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Abstract

In this paper, we propose new dominance relations that
can speed up significantly the solution process of nonlin-
ear constrained dynamic optimization problems in discrete
time and space. We first show that path dominance in dy-
namic programming cannot be applied when there are gen-
eral constraints that span across multiple stages, and that
node dominance, in the form of Euler-Lagrange conditions
developed in optimal control theory in continuous space,
cannot be extended to that in discrete space. This paper is
the first to propose efficient dominance relations, in the form
of local saddle-point conditions in each stage of a problem,
for pruning states that will not lead to locally optimal paths.
By utilizing these dominance relations, we develop efficient
search algorithms whose complexity, despite exponential,
has a much smaller base as compared to that without using
the relations. Finally, we demonstrate the performance of
our algorithms on some spacecraft planning and schedul-
ing benchmarks and show significant improvements in CPU
time and solution quality as compared to those obtained by
the existing ASPEN planner.

1 Introduction

A large variety of engineering applications can be for-
mulated as constrained dynamic optimization problems with
dynamic variables evolving over time. These problems can
generally be classified into four types: a) continuous-time
continuous-state problems, b) discrete-time continuous-�
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state problems, c) continuous-time discrete-state problems,
and d) discrete-time discrete-state problems. The first two
classes are also known as functional optimization problems
in classical calculus of variations and as optimal control
problems in control theory. In the first two classes, varia-
tional techniques and calculus of variations are the major
tools for solving continuous-space functional optimization.

In this paper, we are interested in the last class defined
above, namely, nonlinear constrained dynamic optimization
problems in discrete space and time:�����	 
�� 
���� �� � ����������� 
 � �"!�� 
 � ��#%$&!'! (1)

such that ( � ��� 
 ���"!)� 
 ���*#%$&!'! �,+ �
and - � 
����%+ �where � �.+ �/$0�/12121��43 . Here, 
65 ���"! is the 7

� 8
discrete

dynamic state variable in stage (time step) � ; 
 ���"! �� 
�9 ���"!)�2121/1:� 
6; � �"!"!=< is a > -element state vector in discrete
space ? ; ( � � ( 9 �/121/1:� (A@ � < is a B -component vec-
tor of functions called the Lagrange constraints [2]; and- �C� - 9 �21/121:� -2D � < is a E -component vector of functions
called the general constraints. Note that � , ( and - are
not necessarily continuous and differentiable in our defini-
tion. Further, although we have defined (1) with equality
constraints, we show extensions later for handling inequal-
ity constraints.

A solution 
F� � 
 � + !)� 
 �=$G!��/12121�� 
 � 3H#I$&!'! to (1) con-
sists of > discrete-time curves,1 one for each dynamic state
variable. Following conventional terminologies in contin-
uous control theory, we call 
 a bundle (or a vector of
curves) for both continuous- and discrete-time cases, and
�� 
�� , a functional defined as a mapping from 
 to a numeri-
cal value.

1In this paper, we use the term “curve” uniformly for both continuous-
and discrete-time cases. A discrete-time curve is typically named a “se-
quence.”
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Figure 1. The application of path and node dominance in
constrained minimization.

Many applications in discrete time and space can be for-
mulated in (1). Ample examples exist in production plan-
ning and scheduling, chemical control processing, auto-
mated vehicle path planning, and action scheduling. These
problems are characterized by multiple stages (time hori-
zons) with a discrete search space in each stage, multiple
Lagrange constraints across neighboring stages, and gen-
eral constraints across more that two stages.

For example, planning problems in AI can be formulated
in (1) using a discrete planning horizon, discrete state vec-
tors representing positive and negative facts in each stage,
and constraints representing preconditions and effects of ac-
tions. In that case, both space and time are discrete. Another
example is in planning and scheduling spacecraft operations
over a horizon [5]. The application involves finding a se-
quence of low-level commands from a set of high-level sci-
ence and engineering goals, such as spacecraft operability
constraints, flight rules, hardware models, science experi-
ment goals, and operation procedures, subject to parame-
ter dependencies and temporal and resource constraints. In
that application, a Lagrange constraint may relate state vari-
ables in adjacent stages, whereas a general constraint may
represent the total fuel in the system. The formulation has a
discrete planning horizon, mixed-integer variables, and pro-
cedural objective and constraint functions.

