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Abstract

Harmonic analysis is applied to analyze the transmission of bandlimited signals via
spike trains generated by a pair of leaky integrate-and-fire (LIF) model neurons
organized in a push-pull, or ‘on/off’, configuration. It is found that lowpass signals
can be transmitted with only moderate distortion utilizing mean spike rates with
many spikes per signal coherence time. The transmission of bandpass signals is
accomplished through phase locking of the output spikes to the input signal over a
wide range of frequencies, using one or two spikes per coherence time of the signal,
but in this case with limited dynamic range in amplitude. Noise-free LIF-generated
spike trains decoded with linear filters can transmit information at an average rate
of 2-3 bits per spike.
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Neurobiological systems utilize action potentials to transmit information over
long distances. This introduces two major complications that standard elec-
tronic devices do not have to overcome when transmitting a bandlimited tem-
poral signal. First, the spike generation process is a highly nonlinear transfor-
mation between the input and the output. Second, the temporal characteristics
of the spikes themselves lead to ambiguities about the signal at the receiver
end. For example, the injection of a current step into the soma of a neuron
produces a particular sequence of spikes, and it is possible to create exactly
the same spike sequence using a suitable bandlimited signal. This makes it im-
possible for the receiving neuron to tell which signal was transmitted. Indeed,
these conditions make the application of standard harmonic analysis imprac-
tical, which has led to the utilization of white-noise analysis techniques[6].
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Paradoxically, these white-noise analyses have shown that, in spite of the fact
that the encoding is highly nonlinear, linear decoding works well. However,
linear decoding was found to work best for pairs of ‘on/off’ neurons in both the
cricket cercal system [4] and in the fly H1 neurons [6]. Intuitively, the use of
two neurons to encode the same signal adds information that helps to remove
the aforementioned ambiguity, and the introduction of even more neurons
reduces the ambiguity still further. The effectiveness of linear decoding led
us to reconsider the application of harmonic analysis to pairs and groups of
neurons that encode the same signal.

We begin with the assumption that ensembles of neurons are used to transmit
bandlimited signals S(t) that have a time-average zero mean and are sym-
metrical in the positive and negative domains. The signal is encoded by each
neuron into a series of spikes trains

Fn [S(t)]→
∑
i

δ (t− tn[i]) , (1)

where F []n represents the nonlinear encoding of the signal by neuron n and
the spike train is represented by a sum of Dirac delta functions centered on
each spike time tn[i]. The population of spike trains is assumed to be decoded
by a linearly weighted sum of linearly filtered spikes

Sest(t) =
∑
n

sn
∑
i

hn(t− tn[i]) , (2)

where sn is some weight [2] and hn(t) is the temporal filter for neuron n. This
linear population-temporal decoding scheme combines the population vector
concept with the successful linear temporal filters. It is the simplest neuronal
code for neurobiological systems to implement and is highly robust against
neuronal loss.

The analysis presented here focuses on a pair of antisymmetrical ‘on/off’ neu-
rons having the same linear filter h(t) and decoding weights sn that are equal
in magnitude while opposite in sign. Eq. (2) then becomes

Sest(t) ∼
∑
j

h(t− t+[j])−
∑
k

h(t− t−[k]) , (3)

where t+[j] and t−[k] are the on and off spike times respectively. The input-
output relationship of the system is first characterized by harmonic analysis,
which amounts to determining the output response at frequency ωout, for a
range of input sinewaves of frequency ωin and amplitude A, applied for a fixed
length of time T , (T = 1 second in the simulations). The output response is
computed by taking the Fourier transform of the estimated output signal,
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R(ωout;ωin, A) =
1

T

∫ T

0
exp(−iωoutt)S

est(t)dt (4)

=
ĥ(ωout)

T

∑
j

exp(−iωoutt
+[j])−

∑
k

exp(−iωoutt
−[k])

 ,
where ĥ(ω) is the Fourier transform of the filter h(t). Since the linear filter
enters multiplicatively in the frequency domain, much can be learned by look-
ing at the harmonic response of the raw spike trains. A Welch data window
W (t) = t(T − t)/T 2 is introduced to suppress artifacts that are generated
when using a discrete set of frequencies[5], leading to the raw response

R(ωout;ωin, A) =
1

T

∑
j

W (t+[j;ωin, A]) exp(−iωoutt
+[j;ωin, A])

− 1

T

∑
k

W (t−[k;ωin, A]) exp(−iωoutt
−[k;ωin, A]) . (5)

Here, t+[j;ωin, A] and t−[k;ωin, A] denote the spike times produced by a pure
sinewave input of amplitude A and frequency ωin. The absolute value of the
quantity (5) is taken as the output response in the rest of this paper. All the
results are based on noise-free simulations. To make sure the two neurons do
not fire synchronously when A = 0, the ‘on’ neuron voltage is initialize to 0,
while the ’off’ neuron is initialize to lie half way between the resting potential
and the firing threshold. To be consistent, this initial condition was applied in
all the simulations.

This analysis has been applied to a symmetrical pair of ‘on/off’ leaky integrate-
and-fire neurons. The ‘on’ neuron was tuned to have a firing rate of 40 spikes
per second at A = 0.0 and a moderately saturated firing rate of around 150
spikes per second at A = 1.0, using scaled current units. The membrane time
constant was taken to be 30 ms and the refractory period set to 2 ms. These
neuronal properties were chosen to approximate the response of ‘on/off’ parvo
retinal ganglion cells in the macaque monkey to drifting sinewave gratings
[1,3]. The initial motivation for the analysis was to understand the relation-
ship between these neuronal response characteristics and the observations that
parvo cells can optimally transmit image data at around 10 Hz and show min-
imal coherent modulation at or above 30 Hz. The on/off parvo cells generate
many spikes during the characteristic time scale of the signal they carry, unlike
the well-studied cases of the cricket cercal system [4] and the H1 neurons in
the fly [6].

