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Abstract

In this paper, we proposenew dominancerelationsthat
can speedup signi�cantly the solution processof nonlin-
ear constraineddynamicoptimizationproblemsin discrete
time and space. We �r st showthat path dominancein dy-
namicprogrammingcannotbeappliedwhenthereare gen-
eral constraints that spanacrossmultiple stages,and that
nodedominance, in theform of Euler-Lagrangeconditions
developedin optimal control theory in continuousspace,
cannotbeextendedto that in discretespace. Thispaperis
the�r stto proposeef�cient dominancerelations,in theform
of local saddle-pointconditionsin each stageof a problem,
for pruningstatesthatwill not leadto locally optimalpaths.
By utilizing thesedominancerelations,wedevelopef�cient
search algorithmswhosecomplexity, despiteexponential,
hasa much smallerbaseascomparedto thatwithoutusing
the relations. Finally, we demonstrate the performanceof
our algorithmson somespacecraft planningand schedul-
ing benchmarksandshowsigni�cant improvementsin CPU
timeandsolutionqualityascomparedto thoseobtainedby
theexistingASPENplanner.

1 Intr oduction

A large variety of engineeringapplicationscanbe for-
mulatedasconstraineddynamicoptimizationproblemswith
dynamicvariablesevolving over time. Theseproblemscan
generallybe classi�ed into four types: a) continuous-time
continuous-stateproblems, b) discrete-timecontinuous-
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stateproblems,c) continuous-timediscrete-stateproblems,
andd) discrete-timediscrete-stateproblems.The �rst two
classesarealsoknown asfunctionaloptimizationproblems
in classicalcalculusof variationsand as optimal control
problemsin control theory. In the �rst two classes,varia-
tional techniquesand calculusof variationsare the major
toolsfor solvingcontinuous-spacefunctionaloptimization.

In this paper, we areinterestedin the last classde�ned
above,namely, nonlinearconstraineddynamicoptimization
problemsin discretespaceandtime:
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is a B -componentvec-
tor of functionscalled the Lagrange constraints [2]; and
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is a E -componentvector of functions
called the general constraints. Note that

�

, ( and - are
not necessarilycontinuousanddifferentiablein our de�ni-
tion. Further, althoughwe have de�ned (1) with equality
constraints,we show extensionslater for handlinginequal-
ity constraints.

A solution
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to (1) con-
sistsof > discrete-timecurves,1 onefor eachdynamicstate
variable. Following conventionalterminologiesin contin-
uous control theory, we call




a bundle (or a vector of
curves) for both continuous-and discrete-timecases,and


�� 
��

, a functionalde�ned asamappingfrom



to anumeri-
cal value.

1In this paper, we usetheterm“curve” uniformly for bothcontinuous-
anddiscrete-timecases.A discrete-timecurve is typically nameda “se-
quence.”
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Figure 1. Theapplicationof pathandnodedominancein
constrainedminimization.

Many applicationsin discretetimeandspacecanbefor-
mulatedin (1). Ample examplesexist in productionplan-
ning and scheduling,chemicalcontrol processing,auto-
matedvehiclepathplanning,andactionscheduling.These
problemsare characterizedby multiple stages(time hori-
zons)with a discretesearchspacein eachstage,multiple
Lagrangeconstraintsacrossneighboringstages,and gen-
eralconstraintsacrossmorethattwo stages.

For example,planningproblemsin AI canbeformulated
in (1) usinga discreteplanninghorizon,discretestatevec-
tors representingpositive andnegative factsin eachstage,
andconstraintsrepresentingpreconditionsandeffectsof ac-
tions.In thatcase,bothspaceandtimearediscrete.Another
exampleis in planningandschedulingspacecraftoperations
over a horizon[5]. The applicationinvolves�nding a se-
quenceof low-level commandsfrom a setof high-level sci-
enceandengineeringgoals,suchasspacecraftoperability
constraints,�ight rules,hardwaremodels,scienceexperi-
mentgoals,andoperationprocedures,subjectto parame-
ter dependenciesandtemporalandresourceconstraints.In
thatapplication,aLagrangeconstraintmayrelatestatevari-
ablesin adjacentstages,whereasa generalconstraintmay
representthetotal fuel in thesystem.Theformulationhasa
discreteplanninghorizon,mixed-integervariables,andpro-
ceduralobjectiveandconstraintfunctions.