Existing methods either solve (1) directly using heuris-
tic guided-search methods that search in discrete path space
under the guidance of heuristic functions, or transform (1)
into a discrete constrained optimization problem before
solving it by existing constrained programming techniques.
The performance of these methods depends heavily on the
search heuristics used and are not guaranteed to find feasible
bundles. There is little research on techniques for reducing
the worst-case complexity of (1).

The problem formulated in (1) is a multi-stage search
problem, whose complexity can be reduced by dominance
conditions and relations. Such dominance can be classified
into path dominance studied in dynamic programming and
node dominance.

Using the concept of bundles defined above and based on
the Principle of Optimality, path dominance has been em-
ployed in dynamic programming and its variants for find-
ing optimal bundles of a special case of (1) without gen-
eral constraints. Figure 1a illustrates the application of the
principle to an intermediate feasible state � in a constrained

Table 1. Worst-case complexities and the nature of the
conditions in dominance. (Only node dominance can be
used in solving (1) with general constraints.)

Constraint Without General With General Const.
Type Constraints (W/O Path Dominance)

Dominance With Path With Path & W/O Node With Node
Used Dominance Node Dom. Dominance Dominance

Complexity ��� ��� ��� �! �#" ��� ��� �%$ � �&� ')( �*" �+� �&�,�- ').0/132 / � 4 "6587 � 9�'132 / � 4 "35�7 � (: � 4 "35 ,<; 7 � 7
Condition Necessary and sufficient = Necessary

minimization problem without general constraints - � 
����%+ .
Starting from initial state > , assume that bundle ? 9 (resp.?)@ ) leads to intermediate feasible state � with objective
value 
 9 (resp. 
 @ , where 
 @BA 
 9 ), based on variables
assigned in ? 9 (resp. ? @ ). The principle states that, if � lies
on the optimal bundle from > to the final state, then ? 9 will
not be part of the optimal bundle because ? 9 is dominated
by ? @ (path dominance ? @�C ? 9 ).

In applying path dominance, it is necessary to enumer-
ate all possible feasible states in each stage. As there is no
efficient algorithm for identifying only feasible states when
constraints are nonlinear, we need to enumerate all possible
states in each stage. To estimate this complexity, consider
an � 3 #ED0! -stage search problem, with an initial state in the
first stage, a final state in the last stage, and 
 ���"!GF ? states
in stage � � $0�21/121��43 , where ? is the discrete search space
in each stage. The complexity to find the optimal bundle isHJI 3 K ? K @
L , which is polynomial in

K ? K . Table 1 summa-
rizes the complexities and the types of condition involved.

When general constraints - � 
�� �%+ are present in (1), the
Principle of Optimality cannot be applied to partial bundles
because a dominated partial bundle may satisfy a general
constraint that spans beyond the current stage, whereas a
dominating partial bundle may not. Hence, an algorithm
for finding the optimal bundle will need to enumerate all
possible bundles across all stages, leading to a worst-case
complexity of

H I K ? K � L , which is exponential2 in
K ? K .

In contrast to path dominance, dominance conditions and
relations can be developed to prune nodes in order to re-
duce

K ? K in each stage of a search. Such pruning can be
achieved by developing unary conditions (for pruning � 9 in
Figure 1b) or binary relations (using � @MC � 9 to prune � 9 in
Figure 1c).

Assume that N �PO&!RQ ? � � � $0�21/121��43 , is the set of
nodes not pruned by node dominance in stage � in the multi-
stage example above and that general constraints - � 
�� � +
in (1) are absent. In this case, an exhaustive search for
finding the optimal bundle will first enumerate all nodes
in stage � , � � $0�21/121��43 , and apply node dominance in

2The implicit assumption is that (1) is NP-hard; hence, the worst-case
complexity to find an optimal bundle is exponential.
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order to identify N �POG! . It then applies path dominance on
the

K N ��O�� � ! K�� K N �PO&! K pairs across adjacent stages in or-
der to identify the best bundle. This leads to a worst-

case complexity of
H�� 3 K ? K #�� � = 95 � 9 K N �
	 ! K�� K N ��	 # � ! K 
(third column in Table 1), which is better than the worst-

case complexity when path dominance is applied alone.
Note that node dominance, when applied in conjunction
with path dominance, is necessary as well as sufficient be-
cause dominating bundles involving dominating nodes sat-
isfy the Principle of Optimality.