The coherent output response |R(ωout = ωin, A)| of these model neurons is il-
lustrated in figure 1A. Several noteworthy features are evident in these results.
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Fig. 1. (A) Coherent response |R(ωout = ωin, A)|, solid curves, and total spike counts,
dashed curves, for input amplitudes A = 0.0 to 1.0 in steps of 0.125.
Contour plots of log(|R(ωout, ωin, A|) for (B) A = 0.125 and (C) A = 0.75.

• With a fixed small input amplitude of A = 0.125, the output response is
reasonably flat in the frequency range from 0 to 15 Hz.
• The change in the output response in this frequency range is also quite

linear for input amplitudes up to one-third the maximum, above which the
output begins to saturate.
• The output response to increasing input amplitude is superlinear for fre-

quencies in the neighborhood of 40 Hz, which is the background firing rate
of the model neurons at A = 0.0.
• At large input amplitudes, the output response around 40 Hz saturates at

a level that increases linearly with the input frequency. The explanation of
this linear behavior is phase locking: the neurons fire one spike per period
of the input signal. This phenomenon is clearly apparent in the plot of the
total number of spikes generated during the 1 second of simulation, also
shown in figure 1A by dashed lines.
• Phase locking of 2 spikes per phase of the input signal causes a weaker

yet obvious superlinearity of response in the neighborhood of 20 Hz. If
the bias current were adjusted to reduce the background firing rate from
40 Hz, this nonlinear response at the subharmonic of 20 Hz would move to
lower frequencies and interfere with the signal transmission of the parvo-cell
system. Hence, the high background firing rate is important functionally.
• As the amplitude increases, phase locking occurs at more and more subhar-

monics of 40 Hz, and involves more complex spike patterns such as alternat-
ing between 1 spike in one phase and 2 spikes in the next phase. Ultimately,
at the highest amplitude the phase-locked response dominates the output
at all input frequencies. This is most clearly seen in the plots of total spike
counts, which exhibit a sawtooth pattern of linear increases followed by
downward jumps.
• It is also seen that the total number of spikes per second generated by

the pair of parvo-like neurons lies in the range of 80 to 120 for all input
frequencies and amplitudes, which is remarkably constant.

Surface plots of the full output response |R(ωout;ωin, A)| at each input am-
plitude A, two of which are illustrated in Figures 1B and 1C, display the
following features.

• At all input amplitudes, there is little incoherent power, |R(ωout 6= ωin, A)|,
at output frequencies lower than 20 Hz. This is not true in similar plots
using a single ‘on’ neuron, which are not shown. The use of the ‘on/off’
pair greatly increases the purity of the response in this frequency range, a
feature which is vital to the parvo system.
• At low to moderate amplitudes, there is a large amount of incoherent power
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in the output frequency range starting at 20 Hz and higher, especially
around the mean firing rate of 40 Hz, Figure 1B. Since the model neurons
generate a strong intrinsic signal at 40 Hz independent of the input sig-
nal, they cannot be used to transmit information in this frequency range at
moderate input amplitudes. Application of the Wiener-Volterra expansion
for system analysis is dubious under these conditions, where the neurons
generate an output signal which interacts with the input.
• In contrast, at high input amplitudes and over a wide frequency range,

almost all the off-diagonal, incoherent power is small compared to the phase-
locked coherent signal at the driving frequency, figure 1C.

These results clearly show that neuronal ‘on/off’ pairs can be employed to
transmit a bandlimited signal in two different operating modes, although in
both cases decoding is done by linear filters. A lowpass signal in the range from
0 up to 15 Hz can be transmitted quite well with a relatively wide dynamic
range in amplitude, although the decoding filter has to remove frequencies
above this range. Alternatively, a broadband highpass signal can be transmit
using a high input amplitude with a more restricted dynamic range in ampli-
tude. A high background firing rate is required in the first case, while it is not
essential in the second.

In the early stages of this research it was hoped that the results of har-
monic analysis could be used to quantify the signal transmission properties of
neuronal ensembles without explicit assumptions about the signal properties
themselves. Although many qualitative features were revealed, quantitative
measures turned out to be impossible for the following reason. An estimate of
the optimal decoding filter in the absence of noise is given by

ĥopt(ωout) =
< A(ωin)R(ωout = ωin, A(ωin)) >A(ωin)

< |R(ωout, ωin, A(ωin))|2 >A(ωin)

, (6)

where <>A(ωin) indicates an ensemble average over the input power spec-
trum[6]. It is possible to estimate the coherent response in the numerator
of Eq. (6) using the harmonic analysis results. However, complex interactions
between the input harmonics themselves and with the self generated signals
makes it impossible to estimate the total power in the denominator. Therefore
Monte Carlo estimates of the optimal filter were generated by running several
noise-free simulations with an input power spectrum that mimics parvo-cell
temporal characteristics and another set of simulations with a broadband spec-
trum centered on 40 Hz at high amplitude. In both these cases, the estimated
information-transmission rates using the optimal filters was found to be 2–3
bits per spike. A third set of simulations confirmed that the information rate
is much lower for the same broadband signal run at low amplitude. That the
noise-free LIF model of spike generate could produce information transmission
rates similar to those found experimentally was surprising.
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