Existing methodseithersolve (1) directly usingheuris-
tic guided-searchmethodsthatsearchin discretepathspace
undertheguidanceof heuristicfunctions,or transform(1)
into a discreteconstrainedoptimization problem before
solvingit by existingconstrainedprogrammingtechniques.
Theperformanceof thesemethodsdependsheavily on the
searchheuristicsusedandarenotguaranteedto �nd feasible
bundles.Thereis little researchon techniquesfor reducing
theworst-casecomplexity of (1).

The problemformulatedin (1) is a multi-stagesearch
problem,whosecomplexity canbe reducedby dominance
conditionsandrelations.Suchdominancecanbeclassi�ed
into pathdominancestudiedin dynamicprogrammingand
nodedominance.

Usingtheconceptof bundlesde�nedaboveandbasedon
the Principle of Optimality, pathdominancehasbeenem-
ployed in dynamicprogrammingand its variantsfor �nd-
ing optimal bundlesof a specialcaseof (1) without gen-
eralconstraints.Figure1a illustratestheapplicationof the
principleto anintermediatefeasiblestate� in a constrained

Table 1. Worst-casecomplexities and the natureof the
conditionsin dominance. (Only nodedominancecan be
usedin solving(1) with generalconstraints.)

Constraint WithoutGeneral With GeneralConst.
Type Constraints (W/O PathDominance)

Dominance With Path With Path& W/O Node With Node
Used Dominance NodeDom. Dominance Dominance
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on theoptimalbundlefrom > to the�nal state,then ?
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@ (pathdominance?
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).
In applyingpathdominance,it is necessaryto enumer-

ateall possiblefeasiblestatesin eachstage.As thereis no
ef�cient algorithmfor identifying only feasiblestateswhen
constraintsarenonlinear, weneedto enumerateall possible
statesin eachstage.To estimatethis complexity, consider
an

� 3 #ED0!

-stagesearchproblem,with aninitial statein the
�rst stage,a �nal statein thelaststage,and
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, where? is thediscretesearchspace
in eachstage.Thecomplexity to �nd theoptimalbundleis

HJI
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L , which is polynomial in
K

?

K

. Table1 summa-
rizesthecomplexitiesandthetypesof conditioninvolved.

Whengeneralconstraints-
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arepresentin (1), the
Principleof Optimality cannotbeappliedto partialbundles
becausea dominatedpartial bundlemay satisfya general
constraintthat spansbeyond the currentstage,whereasa
dominatingpartial bundle may not. Hence,an algorithm
for �nding the optimal bundle will needto enumerateall
possiblebundlesacrossall stages,leadingto a worst-case
complexity of

H
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.
In contrastto pathdominance,dominanceconditionsand

relationscan be developedto prunenodesin order to re-
duce

K

?
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in eachstageof a search. Suchpruning canbe
achievedby developingunaryconditions(for pruning �
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in
Figure1b)or binaryrelations(using �
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, is the set of
nodesnotprunedby nodedominancein stage
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in themulti-
stageexampleabove andthatgeneralconstraints-
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in (1) are absent. In this case,an exhaustive searchfor
�nding the optimal bundle will �rst enumerateall nodes
in stage

�

,
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, and apply nodedominancein

2The implicit assumptionis that (1) is NP-hard;hence,theworst-case
complexity to �nd anoptimalbundleis exponential.
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(third column in Table1), which is betterthan the worst-
casecomplexity when path dominanceis applied alone.
Note that node dominance,when applied in conjunction
with pathdominance,is necessaryaswell assuf�cient be-
causedominatingbundlesinvolving dominatingnodessat-
isfy thePrincipleof Optimality.

