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U What isan Operational Law?
1. Utilization Law

2. Forced Flow Law
3. LittlesLaw
4. Genera Response Time Law
5. Interactive Response Time Law
6. Bottleneck Analysis
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Operational Laws

0O Relationships that do not require any assumptions about the
distribution of service times or inter-arrival times.

a ldentified originally by Buzen (1976) and later extended by
Denning and Buzen (1978).

a Operational = Directly measured.

O Operationally testable assumptions
= assumptions that can be verified by measurements.
> For example, whether number of arrivalsis equal to the
number of completions?

» Thisassumption, called job flow balance, is operationally
testable.

> A set of observed servicetimesisor is not a sequence of
independent random variables is not is not operationally
testable.
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Operational Quantities

Black
0 Quantitiesthat can be directly measured — Box |~
during a finite observation period.
O T = Observation interval A, = number of arrivals
a C, = number of completions B, = busy time B,

N { arrival A;
Arrival Rate \; — umber .o arrivals A,
Time T

Throughput X; — Number of.completions _ g
Time T

e Busy Time  B;
Utilizat U=———=—
Hization L Total Time T

L Total time Served  B;
Mean service time S; = = —
Number served C;
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Utilization Law

Busy Time  B;
Utilization U; = ——m— = —
Hization Total Time T

g B; Completions Busy Time

T ¢ Time 8 Completions
= Throughput x Mean Service Time = XS,

0 Thisisone of the operationa laws

0 Operational laws are similar to the elementary laws of motion

For example,
d= lat2
2

0 Notice that distance d, acceleration a, and timet are
operational quantities. No need to consider them as expected
values of random variables or to assume a distribution.
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Example 33.1

0 Consider anetwork gateway at which the packets arrive at a
rate of 125 packets per second and the gateway takes an
average of two milliseconds to forward them.

0 Throughput X = Exit rate = Arrival rate = 125 packets/second
O Servicetime§ = 0.002 second

O Utilization U= X; § = 125x 0.002 = 0.25 = 25%

0 Thisresultisvalid for any arrival or service process.

Evenif inter-arrival times and servicetimesto are not |1D
random variables with exponential distribution.
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Forced Flow Law

0 Relates the system throughput to individual device
throughputs.

0 Inan open model,
System throughput = # of jobs leaving the system per unit time

0 Inaclosed model, System throughput = # of jobs traversing
OUT to IN link per unit time.

O If observation period T issuch that A, = C,
= Device satisfies the assumption of job flow balance.

0 Each job makes V, requests for ith device in the system
a C=GCV, orV,=C/C,V, iscaled visit ratio
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Forced Flow Law (Cont)

o

Jobs completed  Co
Total time T

System throughput X =
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Forced Flow Law (Cont)

0 Throughput of it device:

C; C;, C
Device Throughput X; = ?Z = F; X ?0
Q In other words;
X, =XV,
O Thisistheforced flow law.
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Bottleneck Device

0 Combining the forced flow law and the utilization law, we get:

Utilization of ! device U; = XS,
= XV,
U, = XD,

0 HereD;=V, § isthetotal service demand on the device for all
visits of ajob.

O The device with the highest D; has the highest utilization and is
the bottleneck device.

Washington University in St. Louis CSE567M ©2008 Raj Jain
33-10




Example 33.2

0 Inatimesharing system, accounting log data produced the
following profile for user programs.

> Each program requires five seconds of CPU time, makes 80
I/O requests to the disk A and 100 I/O requests to disk B.

> Average think-time of the users was 18 seconds.

