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Compression and Aggregation for Logistic
Regression Analysis in Data Cubes

Ruibin Xi, Nan Lin, and Yixin Chen

Abstract— Logistic regression is an important technique for
analyzing and predicting data with categorical attributes. In
this paper, we consider supporting online analytical processing
(OLAP) of logistic regression analysis for multi-dimensional data
in a data cube where it is expensive in time and space to build
logistic regression models for each cell from the raw data. We
propose a novel scheme to compress the data in such a way
that we can reconstruct logistic regression models to answer any
OLAP query without accessing the raw data.

Based on a first-order approximation to the maximum like-
lihood estimating equations, we develop a compression scheme
that compresses each base cell into a small compressed data block
with essential information to support the aggregation of logistic
regression models. Aggregation formulae for deriving high-level
logistic regression models from lower level component cells are
given. We prove that the compression is asymptotically lossless
in the sense that the aggregated estimator deviates from the
true model by an error that is bounded and approaches to zero
when the data size increases. The results show that the proposed
compression and aggregation scheme can make feasible OLAP
of logistic regression in a data cube. Further, it supports real-
time logistic regression analysis of stream data which can only be
scanned once and cannot be permanently retained. Experimental
results validate our theoretical analysis and demonstrate that our
method can dramatically save time and space costs with almost
no degradation of the modelling accuracy.

Index Terms— data cubes, online analytical processing, logistic
regression, compression, aggregation

|. INTRODUCTION

OGISTIC regression is an important statistical method

for modelling and predicting categorical data. When we
conduct logistic regression analysis in rea-world data mining
applications, we often encounter the difficulty of not having
the complete set of data in advance. It is often demanded
to recover logistic regression models of a large data set with
access not to the raw data but to only sketchy information of
divided chunks of the data set.

The main application of the technique developed in this
paper is data warehousing and the associated on-line analytical
processing (OLAP) computing. OLAP alows for interactive
analysis of multidimensional data to facilitate effective data
mining at multiple levels of abstraction.

Earlier work in data cubes [13] supports aggregation of
simple measures such as sum() and average(). However, the
fast development of OLAP technology has led to high de-
mand for more sophisticated data analyzing capabilities, such
as prediction, trend monitoring, and exception detection of
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multidimensional data. Oftentimes, existing simple measures
such as sum() and average() become insufficient, and more
sophisticated statistical models, such as regression analysis,
are desired to be supported in OLAP. Moreover, there are
lots of applications with stream data generated continuously
in a dynamic environment, with huge volume, infinite flow,
and fast changing behavior. When collected, such data are
almost always at arather low level, consisting of various kinds
of detailed tempora and other features. To find interesting
patterns, it is necessary to perform statistical analysis at a
higher and more meaningful abstraction level [8].

Recently, there has been active research on aggregating
advanced statistical measures in multi-dimensional data cubes
from partitioned subsets of data. Previous statistical measures
studied under this paradigm include parametric models such
as linear regression [9], [14], general multiple linear regres-
sion [7], [18], and predictivefilters[7], as well as nonparamet-
ric statistical models such as naive Bayesian classifiers [5] and
linear discriminant analysis [21]. Along this line, in this paper,
we propose schemes to support logistic regression analysis in
data cubes.

Example 1: Suppose a nation-wide bank wants to study the
likelihood of customersto apply for anew credit card. Suppose
that for each day, for each regional branch of the bank,
there is a data set containing (y1,z11,%12), (Y2,%21,%22)
“+(Yn, Tn1, Tn2), Where n is the number of customers, z;;
represents the age of the ' customer, ;> represents the
account balance of the " customer, and y; is a binary
indicator of whether the customer applied for the new credit
card (O for no and 1 for yes). To model the relationship
between credit card application and user information, the
bank manager can assume that the probability of a customer
applying for the new credit card, p, depends on the customer
age x; and account balance x- as follows.

logit(p) = log 1 P _ Bo + Brwy + Paxa 1)

The above model (1) is called a logistic regression model [1].
After the logit transformation, logit(p) ranges over the entire
real line and makes it reasonable to be modelled as a linear
function of x = (z1,22)T. The regression coefficients, 8 =
(Bo, B1, B2) T, are often estimated using maximum likelihood.

To perform multi-dimensional analysis, it may be required
to aggregate the models along multiple dimensions. For ex-
ample, in the location dimension, we may have computed a
logistic regression model for each city. Now if we want to
roll up to the state level along the location dimension, we
want to compute the logistic regression model over the data
set containing al the cities in the state. We can also aggregate
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along other dimensions such as time.

A key issue for such aggregation operations is. can we
generate the high-level models without accessing the raw data?
Since computing the logistic regression model requires per-
forming a nonlinear numerical optimization problem, solving
such a problem from scratch over a large aggregated data set
for each roll-up operation is computationally very expensive.
It is far more desirable to derive high-level logistic regression
models from low-level model parameters without accessing
the raw data. It is also expected that such aggregation com-
putation is faster than estimating the logistic regression model
parameters from scratch. [ ]

In addition to data cubing and OLAP, mining data streams
is another motivation for the proposed work. In analyzing real-
time data streams, it is typically impossible to store the raw
data due to space limitations. One-scan algorithms are required
for such applications. Therefore, in order to incrementally
perform logistic regression on data streams, we are required to
be able to generate logistic regression models over two parts
of data: the old data that are aready in the system and the
new chunk of data. The key challenge is that previous raw
data cannot be retained. We need to compress the existing
raw data in such a way that we can incrementally re-construct
the logistic regression model as new stream data flow in.

In this paper, we propose a compression scheme and its
associated theory to support high-quality aggregation of lo-
gistic regression models in a multi-dimensional data space. In
the proposed approach, we compress each data segment by
retaining only the model parameters and a small amount of
auxiliary measures. We then develop an aggregation formula
that allows us to reconstruct the logistic models from parti-
tioned segments with a small approximation error. The error
is theoretically bounded and asymptotically convergent to zero
as the sample size grows.

The paper is organized as follows. We define the basic
concepts and problem statement in Section 2. We review the
basics of logistic regression in Section 3. Then, we present our
main technical approach in Section 4. We present experimental
results in Section 5, discuss related work in Section 6, and
conclude the paper in Section 7.

Il. CONCEPTS AND PROBLEM DEFINITION

We develop our theory and algorithms in the context of
data cubes and OLAP, athough it should be understood that
our results can be used for other settings such as incremental
mining of stream data. In this section, we introduce the basic
conceptsrelated to regression analysis in data cubes and define
our research problem.

A. Data cubes

Data cubes and OL AP tools are based on a multidimensional
data model. The model views data in the form of a data cube.
A data cube is defined by dimensions and facts. Dimensions
are the perspectives or entities with respect to which an
organization wants to keep records. Usually each dimension
has multiple levels of abstraction formed by conceptua hier-
archies. For example, country, state, city, and street are four
levels of abstraction in a dimension for location.

To perform multidimensional, multi-level analysis, we need
to introduce some basic terms related to data cubes. Let D
be a relational table, called the base table, of a given cube.
The set of all attributes A in D are partitioned into two
subsets, the dimensional attributes DIM and the measure
attributes M (so DIM UM = A and DIM N M = ().
The measure attributes depend on the dimensional attributes
in D and are defined in the context of data cube using some
typical aggregate functions, such as count(), sum(), avg(), or
some regression related measures to be studied here.

