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Abstract

In this paper we proposenen dominanceelationsthat
can speedup signi cantly the solution processof nonlin-
ear constaineddynamicoptimizationproblemsin discrete
time and space We r st showthat path dominancean dy-
namicprogrammingcannotbe appliedwhenthere are gen-
eral constaints that spanacrossmultiple stages, and that
nodedominancein theform of Euler-Lagrange conditions
developedin optimal contmol theoryin continuousspace
cannotbe extendedo that in discretespace This paperis
the r stto proposeef cient dominanceelations,in theform
of local saddle-pointonditionsin ead stege of a problem,
for pruningstateghatwill notleadto locally optimalpaths.
By utilizing thesedominanceelations,we developefcient
seach algorithmswhosecompleity, despiteexponential,
hasa mud smallerbaseascompaedto thatwithoutusing
therelations. Finally, we demonstate the performanceof
our algorithmson somespacecaft planningand schedul-
ing bendimarksandshowsigni cant improvementsn CPU
timeand solutionquality ascompaedto thoseobtainedby
theexisting ASPENplanner

1 Intr oduction

A large variety of engineeringapplicationscan be for-
mulatedasconstrainedlynamicoptimizationproblemswith
dynamicvariablesevolving overtime. Theseproblemscan
generallybe classi ed into four types: a) continuous-time
continuous-stateproblems, b) discrete-timecontinuous-
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stateproblems ) continuous-timediscrete-statgroblems,
andd) discrete-timadiscrete-stat@roblems.The rst two

classesarealsoknown asfunctionaloptimizationproblems
in classicalcalculusof variationsand as optimal control

problemsin controltheory In the rst two classesyaria-
tional techniquesand calculusof variationsare the major
toolsfor solving continuous-spackinctionaloptimization.

In this paper we areinterestedn the last classde ned

abore,namely nonlinearconstaineddynamicoptimization
problemsn discretespaceandtime

(1)

suchthat

and

where Here, is the discrete
dynamic state variable in stage (time step) ;

isa -elementstatevectorin discrete
space ; is a -componentvec-
tor of functions called the Lagrange constaints [2]; and

is a -componentvector of functions
calledthe genesml constaints Notethat , and are
not necessarilycontinuousanddifferentiablein our de ni-
tion. Further althoughwe have de ned (1) with equality
constraintsye shav extensiondaterfor handlinginequal-
ity constraints.

A solution to (1) con-
sistsof discrete-timecurves? onefor eachdynamicstate
variable. Following corventionalterminologiesin contin-
uous control theory we call a bundle (or a vector of
curves) for both continuous-and discrete-timecasesand

, afunctionalde ned asamappingfrom to anumeri-
calvalue.

1In this paper we usetheterm*“curve” uniformly for bothcontinuous-
anddiscrete-timecases.A discrete-timecurwe is typically nameda “se-
quenceé.
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Figure 1. Theapplicationof pathandnodedominancen
constrainedninimization.

Many applicationsn discretetime andspacecanbefor-
mulatedin (1). Ample examplesexist in productionplan-
ning and scheduling,chemical control processing,auto-
matedvehiclepathplanning,andactionscheduling.These
problemsare characterizedy multiple stages(time hori-
zons)with a discretesearchspacein eachstage,multiple
Lagrangeconstraintsacrossneighboringstages,and gen-
eralconstraintacrossmorethattwo stages.

For example planningproblemsn Al canbeformulated
in (1) usinga discreteplanninghorizon,discretestatevec-
torsrepresentingositive and negative factsin eachstage,
andconstraintsepresentingreconditiongndeffectsof ac-
tions. In thatcasepothspaceandtime arediscrete Another
exampleis in planningandschedulingspacecrafoperations
over a horizon[5]. The applicationinvolves nding a se-
guenceof low-level commanddgrom a setof high-level sci-
enceandengineeringgoals,suchas spacecrafbperability
constraints,ight rules, hardware models,scienceexperi-
mentgoals,and operationproceduressubjectto parame-
ter dependencieandtemporalandresourceconstraintsin
thatapplicationalLagrangeconstrainmayrelatestatevari-
ablesin adjacentstageswhereasa generalconstraintmay
representhetotal fuel in thesystem.Theformulationhasa
discreteplanninghorizon,mixed-integervariablesandpro-
ceduralobjective andconstrainfunctions.

