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Abstract

In this paper, we present constraint-partitioned sim-
ulated annealing (CPSA), an algorithm that extends
our previous constrained simulated annealing (CSA)
for constrained optimization. The algorithm is based
on the theory of extended saddle points (ESPs). By
decomposing the ESP condition into multiple neces-
sary conditions, CPSA partitions a problem by its
constraints into subproblems, solves each indepen-
dently using CSA, and resolves those violated global
constraints across the subproblems. Because each
subproblem is exponentially simpler and the number
of global constraints is very small, the complexity of
solving the original problem is significantly reduced.
We state without proof the asymptotic convergence
of CPSA with probability one to a constrained global
minimum in discrete space. Last, we evaluate CPSA
on some continuous constrained benchmarks.

1 Problem Definition

A general mized-integer nonlinear programming prob-
lem (MINLP) is formulated as follows:

f(z)
h(z)=0 and ¢(z) <0,

(Pn) :

subject to

(1)

min
z

where z = (z,y) € Z; © € R” and y € DY are,
respectively, bounded continuous and discrete vari-
ables; f(z) is a lower-bounded objective function;
9(2) = (91(2),...,9-(2))T is a vector of r inequality
constraint functions, and h(z) = (h1(2),. .., hm(2))T
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is a vector of m equality constraint functions. Func-
tions f(z), g(z), and h(z) can be discontinuous, non-
differentiable, and not in closed form.

Our work is based on the theoretical conditions
for finding locally optimal and feasible solutions to
P,,. We first define the following basic terms.

Definition 1. A mized neighborhood N,,(z) for z =
(z,y) in mixed space R x D™ is:

{(@,y) | 2" € Ne(2)} U{(,9/) | ' € Na(y)},

where N.(z) = {2/ : |2’ — z|| < € and € — 0} is the
continuous neighborhood of x, and the discrete neigh-
borhood Ng(y) is a finite user-defined set of points
{y’ € D"} such that ¥’ € Ny(y) < vy € Na(v').
Here, € — 0 means that € is arbitrarily close to 0.

Definition 2. Point z* is a CLM,,, a constrained
local minimum of P, with respect to points in
N (2*), if 2* is feasible (h(z) = 0 and g(z) < 0)
and f(z*) < f(z) for all feasible z € N,,,(2*).

Definition 3. Point z* is a constrained global min-
imum (CGMy,) of P, iff z* is feasible, and f(z*) <
f(2') for every feasible 2’ € Z.

A popular method for solving P, is the penalty
method that requires expensive global optimization,
making it computationally intractable for large prob-
lems. To overcome this difficulty, we have recently
proposed the theory of extended saddle points (ESPs)
in mixed space [8] that shows the one-to-one corre-
spondence between a CLM,, of P, and an ESP of
the corresponding penalty function. The ESP condi-
tion allows us to find a C'LM,, of P,, by looking for
the associated ESP of the penalty function.

We have previously proposed constrained simu-
lated annealing (CSA) that looks for ESPs by per-
forming stochastic descents in the original variable
space and stochastic ascents in the penalty space.
The algorithm is shown to asymptotically converge
to a constraint global minimum with probability one
for discrete constrained optimization problems.

A major drawback of CSA is that its sampling-
based search is too slow to be useful for solving large
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Figure 1: Strongly regular constraint-variable structures in some continuous constrained optimization bench-
marks. A dot in each graph represents a variable involved in a constraint.

problems. This paper proposes a constraint parti-
tioning approach that improves the efficiency of CSA
by exploiting the constraint structure of MINLPs.

We have observed that the constraints of many
application problems do not involve variables ran-
domly picked from their variable sets. Invariably,
many constraints in existing benchmarks are highly
structured because they model spatial or temporal re-
lationships with strong locality, such as those in phys-
ical structures, optimal control, and staged process-
ing. Figure 1 illustrates this point by depicting the
regular constraint structure of three benchmarks. It
shows a dot where a constraint (with a unique ID on
the x axis) is related to a variable (with a unique ID
on the y axis). When the order of the variables and
the constraints are properly arranged, we see some
strongly regular constraint-variable structures.