Example 2: In Example 1, the dimensional attributes may
include time, location, customer name, account balance, and
the measure attribute can be an indicator on the application of
the credit card. |

A tuple with schema .4 in a multi-dimensional data cube
space is caled a cell. Given three distinct cells ¢1, ¢o and ¢,
c1 is an ancestor of co, and ¢y adescendant of ¢; if on every
dimensiona attribute, either ¢; and ¢, share the same value,
or ¢;'s value is a generalized value of ¢5’'s in the dimension’s
concept hierarchy.

A tuple ¢ € D is cadled a base cell. A base cell does not
have any descendant. A cell ¢ is an aggregated cell if it is
an ancestor of some base cells. For each aggregated cell, the
values of its measure attributes are derived from the set of its
descendant cells.

B. Aggregation and classification of data cube measures

A data cube measure is a humerical or categorical quantity
that can be evaluated at each cell in the data cube space. A
measure value is computed for a given cell by aggregating
the data corresponding to the respective dimension-value pairs
defining the given cell. Measures can be classified into sev-
eral categories based on the difficulty of aggregation. 1) An
aggregate function is distributive if it can be computed in a
distributed manner as follows. Suppose the data is partitioned
into n sets. The computation of the function on each partition
derives one aggregate value. If the result derived by applying
the function to the n aggregate values is the same as that
derived by applying the function on all the data without
partitioning, the function can be computed in a distributive
manner. For example, count() can be computed for a data cube
by first partitioning the cube into a set of subcubes, computing
count() for each subsube, and then summing up the counts
obtained for each subcube. Hence, count() is a distributive
aggregate function. For the same reason, sum(), min(), and
max() are distributive aggregate functions. 2) An aggregate
function is algebraic if it can be computed by an algebraic
function with several arguments, each of which is obtained
by applying a distributive aggregate function. For example,
avg() (average) can be computed by sum()/count() where
both sum() and count() are distributive aggregate functions.
min_N(), max_N() and stand_dev() are algebraic aggregate
functions. 3) An aggregate function is holistic if there is
no constant bound on the storage size needed to describe
a sub-aggregate. That is, there does not exist an algebraic
function with M arguments (where M is a constant) that
characterize the computation. Common examples of holistic
functions include median(), mode(), and rank().
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If we characterize the logistic regression measure using
the above classification, it seems to be a holistic measure
because it requires the information of al the data points in
an aggregated cell in order to compute the regression model.
It isimpossible to compute the regression model distributively
and compose the high-level regression model merely from
the low-level models. Thus the requirement for multi-level,
multidimensiona online analysis of advanced statistical mea-
sures, though desirable, raises a chalenging research issue:
“Is it feasible to perform logistic regression in OLAP on huge
volumes of data since a data cube is usually much bigger than
the original data set, and its construction may take multiple
database scans?”

Our main idea in this paper is to compress the raw data for
each cell, store only a minimum number of measures that are
just sufficient to support the on-line analysis, and compute
high-level measures from the corresponding low-level cells
without accessing the raw data. Such a compression technique
has led to the definition of compressible measures [7]. An
aggregation function is compressible if it can be computed
by a procedure with a number of arguments from lower
level cells, and the number of arguments is independent of
the number of tuples in the data cell. In other words, for
compressible aggregate functions, we can compress each cell,
regardless of its size (i.e., the number of tuples), into a constant
number of arguments, and aggregate the function based on the
compressed representation. The data compression technique
should satisfy the following requirements: (1) the compressed
data should support efficient lossless or asymptotically lossless
aggregation of regression measures in a multidimensional data
cube environment; and (2) the space complexity of compressed
data should be low and be independent of the number of tuples
in each cell, as the number of tuplesin each cell may be huge.

Unlike distributive and algebraic measures which require
only the measure itself or few other distributive measures
to support the aggregation, compressible measures cannot be
aggregated if only the measure itself and some distributive
measures are stored in each data cell. Additiona information
derived from the raw data is needed to support lossless or
asymptotically lossless aggregation of compressible measures.

In this paper, we will show that logistic regression model
parameters are compressible measures.

C. Previous work on regression cubes

Previously, aframework called the regression cube has been
developed [5] for OLAPiIng of linear regression modelsin data
cubes. The regression cube uses a nonlinear compression rep-
resentation (NCR) [7] to support ordinary least squares (OLS)
estimation. NCR is a lossless compression technique that can
be used in linear models, such as linear regression models
and autoregressive filters, to compute the OLS estimates of
parameters. It has been shown that OL S estimates are lossless
compressible measures [7] .

One important limitation of previousregression cubesis that
the measures in linear regression have to be numerical and not
categorical. In this paper, we develop a compression scheme
to support OLAP for logistic regression analysis, which can
handle categorical data.

Although linear models have been studied, it remains a
challenge to develop similar compression techniques to sup-
port nonlinear models such as logistic regression in data
cubes. Logistic regression is widely used to predict a discrete
outcome, such as group membership, from a set of variables
that may be continuous, discrete, dichotomous, or a mix of
any of these.

1. LOGISTIC REGRESSION ANALYSIS

In this section, we review the basic definitions of logistic
regression.

A. Logistic regression model
Suppose we have n independent observations (y1,x1),
.-, (yn, Xyn), Where y; is a binary variable assumed to have
a Bernoulli distribution with parameter p; = P(y; = 1) and
x; € R? are some explanatory variables. An intercept term
can be easily included by setting the first element of x; to
be 1. Fitting a linear regression model for a binary response
can give predicted values beyond (0, 1) that are theoretically
inadmissible. Logistic regression models are widely used to
model binary responses using the following formulation:
log —— = p"x;, @
1—-pi
where 3 € R? are some unknown regression coefficients
often estimated using maximum likelihood. The maximum
likelihood estimates (MLE) 3 are so chosen as to maximize
the following likelihood function:

L(B) = Hp{'(l —pi)' ©)
=1

Intuitively, we see that (3) represents the joint probability of
the given observation sequence {y1,--- ,y,}, since p! (1 —
pi)} ¥ models the probability that y; takes the observed value
foreachi=1, - ,n.

According to (2), we have:

exp(,BTxi)

= T T (4)
1+ exp(B”x;)

Thus, the likelihood function can be written as:

L(B) = [ [ B =1 [1 = n(B"x:)]" ©)
=1
where
et

u(t) (6)

T itel
Maximizing L(3) is equivalent to maximizing the log-
likelihood function

1B) =3 [yiﬁTXi +1log(1 — p(B"x:))| - )
i=1
According to the optimality condition of unconstrained
optimization, the parameter 3 that maximizes [(3) is the
solution to the following likelihood equation:
ol
R E SRS SR

i=1
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In genera, there are no closed-form analytical solutions to
equation (8) and numerical optimization methods such as the
Newton-Raphson method are needed to compute 3. Chenet al.
[6] proved that 3 is strongly consistent under certain regularity
conditions. Strong consistency means that ﬁ converges to the
true parameter 3 with probability one when n goes to infinity.