Existing methodseither solve (1) directly using heuris-
tic guided-searcimethodghatsearchn discretepathspace
underthe guidanceof heuristicfunctions,or transform(1)
into a discrete constrainedoptimization problem before
solvingit by existing constrainegorogrammingechniques.
The performanceof thesemethodsdependsearily onthe
searcheuristicausedandarenotguaranteetb nd feasible
bundles.Thereis little researcton techniquedor reducing
theworst-caseompleity of (1).

The problemformulatedin (1) is a multi-stagesearch
problem,whosecompleity canbereducedby dominance
conditionsandrelations.Suchdominancecanbe classi ed
into pathdominancestudiedin dynamicprogrammingand
nodedominance.

Usingtheconcepbf bundlesde ned aboreandbasecn
the Principle of Optimality, pathdominancehasbeenem-
ployed in dynamicprogrammingand its variantsfor nd-
ing optimal bundlesof a specialcaseof (1) without gen-
eral constraints.Figure laillustratesthe applicationof the
principleto anintermediatdeasiblestate in aconstrained

Table 1. Worst-casecompleities and the natureof the
conditionsin dominance. (Only node dominancecan be
usedin solving (1) with generakonstraints.)

Constraint Without General With GeneralConst.
Type Constraints (W/O PathDominance)

Dominancg| With Path With Path & W/O Node| With Node
Used Dominance] NodeDom. Dominanceg Dominance

Compleity

Condition Necessarandsuf®cient Necessary

minimizationproblemwithoutgenerakonstraints
Startingfrom initial state , assumehatbundle  (resp.

) leadsto intermediatefeasible state with objective
value (resp. , where ), basedon variables
assignedn  (resp. ). Theprinciplestateghat,if lies
ontheoptimalbundlefrom tothe nal statethen  will
not be part of the optimalbundlebecause is dominated
by (pathdominance ).

In applyingpathdominancejt is necessaryo enumer
ateall possiblefeasiblestatesn eachstage.As thereis no
efcient algorithmfor identifying only feasiblestatesvhen
constraintarenonlinearwe needto enumeratall possible
statesn eachstage. To estimatethis compleity, consider

an -stagesearchproblem,with aninitial statein the
rst stagea nal statein thelaststageand states
in stage ,Where isthediscretesearctspace

in eachstage.The compleity to nd the optimalbundleis
, which is polynomialin . Table1 summa-
rizesthe compleities andthetypesof conditioninvolved.

Whengenerakonstraints arepresenin (1), the
Principleof Optimality cannotbe appliedto partialbundles
becausea dominatedpartial bundle may satisfy a general
constraintthat spansbeyond the currentstage,whereasa
dominatingpartial bundle may not. Hence,an algorithm
for nding the optimal bundle will needto enumerateall
possiblebundlesacrossall stages)eadingto a worst-case
compleity of , Whichis exponentiaf in

In contrasto pathdominancedominanceconditionsand
relationscan be developedto prunenodesin orderto re-
duce in eachstageof a search. Suchpruning canbe
achievedby developingunaryconditions(for pruning in
Figurelb)or binaryrelations(using toprune in
Figurelc).