By exploiting the strong locality of constraints on
variables in P,,, we develop in this paper constraint-
partitioned simulated annealing (CPSA) that parti-
tions P, into multiple subproblems related by a few
global constraints. CPSA independently solves each
subproblem using CSA and iteratively resolves those
inconsistent global constraints. We prove the con-
vergence of CPSA to optimal ESPs in discrete con-
strained optimization and report significant efficiency
improvements over CSA.

2 Previous Work

Direct and penalty methods are two general ap-
proaches for solving P,,. Since direct methods are
only effective for solving some special cases of P,
we focus on penalty methods in this paper.

2.1 Global Optimal Penalty Methods

Penalty methods belong to a general approach that
can solve continuous, discrete, and mixed constrained

optimization problems, with no continuity, differ-
entiability, and convexity requirements. A penalty
function of P, is a summation of its objective and
constraint functions weighted by penalties. The goal
of a penalty method is to find suitable penalties such
that z* that minimizes the penalty function corre-
sponds to either a CLM,, or a CGM,, of P,,.

A static-penalty method [6] typically minimizes
the following penalty function with constant p > 0:

(P): )+ Do ()l + 32 55 (9() )

where g7 = max(0, g) for function g. Here, 2* is a
CGM,, of P,, iff there exist finite a* > 0 and 8* > 0
such that z* is a global minimum of P, for any a > o*
and # > f*. The approach is limited because the
penalties have to be found by trial and error, where
each trial involves an expensive global minimization.

A dynamic-penalty method [6] gradually increases
the penalties, finds the global minimum z* for the
given combination of penalties, and stops when z* is
a feasible solution to P,,. It has the same limitation
as static-penalty methods because it requires compu-
tationally expensive algorithms for finding the global
minima of nonlinear functions.

There are many variations of dynamic penalty
methods. A well-known one is the non-stationary
method (NS) [5] that minimizes the following penalty
function in iteration t:

(P2) () + Yo aalt) )P + Y 65(0) (05 (2)* )P

where «;(t + 1) = «;(t) + C - |hi(2(t))]
Bi(t+1) = B;(t) + C - g;(=(1)".
Here, C' and p are constant parameters, with a rea-

sonable setting of C' = 0.01 and p = 2.
The adaptive penalty method (AP) [1] makes use



of a feedback from the search by minimizing the fol-
lowing penalty function in iteration t:

(Py) +Zaz<t>h z>2+2@ 2

where «;(t) is, respectively, increased to a7(t) de-

creased to Aaa;(t), or left unchanged when the con-
straint h;(z) = 0 is respectively, infeasible, feasible,
or neither in the last ¢ iterations. We use £ = 3,
A1 = 1.5, and A2 = 1.25 in our experiments.

The threshold penalty method estimates and dy-
namically adjusts a near-feasible threshold ¢;(t) (resp.
q;(t)) for each constraint in iteration ¢. Each thresh-
old indicates a reasonable amount of violation allowed
for promising points. The penalty function used is:

m hz P 2 T i(z + 2
)oY (qig) > ({J% )

(Py) :

i=1

In summary, existing penalty methods are limited

because they were designed for finding a CGM,, of

P,, by looking for a global minimum of the penalty
function. The process is computationally expensive
for highly nonlinear functions.

2.2 ESP Condition for C'LM,,

We summarize in this section the theory of ESPs and
the partitioning of the ESP condition into multiple
necessary conditions. Because the results have been
published [8], we only summarize some high-level con-
cepts without the precise formalism and their proofs.

Definition 4. For penalty vectors o € R™ and 3 €
R", we define a penalty function of P, as follows:

Lin(z,a,8) = f(2) + a"|h(2)| + BTg()". (2

Next, we informally define a constraint qualifica-
tion condition [8]. Consider a point 2’ = (2/,y’) and a
neighboring point 2" = (2/ 4 € p,y’) for an infinitely
small perturbation in direction p' € X. When the
constraint-qualification condition is satisfied at 2/, it
means that there is no p'such that the rates of change
for all equality and active inequality constraints be-
tween 2" and 2’ are all zeroes.