Example 3: Consider a data set where each data record
contains (y;, z;), where y; is a binary measure, and z; is an
explanatory variable. Suppose that we have the following ten
data records (0, 2), (1, 3), (0,12), (1,4), (0,5), (0,8), (0,12),
(0,3), (1,9), (1,5). Then, the log-likelihood function is

1(B) = [0x(Bo+261)+log(l— p(Bo+261))]+

+[1 x (Bo +561) + log(1 — u(Bo + 561))]-
Taking derivatives with respect to 3 = (8o, 51)7, we get the
likelihood equation

re) — 0-un+em)( 3 )+

im—M&+wm(é)=(8)-®

Using the Newton-Raphson method, we solve (9) and get the
MLE 3 = (0.513515, —0.151184)T.

B. Proposed logistic regression cube

In this paper, in a data cube space, we consider aggregating
cells aong a dimension hierarchy. Note that an aggregation
aong multiple dimension hierarchies can be decomposed to
multiple aggregations, each along a single dimension hierar-
chy. The aggregated cell ¢, is given by the component cells
Cly++ ,CL @S Cq = Ule ¢;. For the bank account data cube
in Example 1, we may aggregate cells by merging the records
at different locations or different times together.

Example 4: Continuing from Example 3, suppose we have
component cells ¢; and ¢, that contain transactionsin different

Schematic illustration of the compression and aggregation approach in a data cube.

(BeAa)
" [ ——
vV Vv
v W .
o A7) v Compressing
v v
As
Base cell (Br42)

months, where ¢; = {(0,8), (1,10), (0,3), (1,10), (0,13), (0,8),
(0,7), (1,15), (1,6), (0,3)} and c2 = {(0,5), (1,2), (1,5), (1,13),
(0,9), (1,112), (1,10), (0,12), (0,2), (0,2)}.

The research challenge is, given the MLEs of the logistic
regression model in ¢; and ¢ and possibly a few other
guantities, we need to derive the aggregated model for c,
without scanning the raw data. The problem is schematically
shown in Figure 1. In the figure, the circles and triangles
denote the raw data. However, we cannot retain the raw
data. Instead, for base cells ¢; and ¢z, we can retain the
logistic regression model coefficients 3, and 3,, respectively.
In addition, we may retain a small amount (independent of the
number of tuplein a cell) of compressed measures A; and Ao
for the base cells. The question is, whether we can derive the
logistic regression mode! for the aggregated cell ¢, using only
By, 41 and 3,, As.

IV. ASYMPTOTICALLY LOSSLESS COMPRESSION AND
AGGREGATION FOR LOGISTIC REGRESSION

Comparing to the OLS estimate of regression coefficients
in linear regression models, the MLE of logistic regression
coefficients are more difficult to compress and aggregate.
The OLS estimates are solutions to linear equations and they
have closed forms. However, the likelihood equations for the
MLE in logistic regression are nonlinear equations that are
not even polynomials, and the MLES do not have closed-
form representations and can only be obtained from nonlinear
optimization procedures. As a result, it is much more difficult
to aggregate the MLEs in logistic regression models.

We propose an asymptotically lossless compression tech-
nique to support efficient computation of the MLEs for logistic
regression models in data cubes. We elaborate the notion of
asymptotically lossless as follows.

Definition 1: In data cube analysis, a cell function g is
a function that takes the data records of any cell with an
arbitrary size as inputs and maps into a fixed-length vector as
an output. That is:

g(c) = v, for any data cell ¢ (10
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where the output vector v has a fixed size.

It is easily seen that any estimate of a set of fixed-length
parameters, such as the MLE of the regression coefficients in
logistic regression models, is a cell function.

Suppose that we have a logistic regression model y =
f(x,0), where y and x are attributes and 6 are coefficients.
Suppose ¢, is a cell aggregated from the component cells
1, -, . Wedefineacell function g, to obtain m; = go(c;),
i =1,...,k and use an aggregation function g; to obtain an
estimate of the regression coefficients for ¢, by

(11)

We say 6, an estimate of 6, is an asymptotically losslessly
compressible measure if
a) the difference between @ = g;(my,--- ,my) and 6(c,)
tends to zero with probability one as the number of tuplesin
Ca goes to infinity;

b) B(ca) = g1(g2(ca)); and
¢) the dimension of m; is independent of the number of tuples
In c;.

We cal m; an asymptotically lossless compression rep-
resentation (ALCR) of the cél ¢;,i = 1,---k. In the
following, we develop an ALCR for logistic regression models
by linearizing the likelihood equation. We show that the
difference between the estimates obtained from aggregating
the linearized equations in component cells and the MLE
in the aggregated cell approaches zero when the number of
tuples in the component cells is sufficiently large. Further,
the space complexity of ALCR is independent of the number
of tuples. As a result, our work shows that the MLEs for
logistic regression are asymptotically losslessly compressible
measures.

6= 91(m17"' ,mk)-

A. Compression and aggregation scheme

Consider aggregating K cells at a lower level into one
aggregated cell at ahigher level. For simplicity, we assume that
each component cell contains n observations. This condition
is not necessary for our theory, but it simplifies our notation.
The results can be readily generalized to situations where the
component cells have different sizes.

Denote the observations in the k** component cell ¢y
by {(yx1,%k1); -+, (Ykn, Xkn)}, Where each yy; is a binary
categorical attribute, and xj; is a d-dimensional vector of
explanatory variables. For the logistic regression moddl in (2),
we denote by ﬁk the MLE of 3 in (2) based on the data cell
c. Therefore, B,, is the solution to the likelihood eguation

M(B) < _

Its Taylor's expansion at Bk, is given by

LB = -3 [ﬂ(@gxk]‘)(ﬁ - Bk)Tng} Xkj —

l;c (ﬁ) = — M(ﬁTxkj)]ij =0.

21 [% (B, x1,)((B — Bk)Tij)Q} Xkj, (12)

where the second equality comes from the fact 1},(3,) = 0,
and ,Bk is some vector between 3 and ﬁk from Taylor's

theorem. Let Fj(8) be the first-order approximation to the
likelihood equation 1}.(3), it follows from (12) that

Fr(B) = Z [ (Boxis)(B = By) ij]xkj
= —Akﬂ + Ay,
where
" n (B x
A = Z { (/3ka3 xijk]] Z [ ]] (13)
j=1 j=1 1 + eﬁk xk7)2

It is clear that Fj(3) only depends on A and 6k whose
dimensions are independent of the number of data records in
c,. The size of Bk is d, the number of coefficients in the
logistic regression model, while A is a d x d matrix. Since
Fy.(B) approximates [;.(3) by the first order, we can save
(Bk,, Ay,) as acompressed synopsis of each data cell, and solve
the linearized equation

(14)

K
= ZFk(ﬁ) =

in the aggregated cell instead of >, [;(8) = 0. By saving
only (B3, Ax) in cell ¢, we can compute 3, the solution to
(14).

Using this compression scheme, we can approximate the
MLE of 3 in ¢, using the solution to

K
F.(B) =) Fu(B)
k=1
which leads to:
~ K 71 K A
5. - (zAk) S A3,
k=1 k=1

In addition, in the aggregated cell ¢, we can also obtain its
A, from the A; of components cells by observing:

K
o= 35 [ st = 3
k=1

k=1 j=1

K

=§j(—Mﬂ+mﬁO=07aa

k=1

(16)

(17)

To summarize, our asymptotically lossless compression
technique can be described as the following.

o Compression into ALCR. For each base cell ¢, k =

-, K, a the lowest level of the data cube, calculate

the MLEs Bk using numerical methods and A using
(13). save

ALCR=(8;, Ax) (18)

in each component cell cy.