On the other hand, when general constraints - � 
���� + are
present in (1) and nodes in a stage are pruned by node dom-
inance, it is not possible to assert that a dominating node
will satisfy a general constraint. Hence, node dominance
is only necessary but no longer sufficient for feasibility.
Further, to find the optimal bundle, one needs to enumer-
ate all possible combinations of bundles of

K N ��O&! K nodes in
stage � � $0�21/121��43 , leading to a worst-case complexity ofH�� 3 K ? K�� �5 � 9 K N ��	 ! K 
 (last column in Table 1). Here, we

assume a worst-case complexity of
K ? K in stage � for finding

one of the N �PO&! nodes in an enumerated bundle. Although
this complexity is exponential with respect to

K N �POG! K , it is
substantially less than

H I K ? K � L (fourth column in Table 1)
when

K N ��O&! K�� K ? K .
Node dominance in Figure 1b has been applied in the

calculus of variations in continuous space. Since the condi-
tions there have only been proved to be necessary, a dom-
inating node may not lead to feasible bundles, even when
general constraints are absent.

There are no known node dominance conditions and re-
lations that are applicable for solving (1). We address this
issue in this paper by developing a set of binary node dom-
inance relations for each stage of (1). Our dominance re-
lations are based on the theory of Lagrange multipliers in
discrete space [8] and represent an extension of the calcu-
lus of variations in discrete space. They are necessary and
sufficient in the absence of general constraints, and are only
necessary when general constraints are added.

We first show that the problem of finding a bundle for
(1) without general constraints amounts to finding a sad-
dle point in a discrete neighborhood of the bundle, where
a neighborhood is the union of discrete neighborhoods in
each stage. Since the neighborhood of a bundle is very large
when the number of stages is large, it is hard to find feasible
bundles within such a neighborhood. To this end, we de-
velop the calculus of variations in discrete space that allows
the search for a saddle point in the discrete neighborhood of
a bundle to be reduced to the search of multiple local sad-
dle points, one in each stage of the problem. Moreover, we
show that the collection of local saddle points are necessary
and sufficient for local optimality in the same way a single
saddle point is required for the local optimality of a bundle.

Based on the theory, we develop DCV-CSA, a general
search algorithm that uses constrained simulated annealing
(CSA) [7] to look for local saddle points in each stage. CSA
performs descents in the original variable subspace in each
stage and ascents in the Lagrange-multiplier subspace in or-
der to locate saddle points. Finally, we apply DCV-CSA to
solve some spacecraft planning and scheduling benchmarks
and report much better results than those found by the ex-
isting ASPEN planner [4].

2 Previous Work

2.1 Calculus of variations in continuous space

In classical variational theory, a fundamental
continuous-time continuous-state functional optimiza-
tion problem in its simplest form is defined as:

��� �	 
 � 
������
�
/��� ��� ��� 
 ���"!)� 
�� � �"!"!��0��� 
 ���"! F�� ;�� (2)

Since it is generally difficult to seek conditions for an
absolute minimum curve in a search space, the theory in
the continuous case defines the concepts of strong and weak
relative minimum [3]. The study led to a number of neces-
sary conditions for a curve to be a weak relative minimum,
among which the most important is the Euler-Lagrange
condition stated below in its differentiated form.