Theorem 1. Necessary and sufficient condition on
CLM,, of P, [8]. Assuming z* € R" x D" satis-
fies the constraint-qualification condition, then z* is
a CLM,, of P,, iff there exist some finite o* > 0 and

£* > 0 that satisfies the following extended saddle-
point condition (ESPC):

for any o** > a* and g** > (* and for all z €
N (z*), a € R™ and § € R".

An important feature of the ESPC in Theorem 1
is that it can be partitioned in such a way that each
subproblem implementing a partitioned condition can
be solved by looking for any a** and ** that are
larger than o and §*.

Consider P;, a version of P, whose constraints
can be partitioned into N subsets, in addition to the
global constraint functions H = (Hi,...,H,)T and

G = (Gl,...7 Gq)T:
(P) min - f(z)
where AW (z(t)) =0, ¢¥(z()) <0
and H(z) =0, G(z) <0.

Each subset of constraints can be treated as a sub-
problem, where Subproblem ¢, ¢ =1,..., N, has local
state vector z(t) = (z1(t),..., 2y, (t))T of u; mixed
variables, and UY z(t) = z. Here, 2(t) includes
all the variables that appear in any of the m; local
equality constraint functions h(*) = (h( h£f)t)

and the ry local inequality constraint functlons g® =
(ggt), g )T Since the partitioning is by con-
straints, z(1), ..., 2(IN) may overlap with each other.

Definition 5. N,(z), the mized neighborhood of =
for P, when P, is partitioned by its constraints, is:

U N(t) (z) and

N(t) {z | 2'( (2(8)); 2 = 2; Va; ¢ z(t)}
Here, Nm(z( )) is the mixed neighborhood of z(t).

Definition 6. Let ®(z,v,n) =7 |H(2)|+nTG(2)*
be the sum of the transformed global constraint
functions weighted by their penalties, where v =
Y1y 57)" € R and n = (m1,...,n)7 € R" are
the penalty vectors for the global constraints. Then
the penalty function for P; and that for Subproblem
t are defined as follows:

Loz, B,7,1) = f<z>+2( (0RO (1) (3)
- ﬁ(t)g“)(Z(t))+) +0(z,7,)
Ton(z, alt), B(),7.1) = F(2) + (O (=(8)]  (4)

+B() gD (1) + ®(2,7.n),



1. procedure CSA

2 set starting point z = (2, «);

3 set starting temperature 7' = Tp;

4 set cooling rate 0 < k < 1 and Nrp;

5. while stopping condition is not satisfied do
6 for £ — 1 to Nt do

7 generate z' € N, (z) using G(z,2');
8. accept z’ with probability Ar(z,z’);
9. end _for

10. reduce temperature by T «— x T

11.  end_while

12. end_procedure

Figure 2: Constrained simulated annealing [10].

where a(t) = (ai(t),..., am, (1) € R™ and 8(t) =
(Bi(t),..., Br, (1) € R" are the penalty vectors for
the local constraints in Subproblem ¢.

Theorem 2. Partitioned necessary and sufficient
ESPC on CLM,, of P, [8]. Given N,(z), the ESPC
in Theorem 1 can be rewritten into N + 1 necessary
conditions that, collectively, are sufficient:

L ( () Bt), ™ n™) (5)
Lo (2%, at)™, B ™, ™)

S Fm( 2, (t)**,ﬂ(t) LYTnT), t=1.N

L (2%, 0™, ", v, m) (6)

< Lm(z*va**vﬂ**av**an**)y

for any a(t)** > a(t)* > 0, B(t)*" > B(t)* = 0, 7™ >
v > 0, and n** > n* > 0, and for all 2z € N,(,t)(z*)
aft) eR™, B(t) eR™, vy e R, n e R".

Theorem 2 shows that the original ESPC in Theo-
rem 1 can be partitioned into N necessary conditions
in (5) and an overall necessary condition in (6) on the
global constraints across the subproblems.

The major benefit of this decomposition is that
each subproblem involves only a fraction of the orig-
inal constraints and is a significant relaxation of the
original problem with exponentially lower complex-
ity. This leads to a large reduction in the complexity
of the original problem if the number of global con-
straints is small and can be resolved efficiently.