« Aggregation of ALCR. Calculate the aggregated ALCR
(8,, Aa) using (16) and (17). Such a process can be used
to aggregate base cells at the lowest level as well as cells
a intermediate levels. But for any non-base cell, 38 is
used in place of 3 in its ALCR.
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B. Compressibility of logistic regression

We now show that (3,, A;) is an ALCR. In the sequel,
we denote the MLE of coefficients for the aggregated cell
to be 3,, whereas the corresponding estimates derived from
ALCR compression and aggregation to be Ba. We denote
the underlying true logistic model for the data set to have
coefficients 3,,. We show that the difference between 3, and
3, approaches zero asymptotically as the number of data
records in base cells increases.

The results are based on the following assumptions (for
more discussions of these conditions, see [6], [10]).

(C1) The minimum eigenvalue Ay of Y7, xx;x}; goesto oo
asn—ooforeachk=1,--- K.

(C2) Z;‘;l cjer; convergesas.! for any sequence of constants
{c;} satisfying 3277 ¢5 < oo, where ey = yij —
(8o xkj), foreach k=1, | K.

(C3) %L)\k, has a uniform lower positive bound for al & =
1, K.

These three mild assumptions are used to rule out some
very specia cases and are satisfied for most real data sets.

Condition (C3) actually implies Condition (C1). If (C3) is
true, there is a constant C'; > 0 such that %)\k > (4, i.e
Ar > Cyn. Therefore Ay, tends to infinity as n tends to infinity
and Condition (C1) is fulfilled.

In practice, Condition (C3) can be easily satisfied. It is
usualy proper to assume that x;;’s come from a common
distribution D. Without loss of generdlity, let us assume
that the distribution D has a zero expectation. In this case
>7—1 Xk;jxj; tends to the covariance matrix X of the distri-
bution D with probability one, and thus %)\k will be arbitrarily
close to the minimum eigenvalue of X which is greater than
zero when n is large enough. Therefore, when n is large, %Ak
is greater than one half of the minimum eigenvalue of ¥ and
Condition (C3) is fulfilled. On the other hand, when x;’s
are not random, Condition (C3) is typically also satisfied. For
example, suppose xy;’s are some given fixed real numbers
satisfying |xx;| > C for C' > 0, then Condition (C3) will be
true with a lower bound C?2.

Condition (C2) is also mild. It is actually implied by the
independence of ;'s[6], [10], which in turnisimplied by the
independence of yy;’s if x;;’s are not random. Finiteness of
Xx;'s and independence of y;'s can also guarantee Condition
(C2).

In order to establish our results, we first need to define the
norm of a matrix.

Definition 2: Suppose A is a d x d matrix, the norm of A,
denoted as || A||, is defined as

[Av]]

1Al =

sup
vER? v£0

[Iv]]

The norm of a vector can be any type of norm, and we
usually use the Euclidean norm which is the sguare root of
the sum of squares of vector elements.

las. is a term in probability theory which denotes "almost sure” [10].
Intuitively, it means that an event will happen with probability one.

We need the following two results on matrix normsin order
to bound the error of the estimator based on the proposed
compression scheme.

Lemma 4.1: Suppose A isad x d positive definite matrix,
if \isthe smallest eigenvalue of A, we have

viAv > Wwiv = \|lv|]?

for any vector v € R?. In addition, if there exists a constant
C > 0 such that vI' Av > C||v||? for any vector v € R, then
we have A > C.

Proof: Since A is positive definite matrix, there exits a
d x d unitary matrix U and a d x d diagona matrix D such that
A =UTDU and D’s nonzero elements are the eigenval ues of
A. Take any v € R, and denote u = Uv. Then we have:

vIiAv =vIUTDUv = u? Du. (29

Since D is diagonal and ) is the smallest element of D’s main
diagonal elements, we have

u’Du > AuTu. (20)

Since U is a unitary matrix, u"u = vIUTUv = v'v.
Therefore, combining (19) and (20) leads to

vIAv > \|v|?.

To show the second part, suppose v’ Av > C'|v||? for some
C > 0. We can find an eigenvector v, # 0 corresponding to
the eigenvalue )\, i.e. Av = Av,. For this particular vector
vy, we have

T _ 2
Vi AV/\ = )\HV)\H .

The second part of the Lemma follows from the assumption
V)\TAV)\ > CHV)\HQ. |

Lemma 4.2: Let A be ad x d positive definite matrix and
A be the smallest eigenvalue of A. If A > C > 0 for some
constant C, we have |[A™!|| < &.

Proof: Since A is apositive definite matrix, A~ ! isalsoa
positive definite matrix and the reciprocals of the eigenvalues
of A are the eigenvalues of A~!. Therefore, \~! must be the
largest eigenvalue of A~!. Hence, for any v € R?, we have
[A7 ] < A7Hv]). It follows that [[A7!| < AP < L. m

Now we develop our key results to bound the estimation
error and show that the proposed compression scheme is
asymptotically lossless.

Theorem 4.1: For alogistic regression model, suppose that
conditions (C1) and (C2) are satisfied and sup, ; [|xy; || < oo.
Then, 3, — 3, a.s. asn goesto infinity. Specifically, for any
0 > 0, when n is large enough we have,

1B, 8ol < KBy, —Boll = o(K{uogwo>11+5/Ak0}1/2),

where ko = argmazi<p<x{||3). — Byl|}. If in addition the
condition (C3) is satisfied, we have

1B, — Boll = o({uogwo>11+6/Ak0}1/2).

Proof: Our proof strategy starts by noticing that Ba is
obtained from the aggregation equation (16). So we can get
|13, — Boll by subtracting 3, from both sides of (16). We can
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then get the first part by the triangle inequality and Theorem
1in [6]. For the second part, we can use condition (C3) and
get [|(>°, Ax) - Ag|| < £ for some constant M. We then
use the triangle inequality again to reach the desired result.
Below are the details.

The derivative of the function p is

et

TETI

i) = (21)
From Theorem 1 in [6] and conditions (C1) and (C2), ﬂk
are close to ﬁo when n is large enough. Since xy;’s are
bounded, we can find a constant ¢ > 0 for all £ and 5 such
that |BkT,xkj| < ¢. Since the function £(t) > 0 is continuous,
there exists a constant ¢ > 0 such that () > a for al |¢] < c.

The following inequality holds

n

Ap =) {ﬂ(f?:xw)xz«jxfj}

j=1

n

T
>a E X Xgj-

j=1

So Ag is posmve deflnlte when n is large enough for each
k=1,---,K. Thus, Zk 1 Ay is a positive definite matrix

—1
when n is large enough. In particular, Zk:l k exists

and Equation (16) is meaningful. Subtracting 3, from both
sides of (16), we get

By = [(Z m)limﬁk] By,

which implies

o ($)

k=1

D

k=1

Ar(By — 50)] :

Using the triangle inequality, we have
()
< D 1Bk = Boll-

k=1

—1

1B, = Boll - <

—Bo)| (22)

A
N

(23)

The second inequality comes from the fact

() s

By Theorem 1 in [6], we prove the first part.