» From the device specifications, it was determined that disk
A takes 50 milliseconds to satisfy an 1/0 request and the
disk B takes 30 milliseconds per request.
> With 17 active terminals, disk A throughput was observed
to be 15.70 1/0O requests per second.
0 We want to find the system throughput and device utilizations.
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Example 33.2 (Cont)
Decpy = 5 seconds, o
Va = 80,
Vi = 100,
Z = 18 seconds,
S4 = 0.050 seconds,
Sp = 0.030 seconds,
N = 17, and
X4 = 15.70 jobs/second
0 Sincethe jobs must visit the CPU before going to the disks or

terminals, the CPU visit ratio is;
Vepy =Va+ Ve +1=181

Depy = 5 seconds
Dy = S4V4=0.050 x 80 = 4 seconds
Dp = 5V =10.030 x 100 = 3 seconds
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Example 33.2 (Cont)

0 Using the forced flow law, the throughputs are:

X 15.70
X = V—A =30 — 0.1963 jobs/second
A
XC’PU = XVOPU = 0.1963 x 181
= 35.48 requests/second
Xp = XVp=0.1963 x 100

= 19.6 requests/sccond

0 Using the utilization law, the device utilizations are:

Ucpy = XDepy =0.1963 x 5 = 98%
Us = XDy =0.1963 x 4 = 78.4%
Ug = XDp=0.1963 x 3 = 58.8%
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Transtion Probabilities

0 p; = Probability of ajob moving to j* queue after
service completion at it queue

0 Visit ratios and transition probabilities are equivalent
In the sense that given one we can always find the
other.

M
0 In asystem with job flow balance: C; =) " Cip;;
i = 0= visitsto the outside link =0
0 p,, = Probability of ajob exiting from the system after
completion of service at it device o
a Dividing by C, we get: vV, = Z Vivis
=0
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Transition Probabilities (Cont)

0 Since each visit to the outside link is defined as the
completion of the job, we have: v, = 1
0 These are called visit ratio equations

a In central server models, after completion of service at
every queue, the jobs always move back to the CPU
queue:

pn=1 Vi#l

pij =0 Vi,j#1
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Transition Probabilities (Cont)

0 The above probabilities apply to exit and entrances from the
system (i=0), aso. Therefore, the visit ratio equations become:

1 = Vipwo
Vi = 1+Va+Va+-4Vy
‘/j = lelj:& j:2,3,...,M

P1o

0 Thus, we can find the visit ratios by dividing the probability p;;
of moving to j queue from CPU by the exit probability p,,.

Washington University in St. Louis CSE567M ©2008 Raj Jain
33-16




Example 33.3

0 Consider the queueing network:

O Thevisit ratios are V ,=80, V=100, and V -5,=181.
o After completion of service at the CPU the probabilities of the
job moving to disk A, disk B, or terminals are 80/181, 100/181,

and 1/181, respectively. Thus, the transition probabilities are
0.4420, 0.5525, and 0.005525.
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Example 33.3 (Cont)

0 Given the transition probabilities, we can find the visit ratios by
dividing these probabilities by the exit probability (0.005525):

0.4420

Vi = —2 —80
A 0.005525
0.5525
Ve = —222% 100
B 0.005525
Vepy = 14+V4+Ve=1+80+100 =181
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Little'sLaw

Mean number in the device
= Arrival rate x Mean time in the device
Qi = MRy
a If thejob flow is balanced, the arrival rate is equal to the
throughput and we can write:

Qi = XiR;
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Example 33.4

0 The average queue length in the computer system of Example
33.2 was observed to be: 8.88, 3.19, and 1.40 jobs at the CPU,
disk A, and disk B, respectively. What were the response times
of these devices?

o In Example 33.2, the device throughputs were determined to
be:

Xopy = 35.48, X4 = 15.70, and X5 = 19.6
0 The new information given in this exampleis:

Qopuy =888, Qa4 =3.19, and Qp = 1.40
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Example 33.4 (Cont)

o Using Little's law, the device response times are:
Repu = Qepu/Xcopy = 8.88/35.48 = 0.250 seconds