2.3 Constrained Simulated Annealing

Figure 2 outlines CSA [10], an algorithm for finding
z* and the corresponding o** and (** that satisfy
the ESPC. Without loss of generality, we only con-
sider P,, with equality constraints, since inequality
constraints can be handled in a similar fashion. We
summarize in this section the steps of CSA [10].

Line 3 initializes control parameter temperature
T to be so large that almost any trial point z’
will be accepted. In our experiments on contin-
uous problems, we set the initial 7' by first ran-
domly generating 100 points of z and their corre-
sponding neighbors 2/ € N.(z) in close proximity,
where |z} — z;] < 0001 and then setting 7' =
m@x{\Lm(xl,l) — Lin(z, 1), [hi(w |}
z,x’ i

Line 4 sets the initial x to 0.8 and the number of
iterations at each temperature. In our experiments,
we choose Ny = ((20(v + w) + m) where ¢ = 10(v +
w+m), v+ w is the number of mixed variables, and
m is the number of equality constraints.

Line 7 generates a random trial point z’ € N,,(z)
from the current point z € § = Z x A. In our im-
plementation, N,,(z) consists of (z/,«) and (z,q/),
where 2/ € N;n(z) is a point neighboring to z in the
2 subspace (Definition 1), and o/ € N, () is a point
neighboring to « in the A subspace when h(z) # 0.

Line 8 accepts z' with acceptance probability
Ar(z,2’) that consists of two components, depend-
ing on whether z or « is changed in z':

exp _M

Ar(z,2') = (L (2) =L (')
_+

exp

Finally, Line 10 reduces T' by the following cooling
schedule after looping Np times at a given T

T+— k-T where x < 1.

(7)

CSA provides a systematic way for finding an op-
timal ESP. For discrete problems, the process can be
modeled by a non-homogeneous Markov chain, which
can be proved to converge to a constrained global
minimum CGM, with probability one.

Theorem 3. [10, 12] The Markov chain modeling
CSA converges to a CGM, with probability one as
k — oo when a logarithmic cooling schedule is used.

3 Constraint-Partitioned SA

We now present constraint-partitioned simulated an-
nealing (CPSA), an extension of CSA that decom-
poses the constraints of P, into N + 1 subsets as
defined by P;. Figure 3 illustrates the idea in CPSA.
Unlike the original CSA that solve the problem as a
whole, CPSA solves each subproblem independently.
In Subproblem ¢, t = 1,..., N, CSA is performed in
the smaller space of those variables z(¢) and «(t) re-
lated to the local constraints 2 (z(t)) = 0. In addi-
tion, there is a global search that probes in the space
of the variables z and v on the global constraints



Constraints: 7V(2(1)) =0 hP(2(2)) =0
Variables: z(1) 2(2)
Penalties: al) a(2)
t= t=2
7z = N,()l)(z) 7z = Ng)(z)
o o

9,

Constraints: H(z) =0
Variables: z
Penalties:

t=N+1
z' :N;,g)(z) )

Figure 3: Hlustration of the CPSA procedure.

1. procedure CPSA

2 set starting point z = (z, a, 7v);

3 set starting temperature T = T°;

4. set cooling rate 0 < Kk < 1 and Nr;

5. while stopping condition is not satisfied do

6 for k£ — 1 to Nt do

7 set t to be random between 1 and N + 1;
8 if 1 <t < N then

9. generate z’ € N (2) using G (z,2');
10. accept z’ with probability Ar(z,z’);
11. else /*t=N+1%*/

12. generate z' € N (z2) using G\ (z,2');
13. accept z’ with probability Ar(z,z);
14. end_if

15. end_for

16. reduce temperature by 1" «— x T

17. end_while
18. end_procedure

Figure 4: The CPSA search procedure.

H(z) = 0. This additional search is needed for re-
solving any violated global constraint and for ensur-
ing the asymptotic convergence of CPSA.

The CPSA procedure. Figure 4 describes the
CPSA procedure. The first six lines are similar to
those in CSA [10] in Figure 2.