If furthermore condition (C3) is satisfied, we have a constant
Cysuchthat 1A\, > Cyforal k=1,---, K. By Lemma4.1,
for any v € R9,

<1, Vk=1,- K.

(24)

j=1

n
g (Zxijfj) v > A |v]?

On the other hand, when n is large enough, we can find a

~T
constant o such that 1 > (8, xx;) > a > 0 for any k and j,
since supy, ; [|[xx;|| < C2 for some congtant C> and 3,'s are

strongly consistent by Theorem 1 in [6]. Therefore, for any
v € R?,

n n
T ( E xijgj) v > vl Agv > av? ( E xijgj) v
Jj=1

Jj=1

Hence, we have:

1 X
T [
()

v

1 K n
! WZZX’W'X@ v

k=1 j=1

Vv

Cuallv|?,
where the second inequality is from (24) and the condition

(C3). By Lemma 4.1, the smallest eigenvalue of - SR Ay
is greater than C1«, and then, by Lemma 4.2, we know:

K -1
1 1

— A < —.

() e

From the above, we find that:

K - 1 & - 1
A A - A4,
() ] < [(m5a) | s

1 n
<
- CianK ]z:;
M

(25)

IN

LT
‘M(ﬂk Xk])xijk]

<_7
- K

where M = . At last, by Equation (22), definition of &,

C

and Theorem 1 in [6], we get:

K

- M .
1B, = Boll < Z E”ﬁk’ — Boll
k=1
- 0<{<logAko>”5/Ako}”Q>,

which proves the second part. ]

Theorem 4.1 establishes that our proposed aggregated esti-
mator is asymptotically converging to the true model as the
size of data sets n increases. Note that n — oo implies Ay, —
oo by condition (C1), which in turn implies || 3, — 3| — 0.

The following theorem shows that, the difference between
B, and 3, diminishes as the size of data increases.

Theorem 4.2: If conditions (C1), (C2), and (C3) are satis-
fied, then for any § > 0, when n is large enough we have

1B, — Bl < o([zogxkor”/Ako). (26)

Proof: Since 3, is the MLE based on all the data in the
aggregated cell, we use the fact that 3, is the solution to the
equation

K
> (B =
k=1

and calculate the difference between (14) and (27) to show the
result.

(27)
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Since S, Fr(Ba) =0 and "1 11 (Ba) = 0, we have

1 Kmn T R
5[ Z (B, ij)xijkg (Ba

k,j=1

where 3, is some vector between 3, and 3,, asin the Taylor
expansion in (12). Hence,

B R 1 K -1 K,n
/Ba—ﬁa = a(I;Ak) Z [M

k,j=1

~xT

(,Bk ij)

x50 (B~ Bu) B — B 0|

As n goes to infinity, 3, and 3, tend to the true parameter
B,. S0 B, asotendsto 3, when n goes to infinity. Therefore,
we can find a constant C'3 such that |ﬂ(BZTxkj)| < C3 when
n is large enough. Using the same technique in the proof for
the second part of Theorem 4.1 to quantify B — 34, We can
get:

K
1 . _ o N
2 CrlaT G0 Y 1Ba — By, I

k=1

1Ba = Ball <

Since the smallest eigenvalue of >, xij{j must be larger
than A = >, \x, we have

”Ba - ,60” = 0({(10g )\)1+6//\}1/2).

Then again by Theorem 1 in [6] and the triangle inequality,

1B — Boll + 1Bes — Bol
o({aog Ak0>1”/xko}1/2>.

1Ba = Bro

IA

Therefore, we have

1Ba — Bl = o({aog m)“/xko}).

The result is arrived. ]

Theorem 4.2 implies that the MLE 3, is asymptotically
losslessly compressible since ﬂ approaches B as n ap-
proaches infinity.

In the proof to Theorem 4.2, since the minimum eigen-
vaue \; satisfies A\x/n > Cy and sup, ; ||xx;[| < Co for
some congtants C; and C,, we have (log Ak, ) ™0/ \p, =
O((logn)'+*/n) and || Ba — B,Il = o((logn)'**/n) from
Theorem 4.2. Therefore, the difference between 3, and Ba
is roughly bounded by the reciprocal of the number of tuples
in the base cell. If the sizes of the base cells are different,
we have ||Ba — B,] = o((logno)'* /ng), where ny is the
number of tuples in the smallest cell. Hence, it seems that the
difference between ,6‘,1 and ﬁ would be large if the sizes

—Br)(Ba — Bi) x|

of base cells are very different. However, the estimate of
the difference between 3, and 3, in Theorem 4.2 is very
conservative and the difference may till be small even if the
sizes of base cells are very different. For instance, suppose
we have two base cells ¢; and c;. The cell ¢; has 1 million
tuples, but the cell cQ has only 20 tuples. Then using (16),
,@ (Al + Ag) ( 1,61 + AQIBQ) where (Akan) is the
ALCR of thecdll ¢, (k =1,2). Thatis, 6 is aweighted sum
of B, and 3, and we put much more weight on 3, than 3,
because there are far more tuplesin cell ¢; than cell ¢o. With
1 million tuplesin the cdll ¢, [3‘1 should be very close to the
true parameter 3,. Therefore, 3, should also be very close to
the true parameter 3,. On the other hand, B is aso close to
B, and hence the difference between B, and B should be
small.

Example 5: Continuing from Example 4, suppose that
the transactions in ¢; are al the transactions of the first
month and those in ¢, are of the second month. From the
first month's transactions we can calculate the MLE 3, =
(0.513515, —0.151184)7, and by (13) we get

A = (2.25748 13.1585)

13.1585 101.465
Similarly, from the second month's transactions we get 3, =
(0.732276, —0.0343601)” and

4 — 2.38056  22.9297
2 = 22.9297  289.063

So the aggregated maximum likelihood equation after lin-
earization is

Fo(B) = — (A1 + A2)B + A3y + AsB, = 0,

~So|ving the above equation, we get the aggregated MLE
B, = (0.218388, —0.0245961)T. If we use al the data from
the two months to directly calculate the MLE, we get the MLE
B, = (0.235159, —0.0299553)7. Notice that even though the
samplesize is pretty small, our aggregated estimate ,éa isclose
to the MLE 3, with relative difference

HBa - BaH/HBaH ~ 0.074.

This shows that our aggregated estimation approximates the
MLE fairly accurately even when very limited amount of data
(only 20 samples) are available. According to our theory,
the approximation error will diminish as more data become
available.

