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1 Today’s Topic

1.1 Well founded semantics: existence and computation

1.2 Classical (STRIPS): Planning

2 Recap

Negation-as-failure in chaining rule [l1 ∧ · · · ∧ lr ∧ notlr+1 ∧ · · · ∧ notls] = l′

If l1, · · · lr proven and lr+1, · · · ls” can’t be proven, infer l′

2.1 Partial Model

Disjoint sets of literals L⊥ and L> such that for every rule in KB
If l1, · · · , lr, not lr+1, · · · , not ls ∈ L>, then l′ ∈ L> also;
If l′ ∈ L⊥, then at least one of f l1, · · · , lr, not lr+1, · · · , not ls ∈ L⊥ also;

2.2 Quotient Operator

Given the pair of sets L>, L⊥ and a KB, the Quotient of the KB module (L>, L⊥),KB/(L>, L⊥) is
given by
1. substituting 1 for occurences of not l whenever l ∈ L⊥
2. substituting 0 for occurences of not l whenever l ∈ L>
3. simplifying the resulting KB by deleting rules in which 0 appear in the body, and omitting the
occurences of 1 in rule bodies

Theorem:Consider the sequence (L
(0)
> , L

(0)
⊥ ) = (∅, ∅),(L(i)

> , L
(i)
⊥ ) is the least partial model of KB/(L

(i−1)
> , L

(i−1)
⊥ )

that does not place any ’not l’ in L⊥. Then the sequence converges to (L
(∗)
> , L

(∗)
⊥ ) such that (L

(∗)
> , L

(∗)
⊥ )

is the least partial model (among those that didn’t include any of the remaining ’not l’ in L⊥) of

KB/(L
(∗)
> , L

(∗)
⊥ ). In particular:

(i) L
(∗)
> is the set of all literals provable by chaining in KB/(L

(∗)
> , L

(∗)
⊥ ).

(ii)l ∈ L
(∗)
> if and only if l is not provable if we plug in ’1’ for each of the remaining ’not l’

Defination: A least partial model (L
(∗)
> , L

(∗)
⊥ ) among a set of partial models M , is a partial model

such that for each (L>, L⊥) ∈M we can get L
(∗)
> ⊆ L> and L

(∗)
⊥ ⊇ L⊥

Theorem: The partial model obtained by taking L
(∗)
> to be the set of literals with chaining proofs

in KB and taking L
(∗)
⊥ to be the set of literals that remain unprovable when the (remaining) occurences

of ’not l’ literals are deleted from the bodies of all rules of KB is the least partial model among those
such that no ’not l’ ∈ L⊥
Moreover, there is an algorithm for computing (L

(∗)
> , L

(∗)
⊥ ) that runs in time O(n2|KB|) which n is the

number of attributes and |KB| represents the size of KB in bits.
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3 Today

3.1 Computing algorithm

Here is the dynamic programming algorithm for computing the ”Well-Founded-Model” (L
(∗)
> , L

(∗)
⊥ ). On

input KB, initialize two table size 2n , L
(0)
> and L

(0)
⊥ containing all 0′si i=0

Repeat
Iterate: over the rules of KB:

Delete the rule if it contains ’not l’ for l ∈ L
(i)
>

Delete the occurences of ’not l’ for l ∈ L
(i)
⊥

Initialize L
(i+1)
> to be all 0, and L

(i+1)
⊥ to be all 1.

Repeat
Iterate over KB

If the head is not in L
(i+1)
> but all of the body literals are 1, set the head to 1 in L

(i+1)
>

If the head l is in L
(i+1)
⊥ but none of the body literals are for any of the rules with l in the

head set the head to 0 in L
(i+1)
⊥

while L
(i+1)
> or L

(i+1)
⊥ was modified in the last iteration

Increment i
While L

(i−1)
> 6= L

(i)
⊥ or L

(i−1)
⊥ 6= L

(i)
⊥

Return (L
(i)
> , L

(i)
⊥ )

3.2 Proof

Proof: We first show by induction on i that L
(i−1)
> ⊆ L

(i)
> and L

(i−1)
⊥ ⊆ L

(i)
⊥ . The base case i = 1

trivially ∅ ⊆ L
(1)
> and ∅ ⊆ L

(1)
⊥

L
(i−1)
> ⊆ L

(i)
> :

Induction Step: To see L
(i−1)
> ⊆ L

(i)
> consider any l ⊆ L

(i−1)
> , by construction of least partial models,

there is a chaining proof of l ∈ KB/(L
(i−2)
> , L

(i−2)
⊥ ) with (i > 1)

The induction guarantees that L
(i−2)
> ⊆ L

(i−1)
> and L

(i−2)
⊥ ⊆ L

(i−1)
⊥ , so we find that:

(i) Any rule featuring an occurence of ’not l’ in its body in KB/(L
(i−1)
> , L

(i−1)
⊥ ) must also have had the

same occurence of ’not l’ in its body in KB/(L
(i−2)
> , L

(i−2)
⊥ ) and hence this rule can’t have been used

in the chaining proof from KB/(L
(i−2)
> , L

(i−2)
⊥ ) (since the ’not l’ appears in rule bodies and can’t be

proved)
hint: With the help of Quetient Operator.