Assumethat , is the set of
nodesotprunedby nodedominancen stage in themulti-
stageexampleabove andthat generalconstraints
in (1) are absent. In this case,an exhaustve searchfor
nding the optimal bundle will rst enumerateall nodes
in stage , , and apply node dominancein

2Theimplicit assumptioris that (1) is NP-hard;hence the worst-case
compleity to nd anoptimalbundleis exponential.



orderto identify . It thenappliespath dominanceon
the pairs acrossadjacentstagesin or-
der to identify the bestbundle. This leadsto a worst-

casecompleity of

(third columnin Table 1), which is betterthanthe worst-
casecompleity when path dominanceis applied alone.
Note that node dominance,when appliedin conjunction
with pathdominancejs necessargaswell assufcient be-
causedominatingbundlesinvolving dominatingnodessat-
isfy the Principleof Optimality.
Ontheotherhand,whengenerakonstraints are
presenin (1) andnodesn astageareprunedby nodedom-
inance,it is not possibleto assertthat a dominatingnode
will satisfya generalconstraint. Hence,nodedominance
is only necessanbut no longer sufcient for feasibility.
Further to nd the optimal bundle, one needsto enumer
ateall possiblecombinationsof bundlesof nodesin
stage , leadingto a worst-casecompleity of

(lastcolumnin Table1). Here,we

assumeworst-caseompleity of  in stage for nding
oneof the nodesin an enumeratedbundle. Although
this compleity is exponentialwith respectto , it is
substantiallyjessthan (fourth columnin Table1)
when

Node dominancein Figure 1b hasbeenappliedin the
calculusof variationsin continuousspace Sincethe condi-
tions therehave only beenprovedto be necessarya dom-
inating nodemay not leadto feasiblebundles,even when
generakonstraintareabsent.

Thereareno known nodedominanceconditionsandre-
lationsthatareapplicablefor solving (1). We addresghis
issuein this paperby developinga setof binarynodedom-
inancerelationsfor eachstageof (1). Our dominancere-
lations are basedon the theory of Lagrangemultipliersin
discretespace[8] andrepresentin extensionof the calcu-
lus of variationsin discretespace.They arenecessarand
sufcient in theabsencef generaktonstraintsandareonly
necessarwhengenerakonstraintareadded.

We rst shaw that the problemof nding a bundlefor
(1) without generalconstraintsamountsto nding a sad-
dle pointin a discreteneighborhoodf the bundle, where
a neighborhoods the union of discreteneighborhoodsn
eachstage Sincetheneighborhooaf abundleis verylarge
whenthenumberof stagess large, it is hardto nd feasible
bundleswithin sucha neighborhood.To this end, we de-
velopthecalculusof variationsin discretespacehatallows
thesearchor asaddlepointin thediscreteneighborhooaf
a bundleto be reducedo the searchof multiple local sad-
dle points,onein eachstageof the problem.Moreover, we
shaw thatthecollectionof local saddlepointsarenecessary
andsufcient for local optimality in the sameway a single
saddlepointis requiredfor thelocal optimality of abundle.

Basedon the theory we develop DCV-CSA, a general
searchalgorithmthatusesconstrainedgimulatedannealing
(CSA)[7] tolook for local saddlepointsin eachstage CSA
performsdescents$n the original variablesubspacén each
stageandascentsn theLagrange-multipliesubspacén or-
derto locatesaddlepoints. Finally, we apply DCV-CSAto
solve somespacecrafplanningandschedulingoenchmarks
andreportmuchbetterresultsthanthosefound by the ex-
isting ASPENplanner4].

2 Previous Work

2.1 Calculusof variations in continuousspace

In classical variational theory a fundamental
continuous-time continuous-state functional optimiza-
tion problemin its simplestform is de ned as:

(2)

Sinceit is generallydif cult to seekconditionsfor an
absoluteminimum curve in a searchspace the theoryin
thecontinuousasede nestheconcept®of stongandweak
relativeminimum[3]. The studyled to a numberof neces-
saryconditionsfor a curve to be a weakrelative minimum,
amongwhich the most importantis the EulerLagrange
conditionstatedbelow in its differentiatedorm.