C. Extension to multi-valued response variables

To ssimplify the notations, we have developed the theory for
binary response. The proposed scheme can also be extended to
support logistic regressions for multi-val ued response variables
following a similar first-order approximation scheme. Suppose
the response variable Y takes m + 1 possible values for
m > 1. In general, one can create m binary variables and
then fit m separate logistic regression models to study the
relationship. However, this method needs a large number of
parameters, especially when m is large. Oftentimes, the muilti-
ple values of the response variable have a natura order. In this
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case, the response variable Y is called polytomous data with
ordinal scales, which can be modelled by the proportional-
odds model [19]. Without loss of generality, we assume the
m+ 1 vaues are 1,2,--- ,m,m + 1. Let v, = P(Y < j).
The proportional-odds model describes the dependence of the
response variable Y on the predictor x as

logit(y;) = log[y; /(1 — ;)] = a; + B7x
forj =1,--- ,m+1. Thedatalikelihood based on this model
is given by
p(ar + B %) y=1
Ly) = play +B"x) —play 1 +8"%x) 1<y<m
1 — play + B7x) y=m+1.
Let é = (alv" : 7aﬂ1aﬁT)T and l(y) = 1Og(L(y)) SUppOSG

that the data set has n observations (y1,x1), -, (Yn, Xn), W€
can obtain the MLE € of £ by solving the following estimating
equation

al( yZ )

Z L =0. (28)
Lete1:(17oa"'aO)T7 e2:(0715"'50)T7"'1ek:
(0,0---,1)" € R* and z;(x) = (e],x")”. The derivative
of L(y) can be written as

[ + BT;S)ZI(X) y=1
OL(y) ﬂ(ay + B X)Zy (x)—
92y _ : l<y<m ,
o€ a1+ BTx)z, 1 (x) y=m
—lon + B x)zk (x) y=m+1
and the Hessian matrix of L(y) is
OPLy)
oer
filon + BT>T<)21(X)Z1(X)T y=1
ﬂ(ay +3 X)Zy(x)zy (X)T_ 1
i <y <
fioy—1 + IBTX)Zy—l(X)Zy—l(X)T =
—ji(ag + ,BTx)zk(x)zk(x)T y=m-+1

Differentiate (28) with respect to £, we get the Hessian matrix
of the log likelihood function

~ Ply) -~ 1 9L(y)
2 og” _;[L(yi) o¢?
1 OL(y) (8L(yi)>T

L2(y;) 0¢ o0& '

Taylor expansion at the MLE & gives the following approx-
imated estimating equation

H(Eé)(E—-€) =0. (29)

Let £, be the MLE in the k' cell and A, = H(£,). We
can save (£k,Ak) as the ALCR for each cell and get the
esimate £, = (Y1, Ap) "' SO0, (A4€,) for the aggregated
data set. Compressihility of the proposed scheme can be shown
following the same proof strategy as that used for the binary
response case.

H(E) =

TABLE |
SUCCESS RATES FOR DIFFERENT GROUPS OF STONE SIZE.

Treatment A Treatment B
Small Stone | 93%(81/87) 87%(234/270)
Large Stone | 73%(192/263) 69%(55/80)
Both 78%(273/350) | 83%(289/350)

D. Detection of non-homogenous data

Our compression theory relies on the assumption that the
subcubes are homogeneous in the sense that a same logistic
regression model holds in all the subcubes. When we have
non-homogeneous data, it is well known that aggregation
over non-homogeneous subsets can cause misleading resultsin
categorical data analysis. A famous example is the Simpson’s
paradox [2], which can be illustrated by a medical study [4],
[16] comparing the success rates of two treatments for kidney
stones. The two treatments are open surgery (treatment A) and
percutaneous nephrolithotomy (treatment B).

Table | shows the effects of both treatments under different
conditions. It reveals that treatment A has a higher success
rates than treatment B for both small stone and large stone
groups. However, after aggregating over the two groups,
treatment A has a lower success rate than treatment B.

Let y =1 (resp. y = 0) denote the treatment is successful
(resp. unsuccessful), and =z = 1 (resp. z = 0) denote that
treatment A (resp. B) is applied. We can model the success
rate p by the logistic regression model

logit(p) = Bo + b

Using the data from the small stone group, we get the MLE
estimate (5os, 015) = (1.87,0.73), and the corresponding A
36.79 5.59 )

is,
AS:( 559 5.59

The estimates of 3y and 3; can then be used to estimate
the success rates of treatment A and treatment B. Let p4 be
the success rates of treatment A and pp the success rate of
treatment B, we have the estimates p , = 0.93 and pp = 0.87.

Similarly, for the large stone group, we get (o, fu) =
(0.79,0.21) and the corresponding A; is,

4, _ ( 6902 5183
'=\ 51.83 5183

Then we get another estimates of success rates, p 4 = 0.73 and
pr = 0.69. Therefore, treatment A shows a higher success rate
than treatment B in both situations.

However, if we use the entire data set to estimate the
parameter, we will get (o, 1c) = (1.56,—0.29), pa = 0.78
and pp = 0.83, which shows that, contrary to the previous
estimates, treatment A has a lower success rate than treatment
B. The occurrence of Simpson’s paradox is largely due to
the non-homogeneity of the data sets. The estimates of the
parameters for the two groups are largely different, which
implies that it is very likely that the two data sets are not
homogenous.

Our compression technique can actually serve as a device
to detect nonhomogeneity in a data set. Let 3; and A; be
the ALCR of cdl ¢; (¢ = 1,2), respectively. It is proved
that A}/?(8; — Bio) asymptotically follows a standard normal
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TABLE Il
PERFORMANCE OF THE AGGREGATED ESTI MATOR[Naa.

K=1000 K=100 K=10 K=1 (MLE)

R (0.3110, —0.1819) | (0.3116,—0.1826) | (0.3116,—0.1826) | (0.3116, —0.1826)
Compression Time (Sec.) 366 347 377 636
Aggregation Time (Sec.) <01 <01 <01 0

”B“fb‘ﬁo” 0.9% 0.8% 0.8% 0.8%
Merr?ory 8,000 20,600 200,060 2,000,000

distribution [11], where 3,0 is the underlying true parameter
for the cell ¢; (i = 1,2). Following the standard multivariate
normal distribution theory, if the two célls ¢; and ¢, are ho-
mogeneous, we know that the statistic y = (31 —B2)7 (A7 +
A1) "H(B1 — B2) is asymptotically 2-distributed , where p
is the dimension of 3;. Hence we can use the statistic x to
construct a chi-square test to test the homogeneity of the two
cells. For the kidney stone example, we have xy = 26.04 which
is highly significant. This indicates that the two kidney stone
groups are very likely non-homogeneous and not suitable for
aggregation.

Sometimes, the class-label distributions in some cells may
be skewed. For example, some cell may have much more
positive examples than negative ones. The strong skewness of
the class-label is a known problem in logistic regression, not
specific to the data cube context. The maximum likelihood
estimate may not exist in such a circumstance. If only a
few cells show the skewness of the classlabel in a data
cube, it is likely that these cells and other cells are not
homogenous. Aggregating these cells with other cells may not
be appropriate.

V. EXPERIMENTAL RESULTS

We perform experimental studies on synthetic and real data
to vaidate our method. We study the aggregation accuracy,
the space usage, and the computational efficiency of the
proposed scheme. There are a number of advantages of the
proposed scheme we aim to validate through the experiments.
First, we show that the error of the compression is small.
Second, we show that using the compression and aggregation
can tremendously reduce the computational complexity for
OLAPiNng queries. Third, we show that, although we assume
homogeneity of component cells, aggregation is meaningful as
it can improve the model accuracy over subsampling. Finaly,
we show that the compression alows efficient incremental
aggregation for mining stream data.

