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%, Isoefficiency
analysis belps us
determine the best
algorithmy/architecture
combination for a
particular problem
without explicitly
analyzing all possible
combinations under
all possible conditions.
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he fastest sequential algorithm for a given problem is the

best sequential algorithm. But determining the best par-

allel algorithm is considerably more complicated. A par-

allel algorithm that solves a problem well using a fixed

number of processors on a particular architecture may
perform poorly if either of these parameters changes. Analyzing the per-
formance of a given parallel algorithm/architecture calls for a compre-
hensive method that accounts for scalability: the system’s ability to
increase speedup as the number of processors increases.

The isoefficiency function is one of many parallel performance met-
rics that measure scalability.! It relates problem size to the number of
processors required to maintain a system’s efficiency, and it lets us deter-
mine scalability with respect to the number of processors, their speed,
and the communication bandwidth of the interconnection network. The
isoefficiency function also succinctly captures the characteristics of a par-
ticular algorithm/architecture combination in a single expression, letting
us compare various combinations for a range of problem sizes and num-
bers of processors. Thus, we can determine the best combination for a
problem without explicitly analyzing all possible combinations under all
possible conditions. (The sidebar on page 14 defines many basic concepts
of scalability analysis and presents an example that is revisited through-
out the article.)
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Scalable parallel systems

The number of processors limits a par-
allel system’s speedup: The speedup
for a single processor is one, but if
more are used, the speedup is usually

T
.- Linear

less than the number of processors.
Let’s again consider the example in
the sidebar. Figure 1 shows the speedup

40

Processors

for a few values of # on up to 32 proces-
sors; Table 1 shows the corresponding
efficiencies. The speedup does not
increase linearly with the number of
processors; instead, it tends to saturate. In other words, the
efficiency drops as the number of processors increases. This
is true for all parallel systems, and is often referred to as
Amdahl’s law. But the figure and table also show a higher
speedup (efficiency) as the problem size increases on the
same number of processors.

If increasing the number of processors reduces effi-
ciency, and increasing the problem size increases effi-
ciency, we should be able to keep efficiency constant by
increasing both simultaneously. For example, the table
shows that the efficiency of adding 64 numbers on a
four-processor hypercube is 0.80. When we increase p
to eight and 7 to 192, the efficiency remains 0.80, as it
does when we further increase p to 16 and » to 512.
Many parallel systems behave in this way. We call them
scalable parallel systems.

The isoefficiency function

A natural question at this point is: At what rate should
we increase the problem size with respect to the num-
ber of processors to keep the efficiency fixed? The
answer varies depending on the system.

In the sidebar, we noted that the sequential execution
time 7 equals the problem size W multiplied by the
cost of executing each operation (z,). Making this sub-
stitution in the efficiency equation gives us

E=—L
1+W—;[

If the problem size ¥ is constant while p increases,
then the efficiency decreases because the total overhead
T, increases with p. If W increases while p is constant,
then, for scalable parallel systems, the efficiency increas-
es because T, grows slower than ©(W) (that is, slower
than all functions with the same growth rate as W). We
can maintain the efficiency for these parallel systems at

Figure 1. Speedup versus number of pfocessors for adding a list of
numbers on a hypercube.

Table 1. Efficiency as a function of n and p for adding
n numbers on p-processor hypercubes.

p=1 p=4 p=8 p=16 p=32
n=64 1.0 .80 57 33 a7
n=192 1.0 .92 .80 .60 .38
n=320 1.0 .95 .87 71 .50
n=512 10 97 91 .80 .62

a desired value (between 0 and 1) by increasing p, pro-
vided W also increases. For different parallel systems,
we must increase W at different rates with respect to p
to maintain a fixed efficiency. For example, W might
need to grow as an exponential function of p. Such sys-
tems are poorly scalable: It is difficult to obtain good
speedups for a large number of processors on such sys-
temns unless the problem size is enormous. On the other
hand, if W needs to grow only linearly with respect to
p, then the system is highly scalable: Its speedups
increase linearly with respect to the number of proces-
sors for problem sizes increasing at reasonable rates.
For scalable parallel systems, we can maintain effi-
ciency at a desired value (0 < E < 1) if T,/W is constant:

1

TU
W,

7, _,(1-E
w U E

1( E
W=—|—1T,
t, [ 1- Ej ’
If K= E/(t(1 — E)) is a constant that depends on the
efficiency, then we can reduce the last equation to