Theorem 1. Continuous-time continuous-stateEuler
Lagrange condition[3]. If bundle is aweakrelative min-

imum to (2), andif is ary pointin wherederiva-
tive exists, thenthe following EulerLagrangeequa-
tion holds:

— 3

Analogousto variationaltheoryin continuoustime and
spacecalculusof variationsin discretetime andcontinuous
spacewas studiedsincethe 1960s. A fundamentalfunc-
tional optimizationproblemin discretetimeandcontinuous
stateis de ned as:

(4)

Suchstudiededto discrete-timeéEulerLagrangesquations,
maximumprinciple, NoetherTheorem,and extensionsto
integrablesystems.

Although theseresultsdo not considerconstraintsside
constraintsincluding Lagrangeconstraintandisoperimet-
ric constraintg2], canbe included. Constraintsare typi-
cally handledby using Lagrangemultipliers to transform



a constrainedbrobleminto an unconstrainedne, and by
applyingthe EulerLagrangecondition on the Lagrangian
function to get the EulerLagrangeequations. The condi-
tions obtainedare only necessaryput not sufcient, asthe
theoryof Lagrangemultipliersonly yieldsnecessargondi-
tionsfor continuousoptimization.

Unlike (2) and (4), constraintan generalcontrol prob-
lems[2] areintroducedexplicitly by a control vectoranda
contmol functiongoverningthe system.The major principle
for suchcontrol problemss the Pontryaginminimumprin-
ciple [3, 2] thatcanbe derivedby rst treatingthe control
function asa side constraint,transforminga generalprob-
leminto a constrainedundamentaproblem,constructinga
LagrangiarfunctionusingLagranganultipliers,and nally
solvingthe EulerLagrangesquations.

Thetheoryin continuousspacecannotbe usedto solve
(1) in discretespacewhen functions are not continuous
and differentiable. To solve (1), we apply our theory
of Lagrangemultipliers for discreteconstrainedptimiza-
tion [8] to (1) andshaw thatabundlesatisfyingthediscrete-
neighborhoodsaddle-pointonditionis necessarand suf-
cient for it to be alocal-minimumbundlein its discrete
neighborhoodWe thenestablisithe EulerLagrangesqua-
tions for (1) and shav that the saddle-pointcondition on
a bundlecanbe partitionedin multiple saddle-pointondi-
tions,onefor eachstageof the problem.

2.2 Lagrangiantheory ondiscretecongrained op-
timization

Considera discreteequality-constrainedionlinearpro-
grammingproblem(NLP):

where isavectorof (5)
discretevariables

Here, and areeitherana-
lytic or proceduralWe do notincludeinequalityconstraint
in (5), asit canbe handledeasilyby transform-

ing it into anequivalentequalityconstraint
Such corversionsare not usedin Lagrangianmeth-
odsin continuousspacebecausehey arenot differentiable
at . However, they do not poseary problem
in our algorithmsbecausene do not requiretheir differ-
entiability. Moreover, practicalsearchalgorithmsemploy
greedysearchanddo not enumerateall possibleneighbor

hoodpoints.
To characterizeolutionssoughtin discretespacewe de-
ne , theneighborhood1] of point in discretespace

, asa nite userde ned setof points suchthat
is reachablérom in onestep that

, andthatit is possibleto reachevery other  start-

ing from ary in one or more stepsthroughneighboring

points.

Point is a discrete-neighborhoodonstained|o-
cal minimum(( ) if it satis es two conditions: a)
is a feasiblepoint, implying that  satis es ,
andb) for all feasible Point
is a discrete-neighborhoodonstainedglobal min-

imum ( ) if is feasibleand for all

A generlizedLagrangianfunctionof (5) is [8]:

(6)

where is a vector of continuousLa-
grangemultipliers, and  is a non-ngative continuous
transformatiorfunctionsatisfying:

iff
, ()
otherwise.
Function is easyto design; examplesof which in-
clude and

. Notethatthese
transformationarenotusedin Lagrangiarmethodsn con-
tinuousspacebecausehey arenot differentiableat

. However, they do not poseproblemsherebecauseave do
notrequiretheir differentiability.
A directionof maximunpotentialdrop (DMPD) de ned

in a discreteneighborhoodf atpoint for x ed
is a vectorthat pointsfrom to with
theminimum
A discrete-neighborhoodaddlepoint has
thefollowing property:
®)

for all is differentfrom
(saddlepointin continuousspacepecauset is de ned us-
ing differentneighborhoods.