Theorem 1. Continuous-time continuous-state Euler-
Lagrange condition [3]. If bundle 
 is a weak relative min-
imum to (2), and if � is any point in � � � �'� 9 � where deriva-
tive 
 � � �"! exists, then the following Euler-Lagrange equa-
tion holds:

� 	 1 ����� 
 � �"!�� 
�� � �"!"!��!  � � 	#"1 ����� 
 ���"!�� 
�� � �"!"! � + � (3)

Analogous to variational theory in continuous time and
space, calculus of variations in discrete time and continuous
space was studied since the 1960s. A fundamental func-
tional optimization problem in discrete time and continuous
state is defined as:

�����	 
�� 
���� �� � �:� ������� 
 ���"!�� 
 ���*#,$G!"!)� 
 ���"! F$� ;�� (4)

Such studies led to discrete-time Euler-Lagrange equations,
maximum principle, Noether Theorem, and extensions to
integrable systems.

Although these results do not consider constraints, side
constraints, including Lagrange constraints and isoperimet-
ric constraints [2], can be included. Constraints are typi-
cally handled by using Lagrange multipliers to transform
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a constrained problem into an unconstrained one, and by
applying the Euler-Lagrange condition on the Lagrangian
function to get the Euler-Lagrange equations. The condi-
tions obtained are only necessary but not sufficient, as the
theory of Lagrange multipliers only yields necessary condi-
tions for continuous optimization.

Unlike (2) and (4), constraints in general control prob-
lems [2] are introduced explicitly by a control vector and a
control function governing the system. The major principle
for such control problems is the Pontryagin minimum prin-
ciple [3, 2] that can be derived by first treating the control
function as a side constraint, transforming a general prob-
lem into a constrained fundamental problem, constructing a
Lagrangian function using Lagrange multipliers, and finally
solving the Euler-Lagrange equations.

The theory in continuous space cannot be used to solve
(1) in discrete space when functions are not continuous
and differentiable. To solve (1), we apply our theory
of Lagrange multipliers for discrete constrained optimiza-
tion [8] to (1) and show that a bundle satisfying the discrete-
neighborhood saddle-point condition is necessary and suf-
ficient for it to be a local-minimum bundle in its discrete
neighborhood. We then establish the Euler-Lagrange equa-
tions for (1) and show that the saddle-point condition on
a bundle can be partitioned in multiple saddle-point condi-
tions, one for each stage of the problem.

2.2 Lagrangian theory on discrete constrained op-
timization

Consider a discrete equality-constrained nonlinear pro-
gramming problem (NLP):������ � � � ! where � is a vector of (5)�����	��

������� � � � ! � + � discrete variables �
Here,

� � � ! and � � � ! � � � 9 � � !��/12121 ��� � � ! � < are either ana-
lytic or procedural. We do not include inequality constraint� � � ! A + in (5), as it can be handled easily by transform-
ing it into an equivalent equality constraint ����� � � � � !�� + ! �+ . Such conversions are not used in Lagrangian meth-
ods in continuous space because they are not differentiable
at � � � ! � + . However, they do not pose any problem
in our algorithms because we do not require their differ-
entiability. Moreover, practical search algorithms employ
greedy search and do not enumerate all possible neighbor-
hood points.

To characterize solutions sought in discrete space, we de-
fine � � � ! , the neighborhood [1] of point � in discrete space�

, as a finite user-defined set of points � � � F ���
such that� � is reachable from � in one step, that � � F � � � ! �! �

F� � � ! � , and that it is possible to reach every other � � � start-
ing from any � in one or more steps through neighboring
points.

Point � F
�

is a discrete-neighborhood constrained lo-
cal minimum ( "$#&%('*) ) if it satisfies two conditions: a)� is a feasible point, implying that � satisfies � � � ! � + ,
and b)

� � � ! A � � � � ! for all feasible � � F � � � ! . Point�
F
�

is a discrete-neighborhood constrained global min-
imum ( " (+% '*) ) if � is feasible and

� � � ! A � � � � ! for all� � F �
.

A generalized Lagrangian function of (5) is [8]:

# ' � � � , ! � � � � ! # , < - � � � � !'!�� (6)

where
, � � , 9 �2121/1:� , � � < is a vector of continuous La-

grange multipliers, and
-

is a non-negative continuous
transformation function satisfying:

- � 
 !
. �,+ iff 
��%+ �/ + otherwise.