Ontheotherhand,whengeneralconstraints-
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are
presentin (1) andnodesin astageareprunedby nodedom-
inance,it is not possibleto assertthat a dominatingnode
will satisfya generalconstraint. Hence,nodedominance
is only necessarybut no longer suf�cient for feasibility.
Further, to �nd the optimal bundle,oneneedsto enumer-
ateall possiblecombinationsof bundlesof
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(last columnin Table1). Here,we

assumeaworst-casecomplexity of
K
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in stage
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for �nding
oneof the N
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nodesin an enumeratedbundle. Although
this complexity is exponentialwith respectto
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substantiallylessthan
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.
Node dominancein Figure 1b hasbeenappliedin the

calculusof variationsin continuousspace.Sincethecondi-
tions therehave only beenprovedto be necessary, a dom-
inating nodemay not leadto feasiblebundles,even when
generalconstraintsareabsent.

Thereareno known nodedominanceconditionsandre-
lationsthatareapplicablefor solving (1). We addressthis
issuein this paperby developinga setof binarynodedom-
inancerelationsfor eachstageof (1). Our dominancere-
lationsarebasedon the theoryof Lagrangemultipliers in
discretespace[8] andrepresentan extensionof the calcu-
lus of variationsin discretespace.They arenecessaryand
suf�cient in theabsenceof generalconstraints,andareonly
necessarywhengeneralconstraintsareadded.

We �rst show that the problemof �nding a bundle for
(1) without generalconstraintsamountsto �nding a sad-
dle point in a discreteneighborhoodof the bundle,where
a neighborhoodis the union of discreteneighborhoodsin
eachstage.Sincetheneighborhoodof abundleis verylarge
whenthenumberof stagesis large,it is hardto �nd feasible
bundleswithin sucha neighborhood.To this end,we de-
velopthecalculusof variationsin discretespacethatallows
thesearchfor asaddlepoint in thediscreteneighborhoodof
a bundleto be reducedto thesearchof multiple local sad-
dle points,onein eachstageof theproblem.Moreover, we
show thatthecollectionof localsaddlepointsarenecessary
andsuf�cient for local optimality in thesameway a single
saddlepoint is requiredfor thelocaloptimalityof abundle.

Basedon the theory, we develop DCV-CSA, a general
searchalgorithmthatusesconstrainedsimulatedannealing
(CSA)[7] to look for localsaddlepointsin eachstage.CSA
performsdescentsin theoriginal variablesubspacein each
stageandascentsin theLagrange-multipliersubspacein or-
derto locatesaddlepoints.Finally, we applyDCV-CSA to
solvesomespacecraftplanningandschedulingbenchmarks
andreportmuchbetterresultsthanthosefound by the ex-
istingASPENplanner[4].

2 Previous Work

2.1 Calculusof variations in continuousspace

In classical variational theory, a fundamental
continuous-time continuous-state functional optimiza-
tion problemin its simplestform is de�ned as:
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Sinceit is generallydif�cult to seekconditionsfor an
absoluteminimum curve in a searchspace,the theory in
thecontinuouscasede�nestheconceptsof strongandweak
relativeminimum[3]. Thestudyled to a numberof neces-
saryconditionsfor a curve to bea weakrelative minimum,
amongwhich the most important is the Euler-Lagrange
conditionstatedbelow in its differentiatedform.

Theorem 1. Continuous-timecontinuous-stateEuler-
Lagrangecondition[3]. If bundle




is a weakrelative min-
imum to (2), andif
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is any point in
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wherederiva-
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exists, then the following Euler-Lagrangeequa-
tion holds:
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Analogousto variationaltheoryin continuoustime and
space,calculusof variationsin discretetimeandcontinuous
spacewas studiedsincethe 1960s. A fundamentalfunc-
tional optimizationproblemin discretetimeandcontinuous
stateis de�ned as:
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Suchstudiesledto discrete-timeEuler-Lagrangeequations,
maximumprinciple, NoetherTheorem,and extensionsto
integrablesystems.