To facilitate the convergence analysis of CPSA in
a Markov-chain model, the algorithm is designed to
randomly pick a subproblem in each step, instead of
deterministically enumerating the subproblems in a
round-robin fashion. The approach leads to a mem-
oryless Markovian process in CPSA. This is done in
Line 7, where we randomly pick a subproblem be-
tween 1 and N + 1 with probability p;(7). Here, the
probability that ¢ = 1,..., N + 1 can be arbitrarily
chosen as long as 211\21 pe(i) = 1 and p¢(i) > 0.

When ¢ is between 1 and N (Line 8), it represents
a local exploration step. In this case, Line 9 generates
a trial point z’ in the neighborhood Nl(f)(z) of the
current point z = (z,a,7y) € 8 by perturbing z(¢)

and «(t):

ND(z) = {(z/,a,7) €82 e N (2)} U
{(z,0/,7) € 8| o’ € N (a) and h()(2(t)) # 0}

N[(fl)(z) = {Z'|Z/(t) € Npu(2()); V2 & 2(t), 20 = 2}

N;?(oz) = {d | d(t) e R™;Vay ¢ a(t), o) = i}

The trial point is accepted with the Metropolis prob-
ability Ar(z,2z') as in CSA (Line 10). Intuitively,
N]E,t)(z) is the neighborhood of the original variable
vector z(t) and the penalty vector a(t).

In solving Subproblem ¢, we generate z’ € NZ(,t)(z)
with a generation probability G*)(z,z’) that can be
arbitrarily defined as long as the following is satisfied:

>

z’ENLt) (z)

0<GW(z,2) <1 and GV (z,2)=1. (8)

When ¢t = N + 1 (Line 11), it represents a global
exploration step. In this case, Line 12 generates a
random trial point z’ € NI (z) where:

N (z) = {(z,0,7) €8] 2 € NY(2)}
U{(z,0,7) €8 |+ € N¥(y) and H(z) #0}

N
N;Ef{) (2) = U{z/’z’(t) € L;V2i ¢ 2(t), 2, = 2}

NW(y) = {y |7 eRI}.

Intuitively, new probes in N,(,g)(z) achieves a global
exploration by updating v and by perturbing z in
the Z subspace. Nég) (z) ensures the ergodicity of
the underlying Markov chain, which is required for
achieving asymptotic convergence.

Again, the trial point is accepted with probability
Ar(z,2') as in CSA (Line 13).

When compared to CSA, CPSA reduces the
search complexity through constraint partitioning.
Since both CSA and CPSA need to converge to an
equilibrium distribution of variables at a given tem-
perature before the temperature is reduced, the to-
tal search time depends on the convergence time at
each temperature. By partitioning the constraints
into subsets, each subproblem only involves an ex-
ponentially smaller subspace with a small number of
variables and penalties. Thus, each subproblem takes
significantly less time to converge to an equilibrium
state at a given temperature, and the total time for
all the subproblems to converge is also significantly
reduced. This reduction in complexity is experimen-
tally validated in Section 4.



Asymptotic convergence. We show the asymp-
totic convergence of CPSA to a CGMy y* of P; by
modeling the process as an inhomogeneous Markov
chain and by following a similar approach as in
the original proof for the asymptotic convergence of
CSA [12]. The main result is stated as follows:

Theorem 4. The Markov chain modeling CPSA in
discrete space asymptotically converges to a CGMy
with probability one when the following cooling
schedule is used:

N Ap
k = m, (9)

where Ar = maxy{|L(y’') — L(y)|,y’ € N(y)}.

Due to space limitation, we only outline the proof
strategy here [3]. We model CPSA by a Markov chain
that consists of multiple chains, each for a subprob-
lem at a specific temperature. We show that the over-
all Markov chain is strongly ergodic, that it minimizes
an implicit virtual energy based on the framework of
GSA [7], and that the virtual energy is at the its min-
imum at any CGMy. The key difference between the
proof for CPSA and that for CSA is that the latter is
done under a non-partitioned neighborhood, whereas
the former is done under a partitioned neighborhood.