(7)

Function
-

is easy to design; examples of which in-
clude

- � � � � !"! � � K � 9 � � ! K �21/121*� K ��� � � ! K � < and
- � � � � !'!� � ���0� � � 9 � � !)� + !��21/121:� ���0� � �1� � � !)� + ! � < . Note that these

transformations are not used in Lagrangian methods in con-
tinuous space because they are not differentiable at � � � ! �+ . However, they do not pose problems here because we do
not require their differentiability.

A direction of maximum potential drop (DMPD) defined
in a discrete neighborhood of #2' � � � , ! at point � for fixed,

is a vector that points from � to � � F � � �43 � � � ! with
the minimum #5' :6 � # ' � � � , ! � � � � � � � � � 9 � � 9 �2121/1:� � �) � � ) !798 

:�
 � � � � :<; ��� �	>=
? " � 7A@�B �>C #&' � 
 � , ! �

A discrete-neighborhood saddle point D ?E'*) � �GF � , F ! has
the following property:HJILKNM �PORQ	SUT HJILKNM �PORQ �VSUT HJILKNM OWQ ��S�O

(8)

for all � F � � �XF ! , F � � . D ?Y'*) is different from D ?�Z[)
(saddle point in continuous space) because it is defined us-
ing different neighborhoods.

Theorem 2. First-order necessary and sufficient condi-
tions for "$#&% '*) [8]. A point in the discrete search space
of (5) is a "$#&% '*) iff:

a) it satisfies the saddle-point condition (8); or

b) it satisfies the following discrete-space first-order con-
ditions: 6 � # ' � � � , ! �%+ and � � � ! �%+ � (9)

Theorem 2 is stronger than its continuous counterpart
that requires "$#5% Z[) ( "$#&% in continuous space) to be
regular points and all functions to be differentiable in its
first-order necessary conditions. In contrast, these are not
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Figure 2. An iterative procedure to look for
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[6].

required for "$#&% '*) . Further, the first-order conditions for
continuous problems are only necessary and must be aug-
mented by second-order sufficient condition, whereas the
conditions in Theorem 2 are necessary as well as sufficient.

Based on the conditions in Theorem 2, Figure 2 depicts
a general procedure to look for D ?�'*) [6]. The procedure
consists of two loops: the � loop that updates the � variables
in order to perform descents of #2' in the � subspace, and the,

loop that updates the
,

variables of unsatisfied constraints
in order to perform ascents in the

,
subspace.

Various implementations have been developed based on
the procedure, including the discrete Lagrangian method
(DLM) [8], constrained simulated annealing (CSA) [7],
and anytime constrained simulated annealing (ACSA) [6].
DLM entails greedy searches in the � and

,
subspaces, de-

terministic insertions into the list of candidates, and deter-
ministic acceptance of candidates until all constraints are
satisfied. In contrast, CSA generates new probes randomly
in one of the � or

,
variables, accepts them based on the

Metropolis probability if #5' increases along the � dimen-
sion and decreases along the

,
dimension, and stops updat-

ing
,

when all constraints are satisfied. In particular, using
a logarithmic cooling schedule, CSA converges asymptoti-
cally to " (+% '*) with probability one [7].

3 Calculus of Variations in Discrete Space

3.1 Basic definitions

Solutions to (1) cannot be characterized in ways similar
to those of continuous-space problems with differentiable
functions. In the latter class of problems, strong and weak
relative minima are defined with respect to neighborhoods
of open spheres with radius approaching zero asymptoti-
cally. Such a concept does not exist in problems with dis-
crete variables.

To characterize solutions sought in discrete space, we de-
fine concepts on neighborhoods and constrained solutions
similar to those in Section 2.2.

Definition 1. ��� � > ! , the discrete neighborhood [1] of
state vector > F ? , is a finite user-defined set of states�
> � F ? � such that > � F � � � > ! �! > F � � � > � ! . Further,

for any > 9 � > 	 F ? , it is possible to find a finite sequence
of state vectors > 9 �21/121�� > 	 F ? such that > 5 , 9 F � � � > 5 ! ,7 � $0�21/121 
 � $ .