Although theseresultsdo not considerconstraints,side
constraints,includingLagrangeconstraintsandisoperimet-
ric constraints[2], can be included. Constraintsare typi-
cally handledby using Lagrangemultipliers to transform

3



a constrainedprobleminto an unconstrainedone, and by
applying the Euler-Lagrangeconditionon the Lagrangian
function to get the Euler-Lagrangeequations.The condi-
tions obtainedareonly necessarybut not suf�cient, asthe
theoryof Lagrangemultipliersonly yieldsnecessarycondi-
tionsfor continuousoptimization.

Unlike (2) and(4), constraintsin generalcontrol prob-
lems[2] areintroducedexplicitly by a control vectoranda
control functiongoverningthesystem.Themajorprinciple
for suchcontrolproblemsis thePontryaginminimumprin-
ciple [3, 2] that canbe derivedby �rst treatingthecontrol
function asa sideconstraint,transforminga generalprob-
leminto aconstrainedfundamentalproblem,constructinga
LagrangianfunctionusingLagrangemultipliers,and�nally
solvingtheEuler-Lagrangeequations.

The theoryin continuousspacecannotbeusedto solve
(1) in discretespacewhen functions are not continuous
and differentiable. To solve (1), we apply our theory
of Lagrangemultipliers for discreteconstrainedoptimiza-
tion [8] to (1) andshow thatabundlesatisfyingthediscrete-
neighborhoodsaddle-pointconditionis necessaryandsuf-
�cient for it to be a local-minimumbundle in its discrete
neighborhood.We thenestablishtheEuler-Lagrangeequa-
tions for (1) and show that the saddle-pointcondition on
a bundlecanbepartitionedin multiple saddle-pointcondi-
tions,onefor eachstageof theproblem.

2.2 Lagrangian theory ondiscreteconstrained op­
timization

Considera discreteequality-constrainednonlinearpro-
grammingproblem(NLP):
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in (5), asit canbe handledeasilyby transform-
ing it into anequivalentequalityconstraint�����
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. Such conversionsare not used in Lagrangianmeth-
odsin continuousspacebecausethey arenot differentiable
at �

�

�
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� +

. However, they do not poseany problem
in our algorithmsbecausewe do not require their differ-
entiability. Moreover, practicalsearchalgorithmsemploy
greedysearchanddo not enumerateall possibleneighbor-
hoodpoints.

To characterizesolutionssoughtin discretespace,wede-
�ne �
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, theneighborhood[1] of point � in discretespace
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start-
ing from any � in oneor morestepsthroughneighboring
points.

Point �
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is a discrete-neighborhoodconstrainedlo-
cal minimum( "$#&%('*) ) if it satis�es two conditions: a)
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A generalizedLagrangianfunctionof (5) is [8]:
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. Note that these
transformationsarenotusedin Lagrangianmethodsin con-
tinuousspacebecausethey arenot differentiableat �
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. However, they donotposeproblemsherebecausewe do
not requiretheir differentiability.

A directionof maximumpotentialdrop(DMPD) de�ned
in a discreteneighborhoodof #2'
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. D ?Y'*) is differentfrom D ?�Z[)

(saddlepoint in continuousspace)becauseit is de�ned us-
ing differentneighborhoods.

Theorem 2. First-order necessaryand suf�cient condi-
tions for "$#&%

'*) [8]. A point in thediscretesearchspace
of (5) is a "$#&%

'*) if f:
a) it satis�esthesaddle-pointcondition(8); or
b) it satis�esthefollowing discrete-space�rst-order con-

ditions:
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� (9)

Theorem2 is strongerthan its continuouscounterpart
that requires "$#5%

Z[) ( "$#&% in continuousspace)to be
regular points and all functionsto be differentiablein its
�rst-order necessaryconditions. In contrast,thesearenot
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Figure 2. An iterativeprocedureto look for
���

I��
[6].

requiredfor "$#&% '*) . Further, the�rst-order conditionsfor
continuousproblemsareonly necessaryandmustbe aug-
mentedby second-ordersuf�cient condition, whereasthe
conditionsin Theorem2 arenecessaryaswell assuf�cient.