A. Quality and efficiency of compression and aggregation in
data cubes

We run several experiments to evaluate various properties
of the proposed scheme.

a) Experiment 1.: In the first simulation, we consider a
logistic regression model with one predictor and one inter-
cept term. The true regression coefficients are set as 8, =
(0.314,0.181)7 and the total sample size is N = 1, 000, 000.
We generate the predictors xq,--- ,xx independently from
the standard normal distribution. Then y, is simulated from
the Bernoulli distribution with parameter

pi = nlBy - (L)',

We partition the entire data set into K = 103, 102, or 10 cells
with equal number of observations. The original N observa-
tions can be viewed as an aggregated cell from the K base
cells. We then apply our aggregation algorithm to approximate
the MLE for the entire data set. In the compression step, we
use the Newton-Raphson algorithm to find the MLE ,ék in
each base cdl cy.

Table 1l shows our aggregated estimates ,éa for different
values of K and compares them to the MLE Ba. Note that
in the last column of Table Il where K = 1, 3, is exactly
8, The second row shows the computational time to finish
the compression step for different K. The third row shows
the time to obtain Ba by aggregating the ALCRs. The fourth
row shows the relative bias of Ba, which is quite stable for
different values of K. Thelast row shows the space complexity
for different K. For example, in column 1 of row 4, when
K = 1000, the number 8000 means we only need to store
1000* 2 data points (x;, y;) for the current cell and the 1000*6
numbers for the 1000 ALCRs.

The simulation results show that the ALCR compression
method can achieve almost the same accuracy as the MLE
based on al the origina observations, while it significantly
saves computational time and space.

b) Experiment 2.: In the second simulation, we study the
efficiency to generate logistic regression models for aggregated
data cells in a data cube. Two dimensions are time and
location, and the other three measure dimensions are y, =1
and z2. We have 50 months' record in the time dimension and
20 cities in the location dimension. We first generate (x 1, x2)
from a two-dimensional standard normal distribution and then
generate y from the Bernoulli distribution with parameter
p = p(Bo + Prxy + Baa2), where (8o, 51, 52)" = (1,2,3).
For each city in each month we have 1,000 tuples (y, z 1, z2).
Then we randomly generate 100 queries. More specifically,
we first randomly select a number D from {1,---,1000},
and then we randomly select D cells from the 1000 base cells
(ti,l;) (@ =1,---,50, j = 1,---,20). Each query asks to
estimate the logistic regression model in the aggregated cell
composed of the selected base cells.

We compare our ALCR aggregation method to the direct
MLE method by their computing time for handling these 100
queries. Table 111 shows the time with and without using com-
pression, respectively. The first row shows the computational
time for compression and the second row shows the aggre-
gation time for al these 100 queries. Without using ACLR
compression, the aggregation timeis the time to compute MLE
directly from the raw data of these selected cells. It is obvious
that our method saves huge amount of computationa time
when handling OLAP queries in a data cube.
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TABLE 111
COMPARISON OF THE COMPUTATIONAL TIME USED FOR ANSWERING 100
QUERIES.

ACLR compression | no compression

Preprocessing (compression) 953 seconds 0 second
Query processing (aggregation) 0.47 seconds 8 hours

c) Experiment 3.0 In this simulation, we consider a
logistic regression model with 5 predictors and one inter-
cept term. The true regression coefficients are set as 8 =
(Bo,---,35)T =(1,2,3,4,5,6)T and the total sample size is
N = 500,000. We generate the predictors x1,--- , x5 inde-
pendently from the standard normal distribution. We simulate
y; from a Bernoulli distribution with the probability parameter

exp (ﬁo + Z?:1 53'5%’)
pi = ’
1+ exp (ﬁo + Z?Zl 63‘3%')

We partition the entire data set into K = 20,40, - - - , 680 cells
with equal number of observations (except the last cell in some
cases). We then compute both the MLE ,é’a and the aggregated
estimate 3, for the entire data set. In the compression step
of our aggregation method, we use the Newton-Raphson
algorithm to find the MLE Bk, in each base cell ¢. Figure 2a
plots the relative bias, |3, — 8||/||8]l, of B, against the
partition number K. Figure 2b plots the relative difference
18, —8,1/113, | against the partition number K. It shows that
both the relative bias and the relative difference are increasing
with respect to the partition number K. This phenomenon
can be well explained by our theory. Since the size of the
entire data set is held fixed in this simulation, as the partition
number K increases, we will have less number of observations
in each base cell, and the smallest eigenvalue A, of the matrix
> i1 Xk;jxj; in the kth cell becomes smaller. According to
Theorem 4.2, the difference between the aggregated estimate
and the MLE will be larger. This shows that for a data set
of fixed size, the accuracy of our aggregated estimate lowers
as the partition number increases. However, the small relative
difference indicates that our aggregated estimates are till very
accurate comparing to the MLE. When the size of the entire
data set goes to infinity, our asymptotic theory shows that the
aggregated estimate will have the same performance as the
MLE.

Next, we compare our aggregated estimate Ba with the esti-
mate from subsampling. The K parameter estimates ,ék (k=
1,---, K) from the K cells can be viewed as estimates from
subsampling. For each K = 20, 40, - - - , 680, we calculated the
biasratios, ||3,— 03| /|8,—08|.fork=1,--- , K.InFigure3,
we plot base-10 logarithm of different quantiles (the minimum,
the 5th percentiles, the 25th percentiles, the 50th percentiles
(medians), the 75th percentiles, the 95th percentiles and the
maximum) of the bias ratios for each K = 20,40, - - -, 680.
For example, for K = 200, the 0.25 quantile is 0.28. It
means that, among the 200 subsampling estimates ﬁk k=
1,--+,200, only 25% has || 3, — 3| /|18, — 8l < 10928 =1.9.
In other words, for K = 200, 75% of all 3, has an error 1.9
times larger than the aggregated estimate Ba.

From the curve of the maximums bias ratio (the top curve),
we see that for all K, the maximum bias of Bk is about ten

Fig. 2. Relative difference of the aggregated estimate with a varying number
of partitions.
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times larger than the bias of Ba. Similarly, from the curve
of the medians of the bias ratio (the fourth curve), we see
that a half of the estimates 3, (k = 1,---, K) have biases
about twice of that of the aggregated estimates for all K (the
dashed horizontal line is y = log,, 2.). Also the curve of the
0.25 quantiles shows that more than 75% of Bk’s have larger
biases than the aggregated estimates, since the 0.25 quantiles
are al above the 0.0 line. Therefore, Figure 3 shows that the
aggregated estimate performs better than the estimates from
subsampling. Although the data is homogeneous, aggregation
is necessary as the aggregated estimates are significantly more
accurate than the individua estimates from each component
cell.

B. Application to data streams

For many stream data applications, the size of the dataistoo
large to be stored permanently. We are often more interested
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Fig. 4. Comparison of the ALCR method (blue lines) and naive method (red lines) for logistic regression analysis of stream data.
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in analyzing and predicting the data instead of the values of
the raw data. We need to continuously update our model while
receiving data. Therefore, even if we can store al the historical
raw data, we may not be able to perform online updating in a
reasonable amount of time because of the large volume of the
stream data and the time costs for computing a model from
large data sets. The proposed compression and aggregation
method provides a solution.

We apply our method to estimate logistic regression models
for stream data The data set we used is the 50 month’'s
data of the first city in the second simulation. We update
our model for every 500 new data records. In our methods,
whenever we receive 500 new data records, we compute its
ACLR, update the logistic model by aggregating the ACLR
with previous ACLRs, and discard the raw data. We compare
the performance of our method to a “naive” method, which
stores dl the stream data and uses the raw data to update the
model for every 500 new data records.