Theorem 2. First-oder necessaryand sufcient condi-
tions for [8]. A pointin the discretesearchspace
of (5)isa iff:
a) it satis esthe saddle-pointondition(8); or
b) it satis esthefollowing discrete-spacest-order con-
ditions:

and 9)

Theorem? is strongerthan its continuouscounterpart
that requires ( in continuousspace)to be
regular points and all functionsto be differentiablein its
rst-order necessargonditions. In contrast,theseare not
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Figure 2. An iterativepr?ﬁ?f’edureto look for [6].
requiredfor . Further the rst-order conditionsfor

continuousproblemsare only necessarand mustbe aug-
mentedby second-ordesufcient condition, whereasthe
conditionsin Theorem? arenecessargswell assufcient.

Basedon the conditionsin Theorem2, Figure2 depicts
a generalprocedureto look for [6]. The procedure
consistof two loops:the loopthatupdateshe variables
in orderto performdescentsf  inthe subspacegndthe

loopthatupdateshe variablesof unsatis edconstraints
in orderto performascentsn the subspace.

Variousimplementationhave beendevelopedbasedon
the procedure,including the discrete Lagrangian method
(DLM) [8], constained simulatedannealing (CSA) [7],
andanytimeconstainedsimulatedannealing(ACSA) [6].
DLM entailsgreedysearchein the and subspaceg]e-
terministicinsertionsinto the list of candidatesanddeter
ministic acceptancef candidatesuntil all constraintsare
satis ed. In contrastCSA generatesien probesrandomly
in oneof the or variables,acceptshembasedon the
Metropolis probability if increaseslongthe dimen-
sionanddecreasealongthe dimensionandstopsupdat-
ing whenall constraintsaresatis ed. In particular using
alogarithmiccooling schedule CSA corvergesasymptoti-
cally to with probabilityone[7].

3 Calculus of Variations in Discrete Space

3.1 Basicde nitions

Solutionsto (1) cannotbe characterizedh wayssimilar
to thoseof continuous-spacproblemswith differentiable
functions. In the latter classof problems strongandweak
relative minima are de ned with respecto neighborhoods
of opensphereswith radiusapproachingzero asymptoti-
cally. Sucha conceptdoesnot exist in problemswith dis-
cretevariables.

To characterizsolutionssoughtn discretespacewede-
ne conceptson neighborhoodsnd constrainedsolutions
similarto thosein Section2.2.

De nition 1. , the discrete neighborhood[1] of
statevector , is a nite userde ned set of states
suchthat . Further

for ary
of statevectors

, it is possibleto nd a nite sequence
suchthat ,

De nition 2. , the  -stage discrete neighbor
hoodofbundle for given andall
, is de ned asfollows:
and

(10)

Intuitively, includesall bundlesthatareidentical
to in all stagegxcept , wherethestatevectoris perturbed
to aneighboringstatein

De nition 3.
,IS:

, thediscreteneighborhoodf bundle

(11)

De nition 4. Bundle is a discrete-neighborhooaon-

strainedlocal minimum( )of (1) if a) isfeasible,

implying that satis es all the constraintsin (1), andb)
for all feasiblebundles

De nition 5. A generlizeddiscreteLagrangianfunction

of (1) is:

(12

where , ,and
arevectorsof Lagrangemultipliers,and is
a non-ngative continuougtransformatiorfunction de ned

in (7).