W=KT,

E=
1+
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A parallel algorithm cannot be evaluat-
~ed apart from the architecture it is

' ';algom}un and: a paralic[ archztecture
; cute ona smgle pmcessor is its sequen-
- tial execation time, Ty. The execution

- timeof the corrmpondmg paraklel algo-

i ical

communication, cont
darta structures, and so on. The total
time spent by all processors doing work
that is not done by the sequential algo-
« rithm is the tota]

- implemented on, so we define a pavallel
system a5 the combination of a parallel

erbead, T, In gener-
al, 7, is a function of the problem size

andthemmbe proccssms Thczﬁouﬂ*
the total overhead is 7:,, S0
?Tp = T; + T
or
T+ T,
Ty = 1 2
P
A paraﬂel sysy s speedup Sis thek

ratw of sequenual ekecutmn nme to

efinitions and assumptions

parallel execution time:

S SR 0 N
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Its efficiency E is dxe‘:réﬂd of the
speedup to the number of processors used:

For certain parallel algorithm/archi-
tecture combinations, 7, can be nega-
‘tive, implying that the speedup on p
processors could exceed p. This phe~

nomenon is called superfinear speedup. A
parallel system might exhibit such

behavior if its memory is hierarchical

and if access time increases (in discrete

- steps) with the memory used by the pro-

gram. In this case, the effective compu-
tation speed of a large program could
be slower on a serial processor than on
a parallel computer using similar
processors. This is because a sequential

 such varying mterpremnons, I :
* the problem size would always lead to

use only M7p bytes on each processor
of a_p-processor parallel computer.
Cache and virtual memory effects could
reduce the serial processor’s effective

- computation rate. (To simplify this arti-
cle, we 11 assume tbat T.is nonnegat e.)

One Wiy to express pmblem sizeisasa

- parameter of the input size: For exam-

ple, for any matrix prablem involvingn
% 7 matrices, the problem size eculd be

“n. But this definition allows problem

size to be interpreted differendy for dif-

: ferenepmhlemw For example, doubling

the i input size results in an eight-fold

[increase in semal exacuman time. fot

' "foié increase for matrix addition. o

‘A better deﬁnmon wouki not

twice as much computation. Therefore,
we express problem size in terms of the
total number of basic operations in the
pmblem The problem size forn xn
matrix multiplication is ©(z*), while that

for the addition of two:n X matrices is
- O(n?) (where ©(x) is the set ofall func—
- tions that have the same growth rate as

x) ‘To keep the problem s size umque for

algorithm using M bytes of memory will

Through algebraic manipulations, we can use this
equation to obtain W as a function of p. This function
dictates how ¥ must grow to maintain a fixed efficien-
cy as p increases. This is the system’s isoefficiency func-
tion. It determines the ease with which the system yields
speedup in proportion to the number of processors. A
small isoefficiency function implies that small incre-
ments in the problem size are sufficient to use an
increasing number of processors efficiently; hence, the
system is highly scalable. Conversely, a large isoeffi-
ciency function indicates a poorly scalable parallel sys-
tem. Furthermore, the isoefficiency function does not
exist for some parallel systems, because their efficiency
cannot be kept constant as p increases, no matter how
fast the problem size increases.

For the equation above, if we substitute the value of
T, from the example in the sidebar, we get W =
2Kp log p. Thus, this system’s isoefficiency function is
O(p log p). If the number of processors increases from
p top’, the problem size (in this case #) must increase by
afactor of (p" log p’)/( p log p) to maintain the same effi-
ciency. In other words, increasing the number of proces-

sors by a factor of p’/p requires # to be increased by a
factor of (p’ log p’)/( p log p) to increase the speedup by
a factor of p'/p.

In this simple example of adding » numbers, the com-
munication overhead is a function of only p. But a typ-
ical overhead function can have several terms of differ-
ent orders of magnitude with respect to both the
problem size and the number of processors, making it
impossible (or at least cumbersome) to obtain the iso-
efficiency function as a closed form function of p.

Consider a parallel system for which

T =103/2 +p3/4w3/4
The equation W = KT, becomes
W= KPB/Z + Kp3/4W3/4

For this system, it is difficult to solve for W in terms of
p. However, since the condition for constant efficiency
is that the ratio of 7, and /¥ remains fixed, then if p and
W increase, the efficiency will not drop if none of the
terms of T, grows faster than 1. We thus balance each
term of 7, against ¥ to compute the corresponding iso-
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