(ii) Any rule that appears in KB/(L
(i−2)
> , L

(i−2)
⊥ ) but not in KB/(L

(i−1)
> , L

(i−1)
⊥ ) must have had an

occurence of ’not l’ in its body in KB/(L
(i−2)
> , L

(i−2)
⊥ ) and hence this rule also can’t have been used

in a chaining proof from KB/(L
(i−2)
> , L

(i−2)
⊥ ). Therefore, it’s possible to invoke the same sequence of

chaining step in KB/(L
(i−1)
> , L

(i−1)
⊥ ) (properly by induction on the steps of the proof)

Therefore, since there is a chaining proof of l from KB/(L
(i−1)
> , L

(i−1)
⊥ ) by our characterization of least

partial models, l ∈ L
(i)
> so L

(i−1)
> ⊆ L

(i)
>

L
(i−1)
⊥ ⊆ L

(i)
⊥ :

The argument for L
(i−1)
⊥ ⊆ L

(i)
⊥ is similiar. We again have by induction that L

(i−2)
> ⊆ L

(i−1)
> and L

(i−2)
⊥ ⊆

L
(i−1)
⊥ . Consider any l /∈ L

(i−1)
⊥ . By the characterization of least partial models (among those that don’t

place ′not l′ ∈ L⊥) We therefore know that there was a chaining proof of l in KB/(L
(i−1)
> , L

(i−1)
⊥ ) when

all of the remaining occurences of ’not l’ are deleted from the rule bodies (all this set of rules KB”,
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and now consider the analogous KB′′ in which the remaining occurences of ’not l’ are deleted from

KB/(L
(i−2)
> , L

(i−2)
⊥ ) used to constrained L

(i−1)
⊥ ≡ literals without chaining proofs in KB′′

Notice , every rule that remains in KB′ is also in KB′′ since L
(i−2)
> ⊆ L

(i−1)
> and we only delete

rules on account of literals in L> under the quotient; Since we have deleted all of the remaining oc-
curences of’not l’ from both KB′ and KB′′, we find that the same chaining proof establishes l from

KB′′. So, L /∈ L
(i−1)
>

Now, we show by induction on the iteration that L
(i)
> and L

(i)
⊥ is correctly computed. The base case

i = 0 is immediate done. On each subsequent iteration, given that L
(i)
> and L

(i)
⊥ are correct, we find that

KB/(L
(i)
> , L

(i)
⊥ ) is obtained from KB/(L

(i−1)
> , L

(i−1)
⊥ ) (the current KB at start of the loops on iter i) by

deleting the rules for which ’not l’ appears in its body for l ∈ L
(i)
> and remaining the occurences of ’not l’

for literals l ∈ L
(i)
⊥ from rule bodies where they appear, since L

(i−1)
> ⊆ L

(i)
> consider any l ⊆ L

(i−1)
> .

Thus we compute KB/(L
(i)
> , L

(i)
⊥ ).

Given KB ← KB/(L
(i)
> , L

(i)
⊥ ), we argue that (L

(i+1)
> , L

(i+1)
⊥ ) are correctly computed in O(n|KB|) steps,

by the induction on the lengths of chaining proofs (that either establish l ∈ L
(i+1)
> or l /∈ L

(i+1)
⊥

Iteration j: L
(i+1)
> contains all literals all literals provable from KB in ≤ j steps; L

(i+1)
> has removed all

literals provable from KB′ in ≤ steps. Holds for j = 0 trivially; Given that it holds for j−1, in iteration

j, when we consider the rule used to establish some literals, L ∈ L
(i+1)
> in a j-step chaining proof, we

find that since all of the literals in the rule’s body had ≤ j − 1 step chaining proofs, all of these literals

are already marked as 1 in L
(i+1)
> , so we add l to L

(i+1)
> . Likewise, dor any l /∈ L

(i+1)
⊥ established by a

j-step chaining proof from KB′ since all of the rules of the body were marked as 0 in L
(i+1)
⊥ (as they

had chaining proofs of length (j in KB′) we find that we also mark l /∈ L
(i+1)
⊥ when we consider the rule

in this iteration.

3.3 complexity

On each iteration, we must add at least one literal to L
(i+1)
> or remove one from L

(i+1)
⊥ , since there are

only 2n literals, there can only be 2n iterations where each takes time O(|KB|).
Likewise, for the main loop, since L

(i−1)
> ⊆ L

(i)
> and L

(i−1)
⊥ ⊆ L

(i)
⊥ , we must add a literal to one of the

sets to continue to the next iteration, but there are only 2n literals so there can only be 2n iterations.
Overall time is ≤ O(n2|KB|)
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