Ris=Qa/X4 =3.19/15.70 = 0.203 seconds
Rp =Qp/Xp =1.40/19.6 = 0.071 seconds
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Q Thereisoneterminal per user and 9
the rest of the systemis shared by .
all users. '®)
a Applying Little'slaw to
the central subsystem:
o Q=XR Conteal
O Here, sulmyrban
0 Q= Total number of jobsin the system
0 R = system response time
o X = system throughput RQ=Q1+Q+ - +Qum
XR=X|R) +XoRo+---+XyuBRu
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General Response Time Law (Cont)

a Dividing both sides by X and using forced flow law:
R=ViRi+VoRo+ -+ Vy Ry

M
R= Z RV,
=1

0 Thisiscalled the general responsetime law.
o Thislaw holds even if the job flow is not balanced.

a or,
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Example 33.5

0 Let us compute the response time for the timesharing
system of Examples 33.2 and 33.4

0 For this system:
VCPU = 181, VA = 80, and VB = 100

Repy = 0.250, R4 =0.203, and R = 0.071

Q The system response timeis:
R = RopuVepy + BaVa+ ReVp
= 0.250 x 181 + 0.203 x 80 + 0.071 x 100
= 68.6

0 The system response time is 68.6 seconds.
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I nteractive Response Time Law

a If Z =think-time, R = Response time

> Thetotal cycletime of requestsisR+Z

> Each user generates about T/(R+2Z) requestsin T
Q If thereare N users:

System throughput X = Total # of requests/Total time
= N(T/(R+2Z2))]T
= N/(R+ Z)
or
R= (N/X) - Z
0 Thisisthe interactive response time law
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33-25
Example 33.6

0 For the timesharing system of Example 33.2, we can compute
the response time using the interactive response time law as
follows:

a Therefore:
X =0.1963,N =17, and Z =18

N 17
R_Y_Z_ 0.1963

0 Thisisthe same as that obtained earlier in Example 33.5.

— 18 = 86.6 — 18 = 68.6 seconds
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Bottleneck Analysis

0 From forced flow law:
Ui X Di
a The device with the highest total service demand D,

has the highest utilization and is called the bottleneck
device.

0 Note: Delay centers can have utilizations more than
one without any stability problems. Therefore, delay
centers cannot be a bottleneck device.

0 Only queueing centers used in computing D,

a The bottleneck deviceisthe key limiting factor in
achieving higher throughput.
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Bottleneck Analysis (Cont)

a Improving the bottleneck device will provide the
highest payoff in terms of system throughpui.

a Improving other devices will have little effect on the
system performance.

Q ldentifying the bottleneck device should be the first
step in any performance improvement project.
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Bottleneck Analysis (Cont)

Q Throughput and response times of the system are
bound as follows:
1 N
Dpae D+ 2

X(N) < min{ }

and

R(N) > max{D,NDq.. —Z}

0 Here, D =>D;, isthesum of total service demands
on all devices except terminals.

0 These are known as asymptotic bounds
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Bottleneck Analysis: Proof

0 The asymptotic bounds are based on the following
observations:

Q The utilization of any device cannot exceed one. This
puts a limit on the maximum obtai nable throughput.

Q The response time of the system with N users cannot
be less than a system with just one user. This putsa
l[imit on the minimum response time.
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Proof (Cont)

Q The interactive response time formula can be used to
convert the bound on throughput to that on response
time and vice versa.

O For the bottleneck device b we have:
Uy = XDpao
a Since U, cannot be more than one, we have:

XDmaa: S ]-
1
X <
Dmam
Washington University in St. Louis CSE567M ©2008 Raj Jain
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Proof (Cont)

0 With just one job in the system, there is no queueing
and the system response time is simply the sum of the
service demands:

R(1)=D1+Dy+---+Dpy =D

0 Here, D is defined as the sum of all service demands.

a With more than one user there may be some queueing
and so the response time will be higher. That is:

Washington University in St. Louis CSE567M ©2008 Raj Jain
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Proof (Cont)

a Applying the interactive response time law to the

bounds:
R(N)>D

0 Combining these bounds we get the asymptotic
bounds.

N
RIN)= —=—-—2Z2>NDpu: — 2
N N
X(N) = <
RINY+Z ~D+Z
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Typical Asymptotic Bounds (Cont)

0 The number of jobs N* at the knee is given by:
D=N*"Dyor — 2

_D+Z
B Dmam

a If the number of jobsis more than N*, then we can say with
certainty that there is queueing somewhere in the system.