Basedon theconditionsin Theorem2, Figure2 depicts
a generalprocedureto look for D ?�'*) [6]. The procedure
consistsof two loops:the � loopthatupdatesthe � variables
in orderto performdescentsof #2' in the � subspace,andthe

,

loopthatupdatesthe
,

variablesof unsatis�edconstraints
in orderto performascentsin the

,

subspace.
Variousimplementationshave beendevelopedbasedon

the procedure,including the discrete Lagrangian method
(DLM) [8], constrained simulatedannealing(CSA) [7],
andanytimeconstrainedsimulatedannealing(ACSA) [6].
DLM entailsgreedysearchesin the � and

,

subspaces,de-
terministicinsertionsinto the list of candidates,anddeter-
ministic acceptanceof candidatesuntil all constraintsare
satis�ed. In contrast,CSA generatesnew probesrandomly
in oneof the � or

,

variables,acceptsthembasedon the
Metropolisprobability if #5' increasesalongthe � dimen-
sionanddecreasesalongthe

,

dimension,andstopsupdat-
ing

,

whenall constraintsaresatis�ed. In particular, using
a logarithmiccoolingschedule,CSA convergesasymptoti-
cally to " (+% '*) with probabilityone[7].

3 Calculusof Variations in DiscreteSpace

3.1 Basicde�nitions

Solutionsto (1) cannotbecharacterizedin wayssimilar
to thoseof continuous-spaceproblemswith differentiable
functions. In the latter classof problems,strongandweak
relative minima arede�ned with respectto neighborhoods
of opensphereswith radiusapproachingzero asymptoti-
cally. Sucha conceptdoesnot exist in problemswith dis-
cretevariables.

To characterizesolutionssoughtin discretespace,wede-
�ne conceptson neighborhoodsandconstrainedsolutions
similar to thosein Section2.2.

De�nition 1. ���
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of statevectors >

9

�21/121��

>

	
F

? suchthat >

5

,

9

F

� �
�

>

5

!

,
7

�

$0�21/121



� $

.

De�nition 2. �

"

�

7�
�




!

, the
�

� 8

-stage discrete neighbor-
hoodof bundle




for given � �
�

>

!

andall
�

�,+

�2$0�/121/1��'3 #

$

, is de�ned asfollows:

�

"

�

7�
�




!

�

��
����� 

���"! F

���
�




� �"!'!

and



�

7

!

�%


�

7

!��

7

�,+

�2121/1��'3 #%$0�

7��
�

��� � (10)

Intuitively, �

"

�

7�
�




!

includesall bundlesthatareidentical
to




in all stagesexcept
�

, wherethestatevectoris perturbed
to a neighboringstatein � �

�




� �"!"!

.

De�nition 3. �

�
�




!

, thediscreteneighborhoodof bundle




, is:

�

�
�




!

�

�

,

9��
���

�

"

�

7�
�




!

(11)

De�nition 4. Bundle



is a discrete-neighborhoodcon-
strainedlocal minimum( "$#5%('*) ) of (1) if a)




is feasible,
implying that




satis�es all the constraintsin (1), and b)


�� 
��

A


 �



�

for all feasiblebundles



F

�

�
�




!

.
De�nition 5. A generalizeddiscreteLagrangianfunction
of (1) is:

H
I

K�� O�Q1O�� S�� ��� �! #"%$& '�(*) Q,+
K.- S�/

K10 K.- O ��K.- S�O ��K.-2"43 SWSWS" �5+6/ K�7 � �! S O

(12)

where
,

� �"!

� �

,

9

���"!��/121/1:�

,

@

���"!

�

<

,
�

�%+

�/12121��43

, and 8
�

�

8
9

�21/121:�

8
D

�

<

arevectorsof Lagrangemultipliers,and
-

is
a non-negative continuoustransformationfunctionde�ned
in (7).