Partitioning strategy. In CPSA, we follow a pre-
viously proposed automated partitioning strategy [9]
for analyzing the constraint structure and for deter-
mining the partitioning scheme. Based on P, with
continuous variables and represented in AMPL [4],
our partitioning strategy consists of two steps.

In the first step, we enumerate all the indexing
vectors in the AMPL model and select one that leads
to the minimum Rgopq, which is the ratio of the
number of global constraints to that of all constraints.
We choose Rgopar as a heuristic metric for measuring
the partitioning quality.

In the second step, after fixing the partitioning
index, we decide on a suitable number of partitions.
We have found a convex relationship between the
number of partitions (N) and the overall complex-
ity. When N is small, there are very few subprob-
lems to be solved but each is expensive to evaluate;
in contrast, when N is large, there are many subprob-
lems to be solved although each is simple to evaluate.
Hence, there is an optimal N that leads to the min-
imum time for solving the original problem. To find
the optimal N, we have developed an iterative al-
gorithm that starts from a large N, that evaluates
one subproblem under this partitioning to estimate
the complexity of solving the original problem, and

that reduces N by half until the estimated complex-
ity starts to increase. We leave the details of the
algorithm to the reference [9].

4 Experimental Results

In this section, we apply CPSA to solve some non-
linear continuous optimization benchmarks and com-
pare its performance to that of CSA and other dy-
namic penalty methods, including P,, Ps, and the
greedy ESP method (GEM) [11]. GEM is a greedy
neighborhood search algorithm for finding ESPs by
performing greedy descents in the original-variable
space and greedy ascents in the penalty space. Like
other dynamic penalty methods, GEM is not guar-
anteed to find ESPs because greedy descents and as-
cents may get stuck at infeasible local minima. We
have tested selected problems from the CUTE bench-
mark suite [2], a constrained and unconstrained test
environment. We have selected those problems based
on the criterion that at least the objective or one of
the constraints is nonlinear.

Table 1 compares the results of using CPSA, CSA,
GEM, P,, and P; on the CUTE benchmark problems
studied. In our experiments, we have used the param-
eter settings in the GEM package developed by Zhe
Wu and dated 08/13/2000 [11], and the parameters of
P, and Ps presented in Section 2.1. For each solver
and each problem instance, we tried 100 runs from
random starting points and report the average solu-
tion found (Qaug), the average CPU time per run for
those successful runs (Tgy4), the best solution found
(Qpest ), and the fraction of runs that were successful
(ps). We do not list the best solutions of P» and Ps
because they are always worse than other methods.

When compared to the other three dynamic
penalty methods, the results show that CPSA and
CSA have much better average solution quality and
the best quality on most of the instances. CPSA and
CSA also have a higher success probability in finding
a solution for all the instances tested.

The experimental results show the effectiveness of
integrating constraint partitioning with CSA. When
compared to CSA, CPSA is much faster in terms of
Tavg for all the instances tested. The reduction in
time can be more than an order of magnitude for
large problems, such as ZAMB2-8 and READINGG.
CPSA can also achieve the same or better quality
and success ratio than CSA for most of the instances
tested. For example, for LAUNCH, CPSA achieves
an average quality of 21.85, best quality of 9.01, and
a success ratio of 100%, whereas CSA achieves, re-
spectively, 26.94, 9.13, and 90%.
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5 Conclusions

In this paper, we have studied constraint-partitioned
simulated annealing (CPSA) that partitions a mixed-
integer nonlinear programming problem by its con-
straints into subproblems, solves each subproblem in-
dependently using constrained simulated annealing
(CSA), and resolves those violated global constraints
across the subproblems. The approach is based on
the observation that the constraints of many appli-
cation problems are highly structured because they
model spatial or temporal relationships with strong
locality. Because each subproblem is exponentially
simpler and the number of global constraints is very
small, our approach leads to significant reduction in
the complexity of solving the original problem. The
algorithm is theoretically important because it con-
verges asymptotically with probability one to a con-
strained global minimum in discrete space. Our ex-
perimental results demonstrate significant efficiency
improvements over CSA on some continuous con-
strained optimization benchmarks.
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