Definition 2. � "
�
7� � 
 ! , the �

� 8
-stage discrete neighbor-

hood of bundle 
 for given � � � > ! and all � �,+ �2$0�/121/1��'3 #$ , is defined as follows:

� "
�
7� � 
 ! � ��
����� 
 ���"! F ��� � 
 � �"!'! and



� 7 ! �%
 � 7 !��7 �,+ �2121/1��'3 #%$0� 7��� ��� � (10)

Intuitively, � "
�
7� � 
 ! includes all bundles that are identical

to 
 in all stages except � , where the state vector is perturbed
to a neighboring state in � � � 
 � �"!"! .
Definition 3. � � � 
 ! , the discrete neighborhood of bundle
 , is:

� � � 
 ! � � , 9�� ��� � "
�
7� � 
 ! (11)

Definition 4. Bundle 
 is a discrete-neighborhood con-
strained local minimum ( "$#5%('*) ) of (1) if a) 
 is feasible,
implying that 
 satisfies all the constraints in (1), and b)
�� 
�� A 
 � 
 � for all feasible bundles



F � � � 
 ! .Definition 5. A generalized discrete Lagrangian function

of (1) is:

H I K�� O�Q1O�� S�� ��� �! #"%$& '�(*) Q,+ K.- S�/ K10 K.- O ��K.- S�O ��K.-2"43 SWSWS" �5+6/ K�7 � �! S O
(12)

where
, � �"! � � , 9 ���"!��/121/1:� , @ ���"! � < , � �%+ �/12121��43 , and 8 �� 8 9 �21/121:� 8 D � < are vectors of Lagrange multipliers, and

-
is

a non-negative continuous transformation function defined
in (7).

Definition 6. A discrete-neighborhood saddle pointD ? '*) � 
 F � , F � 8 F ! of (1) is a point with the following prop-
erty: For all 
 F � � � 
 F ! and

,
F�� ; � 8 F$� D ,

#5' � 
 F � , � 8 F ! A #&' � 
 F � , F � 8 F ! A #5' � 
 � , F � 8 F ! (13)

and #&' � 
 F � , F � 8 ! A #&' � 
 F � , F � 8 F ! (14)

The following result follows from Definition 6 and The-
orem 2.

Lemma 1. Bundle 
 in the discrete search space of (1) is
a "$#5% '*) iff:

a) it satisfies the discrete-neighborhood saddle-point con-
ditions (13) and (14); or
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b) it satisfies the following discrete-space first-order con-
ditions: 6 	 #&' � 
 � , � 8 ! �,+ � (15)( � ��� 
 ���"!)� 
 ���*#%$&!"! �%+ and - � 
���� + �
where � �%+ �2$0�/121/1 �43 .

Intuitively, Lemma 1 re-states the necessary and suffi-
cient conditions in Theorem 2 when (1) is solved as a non-
linear equality-constrained NLP. These conditions, how-
ever, must be applied on a bundle as a whole and cannot
help prune nodes in intermediate stages. In order to prune
such nodes, we show in the next section the partitioning of
these conditions into those that can be applied in each stage
of a search.

3.2 Distributed necessary and sufficient condi-
tions

Analogous to the Euler-Lagrange conditions in continu-
ous space, we present in this section the partitioning of the
discrete-neighborhood saddle-point condition in (13) into
multiple saddle-point conditions, one for each stage. Be-
fore the main theorem is presented, we define the follow-
ing to characterize the distributed properties of the solution
space of (1).

Definition 7. The �
� 8

-stage distributed discrete La-
grangian function of (1) for all � � + �/121/1��'3 # $ is defined
as: �

' ����� 
 � , � 8 ! � ������� $6� 
 ��� � $G!�� 
 � �"!"!# ������� 
 ���"!�� 
 ���:#,$G!"!# , ����� $G! - � ( ����� $0� 
 � � � $&!)� 
 ���"!'!"!# , ���"! - � ( ����� 
 ���"!�� 
 ��� #%$&!"!'!*# 8 - � - � 
�� !�
' � + � 
 � , � 8 ! � ��� + � 
 � + !�� 
 �"$&!"!# , � + ! - � ( � + � 
 � + !)� 
 �=$G!"!"! # 8 - � - � 
�� !�
' � 3 #%$0� 
 � , � 8 ! � ��� 3 � 
 � 3 !�� 
 � 3 #,$G!"!# 8 - � - � 
�� ! �

Definition 8. The �
� 8

-stage distributed direction of max-
imum potential drop on a discrete neighborhood of 
 in
stage � , � � + �/12121��43 # $ , is a vector that points from 

to 
 � F � 
 �&3 � "

�
7� � 
 ! with the minimum

�
' � ��� 
 � , � 8 ! :6 	 " � 7

�
' ����� 
 � , � 8 ! � 
 � � 
 �

where 
 � � � :<; ��� ��
= B 	
C @ ?������� " 	 7
�
' �����



� , � 8 ! �

The main result is summarized as follows.

Theorem 3. Distributed necessary and sufficient condi-
tions for "$#&%('*) . Bundle 
 in the discrete search space of
(1) is a "$#5% '*) iff it satisfies either one of the following
sets of conditions:

a) Discrete-neighborhood Euler-Lagrange equations
( 	 #
	 '*) ): 6 	 " � 7

�
' � ��� 
 � , � 8 ! � + � � � + �/121/1��'3 #,$ (16)( ����� 
 � �"!�� 
 � �*#,$G!"! � + � � � + �/12121��43 (17)

and - � 
����,+ � (18)

b) Distributed discrete-neighborhood saddle-point con-
dition ( � D ? '*) ):�1I�K.- O � � O�Q�
AO�� � SUT ��I�K.- O � � ORQ � O�� � S�T ��ILK.- O � 
NO�Q � O�� � S�O

(19)

and
H I K�� � O�Q � O � 
 SYT H I K�� � O�Q � O�� � S�O

(20)

for � � + �/$0�/12121��43 # $ and for all 
 � F � "
�
7� � 
 F ! , , � F� "

�
7� � , F ! , and 8 � F$� D . Here,� 
 � K�� � K�� S�O�������O � � K.-�� 3 S�O � 
 K.- S�O � � K.-5"43 S�O������O � � K�� " 3 SWSQ 
 � K Q � K�� S�O�������ORQ � K.-�� 3 S�ORQ 
 K.- S�ORQ � K.-*" 3 S�O������O�Q � K�� SWS�O���
' �� K Q � S�� �
Q�� Q K.- S ��!#"

and
Q K%$ � $'&� - S�� Q � K%$ S)(0O

where 
 � (resp.
, � ) represents 
 F (resp.

, F ) perturbed in
the �

� 8
stage.

The theorem can be proved by examining the functional
structure of the conditions in Lemma 1 and by decomposing
the conditions in each stage. We do not show the proof in
this paper.

There are several salient features of Theorem 3.
a) Unlike classical calculus of variations in continuous

space, Theorem 3 does not require the differentiability or
continuity of functions.

b) Conditions (16) and (17) in 	+#
	 '*) are the discrete-
space counterpart of the continuous Euler-Lagrange equa-
tions, whereas (19) in � D ?Y'*) indicates that finding
a "$#5% '*) is equivalent to finding 3 # D discrete-
neighborhood saddle points, one in each stage. These con-
ditions are the dominance relations for pruning nodes in a
search. In particular, (19) is very easy to implement and
is employed in the variational search algorithm presented
next. Further, (18) and (20) refer to conditions on the gen-
eral constraints that must be satisfied.

c) As is discussed in Section 1, the use of node domi-
nance helps reduce the search complexity from

H I K ? K � L
to
H � 3 K ? K � �5 � 9 K N �
	 ! K 
 (Table 1). As

K N ��	 ! K , the number

of points in ? of stage 7 that are feasible and are local mini-
mum of

�
' , is much smaller than

K ? K , node dominance helps
reduce the base of the exponential complexity to a much
smaller value.
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1. procedure DCV-CSA
2. Initialize starting point of

�
;

3. Initialize
Q1O��

to 0;
3. �����

)
; /* vector � controls the update of

�
*/

4. repeat /* outer loop in iterative scheme */
5. for

- � �
to
� "43

/* inner loop for
��� I��

*/
6. call CSA to find

��� I �
in stage

-
;