De�nition 6. A discrete-neighborhoodsaddle point
D ?

'*)

�




F

�

,

F

�

8 F

!

of (1) is a point with thefollowing prop-
erty: For all




F

�

�
�




F

!

and
,

F��

;

�

8
F$�

D ,

#5'

�




F

�

,

�

8 F

!

A
#&'

�




F

�

,

F

�

8 F

!

A
#5'

�




�

,

F

�

8 F

!

(13)

and #&'

�




F

�

,

F

�

8
!

A
#&'

�




F

�

,

F

�

8 F

!

(14)

Thefollowing resultfollows from De�nition 6 andThe-
orem2.

Lemma 1. Bundle



in thediscretesearchspaceof (1) is
a "$#5%

'*) if f:

a) it satis�esthediscrete-neighborhoodsaddle-pointcon-
ditions(13)and(14); or

5



b) it satis�esthefollowing discrete-space�rst-order con-
ditions:

6

	

#&'

�




�

,

�

8
!

�,+

�

(15)

(

� ���




���"!)�




���*#%$&!"!

�%+

and -

� 
���� +

�

where
�

�%+

�2$0�/121/1 �43

.

Intuitively, Lemma1 re-statesthe necessaryand suf�-
cientconditionsin Theorem2 when(1) is solvedasa non-
linear equality-constrainedNLP. Theseconditions, how-
ever, must be appliedon a bundleasa whole andcannot
helpprunenodesin intermediatestages.In orderto prune
suchnodes,we show in thenext sectionthepartitioningof
theseconditionsinto thosethatcanbeappliedin eachstage
of asearch.

3.2 Distrib uted necessaryand suf�cient condi­
tions

Analogousto theEuler-Lagrangeconditionsin continu-
ousspace,we presentin this sectionthepartitioningof the
discrete-neighborhoodsaddle-pointcondition in (13) into
multiple saddle-pointconditions,one for eachstage. Be-
fore the main theoremis presented,we de�ne the follow-
ing to characterizethedistributedpropertiesof thesolution
spaceof (1).

De�nition 7. The
�

� 8

-stage distributed discrete La-
grangianfunctionof (1) for all

�

� +

�/121/1��'3 # $

is de�ned
as: �

'

�����




�

,

�

8
!

�

������� $6�




��� � $G!��




� �"!"!

# �������




���"!��




���:#,$G!"!

#

,

����� $G!

-

�

(

����� $0�




� � � $&!)�




���"!'!"!

#

,

���"!

-

�

(

�����




���"!��




��� #%$&!"!'!*#

8 -

�

-

� 
��

!

�
'

�

+

�




�

,

�

8
!

�

���

+

�




�

+

!��




�"$&!"!

#

,

�

+

!

-

�

(

�

+

�




�

+

!)�




�=$G!"!"! #

8 -

�

-

� 
��

!

�
'

� 3 #%$0�




�

,

�

8
!

�

��� 3 �




� 3 !��




� 3 #,$G!"!

#

8 -

�

-

� 
��

!

�

De�nition 8. The
�

� 8

-stage distributeddirectionof max-
imum potential drop on a discreteneighborhoodof




in
stage

�

,
�

� +

�/12121��43 # $

, is a vectorthat points from



to



�

F

�




�&3

�

"

�

7�
�




!

with theminimum

�
'

� ���




�

,

�

8
!

:

6

	

"

�

7

�
'

�����




�

,

�

8
!

� 

�

�




�

where



�
�

�
:<;

��� ��
=
B

	
C

@

?�������
"

	

7

�
'

�����



�

,

�

8
!

�

Themainresultis summarizedasfollows.

Theorem 3. Distributed necessaryand suf�cient condi-
tionsfor "$#&%('*) . Bundle




in thediscretesearchspaceof
(1) is a "$#5% '*) if f it satis�es eitheroneof the following
setsof conditions:

a) Discrete-neighborhoodEuler-Lagrange equations
( 	 #
	 '*) ):

6

	

"

�

7

�
'

� ���




�

,

�

8
!

