2d c.a\ors)' vy
2 c,__-_z_;e’l n which case e+\-:'Db’[, o else the vertex vemains (X’.-V-Ce.ru\-\-
c,o(ors n i-e(-l R’?.en\ So 'De='\>4,+a' j—v Jertices w(—\'\m -Pv\e. same Crlers in X:*
—\—{’b IR C\\ose-'\, *\'\ucse <Alo<"> remain -)’\r\e Same (]).H,,‘-‘- D,) umle.SS we (‘l\bssz 2

wﬂ\\\oer‘ b't one a-[ +he Vertices colored clif@crz.n‘l"?/ i ‘Zt%‘?’t\ W.Pp..



£ A6 5o choose one of e cslors of Hhat neighborin Paces
?t o Yt, WP Z.C_ — Yhen the vectex = wlpred A\‘C@w-}—\\/ N ‘Za(‘ﬁ’a\
2., Den™ Detl Netice, we have

E{D,.) D, 1= De + P[0, D+ ) = B0, = D1

C D, + d-De 2 _ % c-2d ___)Dtt\__c,—ud\

E[0. )= ELEID. D) ¢ B -(1- S8)en (-S4 ON

[\\ow\ we S'\MP note Haat Dt \$ n_r:_m\ega.h\/a '\ni'eﬂe_r, S5a
DI .z ¢ E[D) £n()-sH) ¢ noe PRIz g

\a\i doice ofF 7. When DLFD’ X = 7_,:, 59 \a\/ Yhe (oU,P\'w:B
\cmm‘&} Hhe Mackov naing 15 thus ’\nA<~cJ - dose v B¥s s-l-gﬁcnar)e
o\'\ 5-\'H\ozx\"|or\, v\)\«n’d/\ we :jusfl' Brﬁvw_d \< U\ni-(-\g('m on Pl‘o?.e_(‘ QO\Q(‘.lﬂg
b’Q‘\"J T?‘é\-%cl\“%. Steps. %
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*\)Y\'\s 3’\\165 WS ows QCS’\" e)(am:P\-e O’L Q mrr\'v-'wial ‘FPR}\S -Pvar &
C.ousr\*"'lns 'Pr‘a\olem.