Denition 6. A discrete-neighborhoodsaddle point
of (1) is a point with thefollowing prop-

erty: For all and ,
(13)
and (14)

Thefollowing resultfollows from De nition 6 andThe-
oremz2.

Lemmal. Bundle in thediscretesearchspaceof (1)is
a iff:

a) it satis esthediscrete-neighborhoahddle-pointon-
ditions(13) and(14); or



b) it satis esthefollowing discrete-spacest-order con-
ditions:

(15)
and

where

Intuitively, Lemmal re-stateghe necessanand suf-
cientconditionsin Theorem2 when(1) is solvedasanon-
linear equality-constrainedLP. Theseconditions, how-
ever, mustbe appliedon a bundle as a whole and cannot
help prunenodesin intermediatestages.In orderto prune
suchnodeswe shaw in the next sectionthe partitioning of
theseconditionsinto thosethatcanbeappliedin eachstage
of asearch.

3.2 Distributed necessaryand suf cient condi-
tions

Analogousto the EulerLagrangeconditionsin continu-
ousspacewe presentin this sectionthe partitioningof the
discrete-neighborhoodaddle-pointconditionin (13) into
multiple saddle-pointconditions,one for eachstage. Be-
fore the main theoremis presentedye de ne the follow-
ing to characterizehe distributedpropertiesof the solution
spaceof (1).

De nition 7. The
grangianfunctionof (1) for all
as:

-stage distributed discrete La-
isde ned

De nition 8. The -stage distributeddirectionof max-
imum potential drop on a discreteneighborhoodof in
stage , , is a vectorthat pointsfrom

to with the minimum :

where

Themainresultis summarizedsfollows.

Theorem 3. Distributed necessaryand sufcient condi-
tionsfor . Bundle in thediscretesearchspaceof
QD isa iff it satis eseitherone of the following
setsof conditions:

a) Discrete-neighborhoodEulerLagrange equations

( ):
(16)
(17)
and (18)

b) Distributed discrete-neighborhoosaddle-pointcon-
dition ( ):

19)
and (20)
for andfor all ,
,and . Here,
and
where (resp. ) represents (resp. ) perturbedn

the stage.

Thetheoremcanbe provedby examiningthe functional
structureof theconditionsin Lemmal andby decomposing
the conditionsin eachstage.We do not shaw the proofin
this paper

Thereareseveralsalientfeaturesof Theorems3.

a) Unlike classicalcalculusof variationsin continuous
space,Theorem3 doesnot requirethe differentiability or
continuity of functions.

b) Conditions(16) and(17) in arethediscrete-
spacecounterparbf the continuousEulerLagrangeequa-
tions, whereas(19) in indicates that nding
a is equialent to nding discrete-
neighborhoodaddlepoints,onein eachstage.Thesecon-
ditions arethe dominancerelationsfor pruningnodesin a
search. In particular (19) is very easyto implementand
is employed in the variationalsearchalgorithm presented
next. Further (18) and(20) referto conditionson the gen-
eralconstraintdhatmustbe satis ed.

¢) As is discussedn Sectionl, the use of nodedomi-
nancehelpsreducethe searchcompleity from

to (Tablel). As , the number

of pointsin  of stage thatarefeasibleandarelocal mini-
mumof ,ismuchsmallethan , nodedominancénelps
reducethe baseof the exponentialcompleity to a much
smallervalue.