� +

� �

� +

�/121/1��'3 #,$

(16)

(

�����




� �"!��




� �*#,$G!"!

� +

� �

� +

�/12121��43

(17)

and -

� 
����,+

� (18)

b) Distributed discrete-neighborhoodsaddle-pointcon-
dition ( � D ? '*) ):�1I�K.- O � �

O�Q�
AO�� �

SUT ��I�K.- O � �

ORQ

�

O�� �

S�T ��ILK.- O � 
NO�Q

�

O�� �

S�O

(19)

and
H I K�� �

O�Q

�

O � 
 SYT

H I K�� �

O�Q

�

O�� �

S�O

(20)

for
�

� +

�/$0�/12121��43 # $

andfor all



�

F

�

"

�

7�
�




F

!

,
,

�

F

�

"

�

7�
�

,

F

!

, and 8
�

F$�

D . Here,� 
 �
K�� �

K�� S�O�������O � �

K.-�� 3 S�O � 
 K.- S�O � �

K.-5"43 S�O������O � �

K�� " 3 SWS

Q 
 �
K

Q

�

K�� S�O�������ORQ

�

K.-�� 3 S�ORQ 

K.- S�ORQ

�

K.-*" 3 S�O������O�Q

�

K�� SWS�O���
' �� K

Q

�

S�� �
Q�� Q

K.- S ��!#"
and

Q

K%$ � $'&� - S�� Q

�

K%$ S)(0O

where



�

(resp.
,

�

) represents



F (resp.
,

F ) perturbedin
the

�

� 8

stage.

Thetheoremcanbeprovedby examiningthefunctional
structureof theconditionsin Lemma1 andby decomposing
theconditionsin eachstage.We do not show the proof in
this paper.

Thereareseveralsalientfeaturesof Theorem3.
a) Unlike classicalcalculusof variationsin continuous

space,Theorem3 doesnot requirethe differentiability or
continuityof functions.

b) Conditions(16) and(17) in 	+#
	 '*) arethediscrete-
spacecounterpartof the continuousEuler-Lagrangeequa-
tions, whereas (19) in � D ?Y'*) indicates that �nding
a "$#5%

'*) is equivalent to �nding
3 # D

discrete-
neighborhoodsaddlepoints,onein eachstage.Thesecon-
ditions arethe dominancerelationsfor pruningnodesin a
search. In particular, (19) is very easyto implementand
is employed in the variationalsearchalgorithmpresented
next. Further, (18) and(20) refer to conditionson thegen-
eralconstraintsthatmustbesatis�ed.

c) As is discussedin Section1, the useof nodedomi-
nancehelpsreducethe searchcomplexity from

H I

K

?

K

�

L

to
H

�

3

K

?

K
�

�

5

�

9

K

N

�
	 !

K



(Table1). As
K

N

��	 !

K

, the number
of pointsin ? of stage7 thatarefeasibleandarelocalmini-
mumof

�
' , ismuchsmallerthan

K

?

K

, nodedominancehelps
reducethe baseof the exponentialcomplexity to a much
smallervalue.
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1. procedureDCV-CSA
2. Initialize startingpointof

�
;

3. Initialize
Q1O��

to 0;
3. �����

)
; /* vector � controlstheupdateof

�
*/

4. repeat/* outerloop in iterativescheme*/
5. for

- � �
to
� "43

/* innerloop for
���

I��
*/

6. call CSA to ®nd
���

I �
in stage

-
;

7. end for
8. evaluate

7 � �! 
andupdate� if necessary;

9.
�
�
� " � + / K�7 � �! S

; /* ascentsin
�

subspace*/
10. until nochangeof

� ORQ1O��
in aniteration;

11.end procedure

Figure 3. DCV-CSA: an iterative procedurefor ®nding
pointsthatsatisfy �

� �
I��

in Theorem3 usingCSA [7] in
Figure2.

d) In a way similar to that describedin Section2.2,
our theory handlesinequality constraintsby transform-
ing �

�

�

!