0 The asymptotic bounds can be easily explained to people who
do not have any background in queueing theory or performance
anaysis.

N*
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Example 33.7

0 For the timesharing system considered in Example 33.2:
Depy =5,D4 =4,Dp =3,7Z =18
D=Dcpy+Das+Dp=5+4+3=12
Dpar = Depy =5

0 The asymptotic bounds are:

N 1 N 1
X(N) < min , — min{ —, =
D+ 7 Dpax 3075

R(N) > max{D,ND,,,, — Z} = max{12,5N — 18}
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Example 33.7: Asymptotic Bounds

0.20

| — MVA

0.15

Thromghput

0.05

- MVA
- === Agymptotic bound
o.00 1 | 1 1 1 1 o 1 1 1 1 1 1 1 -
0 5 10 15 b1 ] 0 5 10 13 10
Nuwmber #fuscrs MNumber of wsers
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Example 33.7 (Cont)

0 The knee occurs at:

12=5N"—-18
or
1241
5 )

Q Thus, if there are more than 6 users on the system,
there will certainly be queueing in the system.

Washington University in St. Louis CSE567M ©2008 Raj Jain
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Example 33.8

0 How many terminals can be supported on the timesharing
system of Example 33.2 if the response time has to be kept
below 100 seconds?

0 Using the asymptotic bounds on the response time we get:
R(N) > max{12,5N — 18}

a The response time will be morethan 100, if: 5N — 18 > 100

Thatis, if: N > 23.6

a the response timeis bound to be more than 100. Thus, the
system cannot support more than 23 usersif aresponse time of
less than 100 is required.

O
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® o Summary
.. Utilization Law:

X
max{D, NDyq. — Z}
min{1/Duypae, N/(D + Z)}

Asymptotic Bounds:

0 Symbols: X

U, = X, S=XD
Forced Flow Law: X, = XV
Little’s Law: Q. = X,R;
General Response Time Law: R = Zfll RV
Intcractive Response Time Law: R = Y -7
>
<

D = Sum of service demands on all devices = >, D;
D; = Total service demand per job for ith device = S;V;
D,y = Service demand on the bottleneck device = max;{D;}
N = Numbecr of jobs in the system
Q; = Number in the ¢th device
R = System response time
R; = Responsc time per visit to the ith device
Si = Service time per visit to the ith device
U; = Utilization of ith device
Vi = Number of visits per job to the ith device
X = System throughput
X; = Throughput of the ith device
A = Think time
Washington University in St. Louis CSE567M ©2008 Raj Jain
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Homework 33

For atimesharing system with two disks (user and system), the
probabilities for jobs completing the service at the CPU were
found to be 0.75to disk A, 0.15 to disk B, and 0.1 to the
terminals. The user think time was measured to be 5 seconds,
the disk service times are 30 milliseconds and 25 milliseconds,
while the average service time per visit to the CPU was 40
milliseconds.

Using the queueing network model shown in Figure 32.8 answer
the following for this system:

a. For each job, what are the visit ratios for CPU, disk A, and disk
B?

b. For each device, what isthe total service demand?

c. If disk A utilization is 50%, what is the utilization of the CPU
and disk B?

Washington University in St. Louis CSE567M ©2008 Raj Jain
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Homewor k (Cont)

d. If the utilization of disk B is 8%, what is the average response
time when there are 20 users on the system?

e. What is the bottleneck device?

f. What is the minimum average response time?

g. What is the maximum possible disk A utilization for this
configuration?

h. What is the maximum possible throughput of this system?

i. What changesin CPU speed would you recommend to achieve a
response time of ten seconds with 30 users? Would you also
need afaster disk A or disk B?

j. Write the expressions for asymptotic bounds on throughput and
response time.
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For this system which device would be the bottleneck if:

k. The CPU isreplaced by another unit that is twice as fast?
. disk A isreplaced by another unit that is twice as slow?
m. disk B isreplaced by another unit that is twice as slow?

n. The memory sizeis reduced so that the jobs make 25 times
more visits to disk B due to increased page faults?
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