7. end for
8. evaluate

7 � �! 
and update � if necessary;

9.
�
�
� " � + / K�7 � �! S

; /* ascents in
�

subspace */
10. until no change of

� ORQ1O��
in an iteration;

11. end procedure

Figure 3. DCV-CSA: an iterative procedure for finding
points that satisfy �

� � I��
in Theorem 3 using CSA [7] in

Figure 2.

d) In a way similar to that described in Section 2.2,
our theory handles inequality constraints by transform-
ing � � � ! A + into an equivalent equality constraint�!��� � � � � !)� + ! �,+ .

3.3 Discrete-Space Variational Search

Figure 3 outlines DCV-CSA, a heuristic procedure for
finding points that satisfy � D ?�'*) in Theorem 3. It con-
sists of two parts, one looking for dominating nodes (local
saddle points) in stage � that satisfy (19), and the other look-
ing for local maxima in the 8 subspace of #9' � 
 � , � 8 ! that
satisfy (20). It uses CSA in Figure 2 with default parame-
ters to look for D ?Y'*) in each stage, and, once all the stages
have been examined, performs ascents of # ' � 
 � , � 8 ! in the8 subspace if there were unsatisfied general constraints. It
stops when no further improvements can be made in the 
 ,,

and 8 subspaces. In principle, the inner loop can use any
algorithm that looks for D ? '*) .

4 Experiments on ASPEN

We have tested DCV-CSA on several benchmarks on
planning and scheduling of spacecraft operations, includ-
ing CX1-PREF, OPTIMIZE, and PREF, that were designed
originally for the ASPEN (Automated Scheduling and Plan-
ning Environment) planner [4] at the Jet Propulsion Lab-
oratory. The CX1-PREF benchmark models the Citizen
Explorer-1 satellite design and operation planning [9]. It
has a problem generator that can generate problem instances
of different number of satellite orbits.

Planning and scheduling of spacecraft operations in-
volves generating a sequence of low-level spacecraft com-
mands from a set of high-level science and engineering
goals. Using discrete time horizons and a discrete state
space, an ASPEN model encodes spacecraft operability
constraints, flight rules, spacecraft hardware models, sci-
ence experiment goals, and operations procedures in order

to allow for the automated generation of low-level space-
craft sequences. It defines various types of constraints, in-
cluding temporal constraints, decomposition constraints, re-
source constraints, state dependency constraints, and goal
constraints, that may be procedural and not in closed form.
In addition, it defines the quality of a schedule in a pref-
erence score, a weighted sum of multiple preferences (that
may also be in procedure form) which the planner tries to
optimize.

The ASPEN planner interleaves repair-based planning
with preference-driven, incremental optimization. Using a
rich collection of heuristic-repair and optimization actions,
ASPEN generates promising search directions in the solu-
tion space of schedules. In our experiments, ASPEN alter-
nates between a repair phase with unlimited iterations and
an optimization phase with 200 iterations.

We have integrated DCV-CSA into ASPEN in order to
test its performance. Since ASPEN has discrete time hori-
zons, we can treat each time point as a discrete stage or
collapse multiple adjacent time points into a single stage.
In our implementation, we divide the time horizon evenly
into 100 stages (although one may improve the performance
further by adjusting the boundary of stages at run time in
order to balance the activities across different stages more
evenly). In performing descents of

�
' in a stage, we choose

probabilistically among ASPEN’s repair and optimizations
actions, select a random feasible action at each choice point,
apply the selected action to the current schedule, and ac-
cept the new schedule based on the Metropolis probability
in CSA.

Figure 4 compares the performance of our proposed ap-
proach against that of ASPEN on four problems: CX1-
PREF with 8 orbits, CX1-PREF with 16 orbits, OPTIMIZE,
and PREF. For each benchmark, we plot the the quality of
the best feasible schedule found with respect to the number
of search iterations. The results show that DCV-CSA is able
to find bundles of the same quality one to two orders faster
than ASPEN and much better bundles when it converges.
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