CSE 513T Theory of Artificial Intelligence & Machine Learning February 26, 2015

Homework 3
Instructor: Brendan Juba Due: March 19, 2015

Reminder: You may work in groups of three. Be sure to properly cite any sources you use.

1. Calculating the VC dimension of Halfspaces. Recall that a linear halfspace is a subset
of R"™ of the form {z : >, wsz; > t} where each w; and ¢ is a real number. We saw on
Homework 2 that halfspaces are more powerful than decision lists and, for an appropriate
choice of features, even more powerful than rank-k£ decision trees. In this problem, you will
show that the VC-dimension of halfspaces in R™ is precisely n + 1, and thus (via linear
programming algorithms) halfspaces are PAC-learnable.

(a) Show that a set of n + 1 points in R™ is shattered by halfspaces.
(b) Show that no set of n + 2 points in R" is shattered by halfspaces.

You may prove this however you want; however, you may wish to try to take the following
approach to the second part. We can analytically capture much geometric reasoning as follows.
A convex combination of a set of points S = {:L'(l), . ,x(m)} C R™ is any point 2’ € R™ given
by ' =3, A0z where AW, ... A\(™) are nonnegative real numbers satisfying > AD = 1.
The convex hull of S, conv(.S), is then the set of all convex combinations of S. It is not hard
to show that if all of the points of S lie on one side of the halfspace (i.e., receive the same
label), then the entire convex hull of S also receives the same label. This approach revolves
around the following theorem:

Theorem 1 (Radon) Let S C R"™ of size n+2 be given. Then there is a partition of S into
two subsets S1 and Sy —i.e., S1USy = S and S1NSe = & — such that conv(S1)Nconv(S2) # .

For Part 1b above,

i. Show that Radon’s Theorem implies that no set of n + 2 points is shattered.

ii. Prove Radon’s Theorem. You will want to use the following fact from Linear Algebra:
given n + 1 points (M, ...,z in n dimensional space, there exist real numbers
MO XEHD ot all zero, such that Z?:Jrll ADz(@) = 0, that is, 20, ...,z are
“linearly dependent.”

To start, try showing that given n 4 2 points, you can furthermore find real numbers
A AF2) such that (1) some A is nonzero and yet (2) Y2 A@Oz(0 = 0 and
(3) Z?IIQ A = 0. (That is, M 22 have an “affine dependence.”) Then con-
sider: what does affine dependence have to do with the convex hulls of (subsets of)
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2. Classical entailment in PAC-Semantics. In this problem, we will relate classical entail-
ment to entailment in PAC-Semantics.

(a) Let A C X be any property. Suppose we know that A is (1 — ¢€)-valid with respect to D,
ie., Pryep[A(x) = 1] > 1 — € and that A | ¢ for some representation p(x). Prove that
¢ is therefore also (1 — €)-valid with respect to D.



(b) Now suppose that for representations ¥ (x),...,¥k(x), we know that each ;(x) is (1 —
€;)-valid with respect to a common distribution D for some ¢; € [0,1], and for the
knowledge base KB = {11, ...,9}, KB |= ¢ for some representation ¢(z). Prove that
then () is (1 — ¢)-valid with respect to D where € = % ¢;.

(c) Finally, suppose that for KB = {t1,...,1} where 91, ..., are consistent, Ele € =
¢ < 1 and for each i, ¢; is not entailed by KB — {1,;}. Show then that there ezists a
distribution D on X under which, for ¢ =11 A -+ A g,

i. Pryep[thi(z) =1 =1—¢; foreachi=1,...,k and
il. Pryeplp(z) =1]=1-¢.

Thus: classical reasoning can be used freely in PAC-Semantics, and the “error” of the con-
clusions may depend additively on the error in the premises in general.

. Clause Space = Tree Rank + 1. The clause space of a treelike resolution refutation can
be characterized cleanly in terms of the rank of the tree underlying the proof. Recall that the
rank is defined inductively: leaves have rank 0, and any non-leaf node with subtrees of rank
r1 and 79 has rank max{ri,ro} if r1 # r9, and otherwise has rank r; + 1 (=ro + 1).

(a) Show that the graph of a treelike resolution refutation using clause space s is a tree of
rank s — 1.

(b) Show that if a treelike resolution refutation has a graph that is of rank k, then the
treelike refutation can be carried out (in an appropriate order) using clause space k + 1.

. Chaining, unit propagation, and resolution. Recall that the unit propagation rule
is: given K B containing clauses C1,...,Cy and a partial assignment p € {0, 1,*}", if some
Ci|, consists of a single literal ¢, add x; = b such that £(b) = 1 to p. Note that any x €
{0,1}" satisfying K B that is consistent with p must also have z; = b. Unit propagation is a
particularly efficient inference rule used by SAT-solvers.

(a) Show that if there is a (forward) chaining derivation of a literal ¢ from KB (and not
of /), then repeated application of unit propagation starting from the empty partial
assignment (%, ..., *) applied to K B eventually obtains a partial assignment that satisfies
£. (That is, “unit propagation simulates chaining.”)

(b) A wunit propagation refutation occurs if unit propagation obtains a partial assignment
p such that some Cj|, is an empty clause. Show that if there is a unit propagation
refutation of KB from the empty partial assignment, then there is a treelike resolution
refutation of KB using clause space 2. (That is, “treelike clause space 2 resolution
stmulates unit propagation,” and hence also chaining.)

(c) Conversely, show that if there is a treelike resolution refutation of KB using clause
space 2, then unit propagation starting from the empty partial assignment will lead
to a refutation. (So actually, unit propagation is equivalent to treelike clause space 2
resolution.)