Figure 4 shows the computation time, space usage, and esti-
mation error of our method and the “naive” method at different
update times. As before, the error is defined as the Euclidean
distance between the estimates and true parameters. In the
three graphs, the solid blue lines represent our aggregation
method and the dashed red lines represent the naive method.

From Figure 4a, we see that the computation time of our
aggregation method roughly maintains at a constant level at
different update times, while the computation time of the naive
method increases very quickly. When we use our aggregation
method to update the model we only need to use the new
coming data to calculate the ALCR (3, A) for the cell of new
coming data and aggregate all the ALCRs together to get 3.
The computation time for getting (3, A) remains small since
every time we only use 500 data points and the aggregation
step is very fast. In contrast, for the naive method, every time
we update the model, we have to use all the raw data to
calculate 3, and the computation time increases linearly when
the volume of raw data becomes larger. Similar argument is
valid for the memory space usage in Figure 4b. In Figure 4b
the y-axis is the amount of data we need to store at different
update times.

From Figure 4c we see that at the beginning the two

Time Point

b) Space reguirement

60 80 100 0 20 40 60 80 100

Time Point

c) Estimation error

methods actually have the same accuracy. As the data stream
flows in, the error of our method becomes larger than that of
the naive method. However, errors of both methods diminish
as the data stream progresses. Considering the tremendous
time and space savings, our method is obviously a more
preferable and scalable alternative to the naive method without
compression.

C. Application to the behavioral risk factor surveillance sys-
tem

We aso apply our aggregation method to the Behavioral
Risk Factor Surveillance System (BRFSS) survey data [12].
The BRFSS is an ongoing data collection program designed
to measure behavioral risk factors in the adult population.

We use the survey data in 2004 to 2006. In the time
dimension, we have three levels, year, month and day. In the
location dimension, however, we have only the state level.
The variable state can take 53 possible values including the
50 states and 3 districts.

In the BRFSS survey data, we are most interested in mod-
eling the variable called _-RFHLTH, which can take value 1
(fair or poor health) or 2 (good or better health). For simplicity,
we denoteit by Y. The explanatory variables are EXERANY 2,
_EMPLOY, _RFSMOK3, DRNKANY4, and AGE. The vari-
able EXERANY 2 describes whether an interviewee has any
kind of exercise during the past month, RFSMOKS3 describes
whether an interviewee is a smoker, DRNKANY 4 describes
whether an interviewee has been drinking alcoholic beverages
during the past month, and EMPLOY describes whether one
was employed or not. For all of the above variables, value 1
means yes and 2 means no. The variable AGE is the age of
an interviewee. We consider the following model

Bo + BLIEXERANY2 + (3,_.EMPLOY
+33.RFSMOK3 + 3,DRNKANY4 + 3;AGE.

logit(p) =

We will use our aggregation method to estimate the parameters
ﬁ = (501517ﬁ2a537ﬁ4a55),r and compare the aggrwated
estimates 3 with the MLE 3. The measurement of the quality
of the aggregated estimates is the relative difference |8 —

Bl/NBI.
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Fig. 5. Histogram of number of tuples in base cell.

Frequency
600 800
| ]

400
1

200
1

T T T T T 1
0 500 1000 1500 2000 2500

Number of tuples in base cell

Fig. 6. Relative errors of the estimates aggregated over states for each month.
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The data set in each year is partitioned into 12 subsets
by month, which can be further partitioned by the 53 states.
Figure 5 shows the histogram of the number of tuples in the
base cells. We compute the ALCR for each state in each month
and then aggregate the ALCRs. For the data in each month,
we can get the aggregated estimates over the states. Figure 6
shows the relative difference of these aggregated estimates.
We see that all the relative differences in Figure 6 are less
than 0.05. This result on a real data set suggests that our
aggregation method provides much faster computation at the
cost of negligible loss of accuracy.

V1. DISCUSSION OF RELATED WORK

In this section, we compare our study with some related
work and point out their differences from our work.

In general, statistical models can be put into two categories,
parametric models such as linear regression and logistic re-
gression, and nonparametric models such as probability based
ensembles, naive Bayesian classifier and kernel-density-based
classifiers. In parametric models, emphasis is often put on
parameter estimation, such as how accurate an estimator is.
On the other hand, prediction accuracy is more important in
evaluating the performance of a nonparametric model. The
framework of regression cube [9], [7] develops a lossless

compression and aggregation scheme to support OLAP of
linear regression, a parametric model, in a data cube setting.

Ancther highly related work is the tool of prediction
cube[5], which supports OLAP of prediction modelsincluding
probability based ensemble, naive Bayesian classifier, and
kernel-density classifier. The prediction cubes bear similar
ideas as regression cubes in that both of them aim at de-
riving high-level models from lower-level models instead of
accessing the raw data and rebuilding the models from scratch.
A key difference is that, the prediction cube only supports
models that are distributively decomposable or agebraicaly
decomposable [5], whereas the regression models in our study
are not. Also, the prediction cubes deal with the prediction
accuracy of nonparametric statistical models, whereas our
compression theory is developed for parameter reconstruction
of logistic regression models.

The above developments all focus on lossless computation
for data cubes. Alternatively, asymptotically lossless computa-
tion that provides good approximations to the desired results
is also acceptable in many applications when efficient storage
and computation is attainable. An approximation technique
called quasi-cube uses the loglinear model, a parametric
model, to characterize regions of a data cube [3]. Efficient
storage and fast computation are achieved by storing the
parameters of the loglinear models instead of the original
data. In quasi-cubes, the desired computation is done based on
approximations to the origina data provided by the loglinear
model. However, it is difficult to quantify the approximation
errors in a quasi-cube.

Our paper considers aggregation operations without access-
ing the raw data. Palpanas, Koudas, and Mendelzon [20] have
considered the reverse problem, which is to derive original
rav data from the aggregates. An approximative estimation
algorithm based on maximum information entropy is pro-
posed [20]. It will be interesting to study the interactions of
these two complimentary approaches.

Dimension hierarchies, cubes, and cube operations are for-
mally introduced by Vassiliadis [23]. Lenz and Thalheim [17]
proposed to classify OLAP aggregation functions into dis-
tributive, algebraic, and holistic ones. In data warehousing
and OLAP, much progress has been made on the efficient
support of standard and advanced OL AP queries in data cubes,
including selective cube materiaization [15] and intelligent
roll-up [22]. However, the measures studied in previous OLAP
systems are usually single values, not regression models.

VIlI. CONCLUSIONS

In this paper, we have proposed an asymptotically lossless
compression technique to support efficient logistic regression
analysis in a data cube environment. We have developed a
compression scheme that compresses a data cell into a com-
pressed representation whose size is independent of the size of
the cell. Under regularity conditions, we have proved that the
aggregated estimator is strongly consistent and asymptotically
error-free.

The proposed technique allows us to quickly perform OLAP
operations and generate logistic regression models at any
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level in a data cube without retrieving or storing the raw
data. Our experimental studies show that our compression
and aggregation method can significantly save computing time
with little loss of accuracy. Moreover, the aggregation error
diminishes as the size of the data cube increases. We are
currently extending the technique to more general situations,
such as quasi-likelihood estimation for generalized statistical
models.
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