1. procedure DCV-CSA

2 Initialize startingpointof ;

3 Initialize to 0;

3. ; I* vector controlstheupdateof */
4. repeat/* outerloopin iterative schemet/

5 for to /* innerloop for */
6 call CSAto ®nd

7 end_for

8 evaluate andupdate if necessary;

9. ; [* ascentsn
10.  until nochangeof in aniteration;
11.end._procedure

in stage ;

subspacé/

Figure 3. DCV-CSA: aniterative procedurefor ®nding
pointsthatsatisfy in Theorem3 usingCSA[7] in
Figure2.

d) In a way similar to that describedin Section2.2,
our theory handlesinequality constraintsby transform-
ing into an equialent equality constraint

3.3 Discrete-Spacévariational Search

Figure 3 outlinesDCV-CSA, a heuristic procedurefor
nding pointsthat satisfy in Theorem3. It con-
sistsof two parts,onelooking for dominatingnodes(local
saddlepoints)in stage thatsatisfy(19),andtheotherlook-
ing for local maximain the subspacef that
satisfy (20). It usesCSA in Figure 2 with default parame-
tersto look for in eachstage and,onceall the stages
have beenexamined performsascent®f in the

subspacéf therewereunsatis edgeneralconstraints.It
stopswhenno furtherimprovementsanbe madein the

and subspacedn principle,theinnerloop canuseary
algorithmthatlooksfor

4 Experimentson ASPEN

We have testedDCV-CSA on several benchmarkson
planningand schedulingof spacecrafoperations,includ-
ing CX1-PREFOPTIMIZE, andPREEF thatweredesigned
originally for the ASPEN(AutomatedSchedulingandPlan-
ning Environment) planner[4] at the Jet PropulsionLab-
oratory The CX1-PREFbenchmarkmodelsthe Citizen
Explorerl satellitedesignand operationplanning[9]. It
hasaproblemgeneratothatcangeneratg@robleminstances
of differentnumberof satelliteorbits.

Planning and schedulingof spacecraftoperationsin-
volvesgeneratinga sequenc®f low-level spacecraftom-
mandsfrom a set of high-level scienceand engineering
goals. Using discretetime horizonsand a discretestate
space,an ASPEN model encodesspacecraftoperability
constraints, ight rules, spacecrafhardware models, sci-
enceexperimentgoals,andoperationgproceduresn order

to allow for the automatedyeneratiornof low-level space-
craft sequenceslt de nes varioustypesof constraintsjn-

cludingtemporakonstraintsgecompositiortonstraintste-

sourceconstraints statedependeng constraints and goal
constraintsthatmay be procedurabndnotin closedform.

In addition, it de nes the quality of a schedulen a pref-

erencescol, a weightedsumof multiple preferencegthat
may alsobe in procedureform) which the plannertriesto

optimize.

The ASPEN plannerinterleaves repairbasedplanning
with preference-dxien,incrementaloptimization. Using a
rich collectionof heuristic-repaiandoptimizationactions,
ASPENgeneratepromisingsearchdirectionsin the solu-
tion spaceof schedulesin our experimentsASPENalter
natesbetweena repairphasewith unlimited iterationsand
anoptimizationphasewith 200iterations.

We have integratedDCV-CSA into ASPENIn orderto
testits performance SinceASPENhasdiscretetime hori-
zons,we can treat eachtime point as a discretestageor
collapsemultiple adjacenttime pointsinto a single stage.
In our implementationwe divide the time horizonevenly
into 100stagegalthoughonemayimprovetheperformance
further by adjustingthe boundaryof stagesat run time in
orderto balancethe activities acrosddifferentstagesmore
evenly). In performingdescent®f  in astagewe choose
probabilisticallyamongASPENS repairandoptimizations
actions selectarandomfeasibleactionateachchoicepoint,
apply the selectedactionto the currentscheduleand ac-
ceptthe new schedulébasedon the Metropolis probability
in CSA.

Figure4 compareghe performancef our proposedap-
proachagainstthat of ASPEN on four problems: CX1-
PREFwith 8 orbits,CX1-PREFwith 16 orbits, OPTIMIZE,
and PREF For eachbenchmarkywe plot the the quality of
thebestfeasiblescheduldoundwith respecto thenumber
of searchiterations.Theresultsshav thatDCV-CSAis able
to nd bundlesof the samequality oneto two ordersfaster
thanASPENandmuchbetterbundleswhenit corverges.
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