A

+

into an equivalent equality constraint
�!���

�

�

�

�

!)�

+

!

�,+

.

3.3 Discrete­SpaceVariational Search

Figure 3 outlinesDCV-CSA, a heuristicprocedurefor
�nding points that satisfy � D ?�'*) in Theorem3. It con-
sistsof two parts,onelooking for dominatingnodes(local
saddlepoints)in stage

�

thatsatisfy(19),andtheotherlook-
ing for local maximain the 8 subspaceof #9'

�




�

,

�

8
!

that
satisfy(20). It usesCSA in Figure2 with default parame-
tersto look for D ?Y'*) in eachstage,and,onceall thestages
havebeenexamined,performsascentsof #

'

�




�

,

�

8
!

in the8 subspaceif therewereunsatis�edgeneralconstraints.It
stopswhenno further improvementscanbemadein the




,
,

and 8 subspaces.In principle,theinner loop canuseany
algorithmthatlooksfor D ?

'*) .

4 Experimentson ASPEN

We have testedDCV-CSA on several benchmarkson
planningand schedulingof spacecraftoperations,includ-
ing CX1-PREF, OPTIMIZE, andPREF, thatweredesigned
originally for theASPEN(AutomatedSchedulingandPlan-
ning Environment)planner[4] at the Jet PropulsionLab-
oratory. The CX1-PREFbenchmarkmodelsthe Citizen
Explorer-1 satellitedesignand operationplanning[9]. It
hasaproblemgeneratorthatcangenerateprobleminstances
of differentnumberof satelliteorbits.

Planning and schedulingof spacecraftoperationsin-
volvesgeneratinga sequenceof low-level spacecraftcom-
mandsfrom a set of high-level scienceand engineering
goals. Using discretetime horizonsand a discretestate
space,an ASPEN model encodesspacecraftoperability
constraints,�ight rules, spacecrafthardware models,sci-
enceexperimentgoals,andoperationsproceduresin order

to allow for the automatedgenerationof low-level space-
craft sequences.It de�nes varioustypesof constraints,in-
cludingtemporalconstraints,decompositionconstraints,re-
sourceconstraints,statedependency constraints,andgoal
constraints,thatmaybeproceduralandnot in closedform.
In addition, it de�nes the quality of a schedulein a pref-
erencescore, a weightedsumof multiple preferences(that
may alsobe in procedureform) which the plannertries to
optimize.

The ASPEN plannerinterleaves repair-basedplanning
with preference-driven,incrementaloptimization. Using a
rich collectionof heuristic-repairandoptimizationactions,
ASPENgeneratespromisingsearchdirectionsin the solu-
tion spaceof schedules.In our experiments,ASPENalter-
natesbetweena repairphasewith unlimited iterationsand
anoptimizationphasewith 200iterations.

We have integratedDCV-CSA into ASPENin order to
testits performance.SinceASPENhasdiscretetime hori-
zons,we can treat eachtime point as a discretestageor
collapsemultiple adjacenttime points into a singlestage.
In our implementation,we divide the time horizonevenly
into 100stages(althoughonemayimprovetheperformance
further by adjustingthe boundaryof stagesat run time in
orderto balancethe activities acrossdifferentstagesmore
evenly). In performingdescentsof

�
' in astage,wechoose

probabilisticallyamongASPEN's repairandoptimizations
actions,selectarandomfeasibleactionateachchoicepoint,
apply the selectedaction to the currentschedule,andac-
ceptthenew schedulebasedon theMetropolisprobability
in CSA.

Figure4 comparestheperformanceof our proposedap-
proachagainstthat of ASPEN on four problems: CX1-
PREFwith 8 orbits,CX1-PREFwith 16orbits,OPTIMIZE,
andPREF. For eachbenchmark,we plot the thequality of
thebestfeasibleschedulefoundwith respectto thenumber
of searchiterations.Theresultsshow thatDCV-CSAis able
to �nd bundlesof thesamequality oneto two ordersfaster
thanASPENandmuchbetterbundleswhenit converges.
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